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Preface to the Second Edition

The purpose of this book remains as outlined in the preface to the first edition: to
provide a core text in quantum mechanics for students in physics at undergraduate
level. It has not been found necessary to make major alterations to the contents
of the book. However, we have taken advantage of the opportunity provided by the
preparation of a new edition to make a number of minor improvements throughout the
text, to introduce some new topics and to include a new chapter on relativistic quantum
mechanics. This inclusion stems from a reconsideration of our earlier decision to
exclude this material. We believe that a significant number of core courses now
include an introduction to relativistic quantum mechanics; this is the subject of the
new chapter (Chapter 15). Among the other important changes are the inclusion of the
Feynman path integral approach to quantum mechanics (Chapter 5), a discussion of
the Berry phase (Chapter 9) with applications (Chapters 10 and 12), an account of the
Aharonov-Bohm effect (Chapter 12) and a discussion of quantum jumps (Chapter 17).
We have also included the integral equation of potential scattering in our treatment
of quantum collision theory (Chapter 13) and have given a more extended discussion
of Bose—Einstein condensation in Chapter 14.

Itis a pleasure to acknowledge the many helpful comments made to us by colleagues
who have used the first edition of this book. Their remarks have been of great benefit
to us in preparing this new edition. One of us (CJJ) would like to thank Professor
H. Walther for his hospitality at the Max-Planck-Institut fiir Quantenoptik in Garching,
where part of this work was carried out. We also wish to thank Mrs R. Lareppe for
her expert and careful typing of the manuscript.

B. H. Bransden, Durham
C. J. Joachain, Brussels
August 1999






Preface to the First Edition

The study of quantum mechanics and its applications pervades much of the modern
undergraduate course in physics. Virtually all undergraduates are expected to become
familiar with the principles of non-relativistic quantum mechanics, with a variety of
approximation methods and with the application of these methods to simple systems
occurring in atomic, nuclear and solid state physics. This core material is the subject
of this book. We have firmly in mind students of physics, rather than of mathematics,
whose mathematical equipment is limited, particularly at the beginning of their
studies. Relativistic quantum theory, the application of group theoretical methods
and many-body techniques are usually taught in the form of optional courses and we
have made no attempt to cover more advanced material of this nature. Although a
fairly large number of examples drawn from atomic, nuclear and solid state physics
are given in the text, we assume that the reader will be following separate systematic
courses on those subjects, and only as much detail as necessary to illustrate the theory
is given here.

Following an introductory chapter in which the evidence that led to the development
of quantum theory is reviewed, we develop the concept of a wave function and its
interpretation, and discuss Heisenberg’s uncertainty relations. Chapter 3 is devoted
to the Schrodinger equation and in the next chapter a variety of applications to one-
dimensional problems is discussed. The next three chapters deal with the formal
development of the theory, the properties of angular momenta and the application of
Schrodinger’s wave mechanics to simple three-dimensional systems.

Chapters 8 and 9 deal with approximation methods for time-independent and time-
dependent problems, respectively, and these are followed by six chapters in which the
theory is illustrated through application to a range of specific systems of fundamental
importance. These include atoms, molecules, nuclei and their interaction with static
and radiative electromagnetic fields, the elements of collision theory and quantum
statistics. Finally, in Chapter 17, we discuss briefly some of the difficulties that arise
in the interpretation of quantum theory. Problem sets are provided covering all the
most important topics, which will help the student monitor his understanding of the
theory.

We wish to thank our colleagues and students for numerous helpful discussions
and suggestions. Particular thanks are due to Professor A. Aspect, Dr P. Francken,
Dr R. M. Potvliege, Dr P. Castoldi and Dr J. M. Frere. It is also a pleasure to thank
Miss P. Carse, Mrs E. Péan and Mrs M. Leclercq for their patient and careful typing of
the manuscript, and Mrs H. Joachain-Bukowinski and Mr C. Depraetere for preparing
a large number of the diagrams.

xiii
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C. J. Joachain, Brussels
November 1988
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Until the end of the nineteenth century, classical physics appeared to be sufficient to
explain all physical phenomena. The universe was conceived as containing matter,
consisting of particles obeying Newton’s laws of motion and radiation (waves) fol-
lowing Maxwell’s equations of electromagnetism. The theory of special relativity,
formulated by A. Einstein in 1905 on the basis of a critical analysis of the notions of
space and time, generalised classical physics to include the region of high velocities.
In the theory of special relativity the velocity c of light plays a fundamental role: it
is the upper limit of the velocity of any material particle. Newtonian mechanics is an
accurate approximation to relativistic mechanics only in the ‘non-relativistic’ regime,
that is when all relevant particle velocities are small with respect to c¢. It should be
noted that Einstein’s theory of relativity does not modify the clear distinction between
matter and radiation which is at the root of classical physics. Indeed, all pre-quantum
physics, non-relativistic or relativistic, is now often referred to as classical physics.
During the late nineteenth century and the first quarter of the twentieth, however,
experimental evidence accumulated which required new concepts radically different
from those of classical physics. In this chapter we shall discuss some of the key
experiments which prompted the introduction of these new concepts: the quantisation
of physical quantities such as energy and angular momentum, the particle properties of
radiation and the wave properties of matter. We shall see that they are directly related
to the existence of a universal constant, called Planck’s constant h. Thus, just as the
velocity c of light plays a central role in relativity, so does Planck’s constant in quantum
physics. Because Planck’s constant is very small when measured in ‘macroscopic’
units (such as SI units), quantum physics essentially deals with phenomena at the
atomic and subatomic levels. As we shall see in this chapter, the new ideas were first
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introduced in a more or less ad hoc fashion. They evolved later to become part of a
new theory, quantum mechanics, which we will begin to study in Chapter 2.

Black body radiation

We start by considering the problem which led to the birth of quantum physics,
namely the formulation of the black body radiation law. It is a matter of common
experience that the surface of a hot body emits energy in the form of electromagnetic
radiation. In fact, this emission occurs at any temperature greater than absolute
zero, the emitted radiation being continuously distributed over all wavelengths. The
distribution in wavelength, or spectral distribution depends on temperature. At low
temperature (below about 500°C), most of the emitted energy is concentrated at
relatively long wavelengths, such as those corresponding to infrared radiation. As the
temperature increases, a larger fraction of the energy is radiated at lower wavelengths.
For example, at temperatures between 500 and 600 °C, a large enough fraction of
the emitted energy has wavelengths within the visible spectrum, so that the body
‘glows’, and at 3000 °C the spectral distribution has shifted sufficiently to the lower
wavelengths for the body to appear ‘white hot’. Not only does the spectral distribution
change with temperature, but the total power (energy per unit time) radiated increases
as the body becomes hotter.

When radiation falls on the surface of a body some is reflected and some is absorbed.
For example, dark bodies absorb most of the radiation falling on them, while light-
coloured bodies reflect most of it. The absorption coefficient of a material surface
at a given wavelength is defined as the fraction of the radiant energy, incident on the
surface, which is absorbed at that wavelength. Now, if a body is in thermal equilibrium
with its surroundings, and therefore is at constant temperature, it must emit and absorb
the same amount of radiant energy per unit time, for otherwise its temperature would
rise or fall. The radiation emitted or absorbed under these circumstances is known as
thermal radiation.

A black body is defined as a body which absorbs all the radiant energy falling
upon it. In other words its absorption coefficient is equal to unity at all wavelengths.
Thermal radiation absorbed or emitted by a black body is called black body radiation
and is of special importance. Indeed, G. R. Kirchhoff proved in 1859 by using general
thermodynamical arguments that, for any wavelength, the ratio of the emissive power
or spectral emittance (defined as the power emitted per unit area at a given wavelength)
to the absorption coefficient is the same for all bodies at the same temperature, and
is equal to the emissive power of a black body at that temperature. This relation is
known as Kirchhoff’s law. Since the maximum value of the absorption coefficient is
unity and corresponds to a black body, it follows from Kirchhoff’s law that the black
body is not only the most efficient absorber, but is also the most efficient emitter of
electromagnetic energy. Moreover, it is clear from Kirchhoff’s law that the emissive
power of a black body does not depend on the nature of the body. Hence black body
radiation has ‘universal’ properties and is therefore of particular interest.
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Figure 1.1 A good approximation to a black body. A cavity kept at a constant temperature
and having blackened interior walls is connected to the outside by a small hole. To an outside
observer, this small hole appears like a black body surface because any radiation incident from
the outside on the hole will be almost completely absorbed after multiple reflections on the
interior surface of the cavity. Because the cavity is in thermal equilibrium, the radiation inside it
can be closely identified with black body radiation, and the hole also emits like a black body.

A perfect black body is of course an idealisation, but it can be very closely
approximated in the following way. Consider a cavity kept at a constant temperature,
whose interior walls are blackened (see Fig. 1.1). To an outside observer, a small
hole made in the wall of such a cavity behaves like a black body surface. The reason
is that any radiation incident from the outside upon the hole will pass through it and
will almost completely be absorbed in multiple reflections inside the cavity, so that
the hole has an effective absorption coefficient close to unity. Since the cavity is in
thermal equilibrium, the radiation within it and that escaping from the small opening
can thus be closely identified with the thermal radiation from a black body. It should
be noted that the hole appears black only at low temperatures, wherg most of the
energy is emitted at wavelengths longer than those corresponding to visible light.

Let us denote by R the rotal emissive power (or total emittance) of a black body,
that is the total power emitted per unit area of the black body. In 1879 J. Stefan found
an empirical relation between the quantity R and the absolute temperature 7 of a
black body

R(T)=0T* (1.1

where 0 = 5.67 x 10 Wm=2 K~ is a constant known as Stefan’s constant.
(Throughout this book we use SI units; the symbol W denotes a watt and K refers to
a degree Kelvin). In 1884, L. Boltzmann deduced the relation (1.1) from thermody-
namics; it is now called the Stefan—Boltzmann law.

We now consider the spectral distribution of black body radiation. We denote by
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R(A, T) the emissive power or spectral emittance of a black body, so that R(A, T)dA
is the power emitted per unit area from a black body at the absolute temperature
T, corresponding to radiation with wavelengths between A and A 4+ dA. The total
emissive power R(T) is of course the integral of R(A, T') over all wavelengths,

R(T) =/ R(A, T)dx 1.2)
0

and by the Stefan-Boltzmann law R(T) = oT*. Since R depends only on the
temperature, it follows that the spectral emittance R(A, T) is a ‘universal’ function,
in agreement with the conclusions drawn previously from Kirchhoff’s law.

The first accurate measurements of R(A, T) were made by O. Lummer and E. Pring-
sheim in 1899. The observed spectral emittance R(A, T) is shown plotted against A,
for a number of different temperatures, in Fig. 1.2. We see that, for fixed A, R(A, T)
increases with increasing T. At each temperature, there is a wavelength Ap,y for
which R(A, T) has its maximum value; this wavelength varies inversely with the
temperature:

AmaxT = b 1.3)

a result which is known as Wien’s displacement law. The constant b which
appears in (1.3) is called the Wien displacement constant and has the value
b=2.898 x 10> mK.

We have seen above that if a small hole is made in a cavity whose walls are
uniformly heated to a given temperature, this hole will emit black body radiation,
and that the radiation inside the cavity is also that of a black body. Using the second
law of thermodynamics, Kirchhoff proved that the flux of radiation in the cavity is
the same in all directions, so that the radiation is isotropic. He also showed that the
radiation is homogeneous, namely the same at every point inside the cavity, and that it
is identical in all cavities at the same temperature. Furthermore, all these statements
hold at each wavelength.

Instead of using the spectral emittance R(A, T), itis convenient to specify the spec-
trum of black body radiation inside the cavity in terms of a quantity p (A, T) which is
called the (wavelength) spectral distribution function or (wavelength) monochromatic
energy density. Itis defined so that p(A, T)dA is the energy density (that is, the energy
per unit volume) of the radiation in the wavelength interval (A, A +dA), at the absolute
temperature 7. As we expect on physical grounds, p (A, T) is proportionalto R(A, T),
and it can be shown! that the proportionality constant is 4/c, where c is the velocity
of light in vacuo

p(A,T) = gR(A, T). (1.4)

Hence, measurements of the spectral emittance R(A, T') also determine the spectral
distribution function p (A, T).

! See, for example, Richtmyer er al. (1969).
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Figure 1.2 Spectral distribution of black body radiation. The spectral emittance R(A, T) is plotted
as a function of the wavelength A for different absolute temperatures.

Using general thermodynamical arguments, W. Wien showed in 1893 that the
function p (A, T') had to be of the form

oA, T) =272 f(AT) (1.5)

where f (AT) is a function of the single variable AT, which cannot be determined from
thermodynamics. It is a simple matter to show (Problem 1.3) that Wien’s law (1.5)
includes the Stefan—Boltzmann law (1.1) as well as Wien’s displacement law (1.3).
Of course, the values of the Stefan constant o and of the Wien displacement constant
b cannot be obtained until the function f(AT) is known.

In order to determine the function f(AT) — and hence p(A, T) — one must go
beyond thermodynamical reasoning and use a more detailed theoretical model. After
some attempts by Wien, Lord Rayleigh and J. Jeans derived a spectral distribution
function p (A, T) from the laws of classical physics in the following way. First, from
electromagnetic theory, it follows that the thermal radiation within a cavity must exist
in the form of standing electromagnetic waves. The number of such waves — or in
other words the number of modes of oscillation of the electromagnetic field in the
cavity — per unit volume, with wavelengths within the interval A to A 4+ dA, can be



6 M The origins of quantum theory

shown' to be (8 /A%)dA, so that n(A) = 8m/A* is the number of modes per unit
volume and per unit wavelength range. This number is independent of the size and
shape of a sufficiently large cavity. Now, if £ denotes the average energy in the mode
with wavelength A, the spectral distribution function p(A, T) is simply the product
of n(A) and &, and hence may be written as

8
oL, T) = A—’:s (1.6)

Rayleigh and Jeans then suggested that the standing waves of electromagnetic
radiation are caused by the constant absorption and emission of radiation by atoms in
the wall of the cavity, these atoms acting as electric dipoles, that is linear harmonic
oscillators of frequency v = c¢/A. The energy, €, of each of these classical oscillators
can take any value between 0 and co. However, since the system is in thermal
equilibrium, the average energy ¢ of an assemblage of these oscillators can be obtained
from classical statistical mechanics by weighting each value of ¢ with the Boltzmann
probability distribution factor exp(—&/kT), where k is Boltzmann’s constant. Setting
B =1/kT, we have

J5° e exp(—pBe)de

&= 15 exp(—Be)de

d log|:/0o exp( ﬂe)ds] ] kT a.7)
P pp— Xp(— = - = . .
dg 0 B
This result is in agreement with the classical law of equipartition of energy,
according to which the average energy per degree of freedom of a dynamical system
in equilibrium is equal to k7 /2. In the present case the linear harmonic oscillators
must be assigned kT /2 for the contribution to the average energy coming from their
kinetic energy, plus another contribution kT /2 arising from their potential energy.
Inserting the value (1.7) of € into (1.6) gives the Rayleigh—Jeans spectral distribution
law

8n
oA, T) = FkT (1.8)

from which, using (1.5), we see that f(AT) = 8nk(AT).

In the limit of long wavelengths, the Rayleigh—Jeans result (1.8) approaches the
experimental values, as shown in Fig. 1.3. However, as can be seen from this
figure, p(A, T) does not exhibit the observed maximum, and diverges as A — O.
This behaviour at short wavelengths is known as the ‘ultraviolet catastrophe’. As a
consequence, the total energy per unit volume

Pror(T) =/ P, T)dr 1.9
0

is seen to be infinite, which is clearly incorrect.
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Figure 1.3 Comparison of the Rayleigh—Jeans and Planck spectral distribution laws with experi-
ment at 1600 K. The dots represent experimental points.

Planck’s quantum theory

No solution to these difficulties can be found using classical physics. However, in
December 1900, M. Planck presented a new form of the black body radiation spectral
distribution, based on a revolutionary hypothesis. He postulated that the energy of
an oscillator of a given frequency v cannot take arbitrary values between zero and
infinity, but can only take on the discrete values neg, where n is a positive integer
or zero, and &g is a finite amount, or quantum, of energy, which may depend on
the frequency v. In this case the average energy of an assemblage of oscillators of
frequency v, in thermal equilibrium, is given by

- Yoaeon€oexp(—fney) [ ]
°T > exp(—Bng)  dB logzexp( Bneo)

_ _i[lo ( ! )] — & (1.10)
= Tap B\T Zexp(—Ben) )| T exp(Beo) — 1 ’

where we have assumed, as did Planck, that the Boltzmann probability distribution
factor can still be used. Substituting the new value (1.10) of ¢ into (1.6), we find that

8
P T) = = i

A4 exp(eg/kT) — 1" (L11)

In order to satisfy Wien’s law (1.5), &9 must be taken to be proportional to the
frequency v

g0 = hv = he/A (1.12)
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where h is a fundamental physical constant, called Planck’s constant. The Planck
spectral distribution law for p(A, T) is thus given by

8mhe 1

T =
PO = 5 opthe Ty = 1

(1.13)

and we see from (1.5) that in Planck’s theory the function f(AT) is given by
fAT) = 8w hclexp(hc/AkT) — 1171

By expanding the denominator in the Planck expression (1.13), it is easy to show
(Problem 1.4) that at long wavelengths p(A, T) — 8mkT/A*, in agreement with the
Rayleigh—Jeans formula (1.8). On the other hand, for short wavelengths, the presence
of exp(hc/AkT) in the denominator of the Planck radiation law (1.13) ensures that
p — Oas A — 0. The physical reason for this behaviour is clear. Atlong wavelengths
the quantity &g = hc/A is small with respect to kT or, in other words, the quantum
steps are small with respect to thermal energies; as a result the quantum states are
almost continuously distributed, and the classical equipartition law is essentially
unaffected. On the contrary, at short wavelengths, the available quantum states are
widely separated in energy in comparison to thermal energies, and can be reached
only by the absorption of high-energy quanta, a relatively rare phenomenon.

The value of A for which the Planck spectral distribution (1.13) is a maximum can
be evaluated (Problem 1.5), and it is found that

T 4965k

Amax (1.149)
where b is Wien’s displacement constant. Moreover, in Planck’s theory the total
energy density is finite and we find from (1.9) and (1.13) that (Problem 1.6)

_ 8% k*

—aT? -
P =al”, = 15 ma

1.15)
Since p is related to the total emissive power R by o« = 4R/c, where R is given
by the Stefan—Boltzmann law (1.1), we see that Stefan’s constant o is given by

2 Kkt

=15 ma (1.16)

Equations (1.14) and (1.16) relate b and o to the three fundamental constants c, k
and h. In 1900, the velocity of light, ¢, was known accurately, and the experimental
values of o and b were also known. Using this data, Planck calculated both the values
of k and h, which he foundtobe k = 1.346 x 1073 JK~'and h = 6.55 x 1073*J s.
(The symbol J denotes a joule and s a second.) This was not only the most accurate
value of Boltzmann’s constant k available at the time, but also, most importantly, the
first calculation of Planck’s constant 4. Using his values of k and &, Planck obtained
very good agreement with the experimental data for the spectral distribution of black
body radiation over the entire range of wavelengths (see Fig. 1.3). The modern value
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of k is given by? k = 1.38066 x 1072* J K~! and that of & is
h =6.62618 x 10734 J s. (1.17)

We remark that the physical dimensions of 4 are those of [energy] x [time] =
[length] x [momentum]. These dimensions are those of a physical quantity called
action, and consequently Planck’s constant & is also known as the fundamental
quantum of action. As seen from (1.17), the numerical value of 4, when expressed
in ‘macroscopic units’, such as SI units, is very small, which is in agreement with
the statement made at the beginning of this chapter. We therefore expect that if,
for a physical system, every variable having the dimension of action is very large
when measured in units of A, then quantum effects will be negligible and the laws of
classical physics will be sufficiently accurate.

As an illustration, let us consider a macroscopic linear harmonic oscillator of
mass 1072 kg, maximum velocity vpmax = 107! ms~! and maximum amplitude
xo = 1072 m. The frequency of this oscillator is v = vpax/(2wx0) = 1.6 Hz, its
period is T = v~' >~ 0.63 s and its energy is given by E = mv?_, /2 =5 x 1075 J.
The product of the energy times the period has the dimensions of an action, with the
value 3.14 x 107 J s, which is about 5 x 10?8 times larger than ! We also see that at
the frequency v = 1.6 Hz of this oscillator, the quantum of energy &g = hv ~ 1073 J.
Hence the ratio &9/E =~ 2 x 107% is utterly negligible, and quantum effects can be
neglected in this case. On the contrary, for high-frequency electromagnetic waves in
black body radiation quantum effects are very important, as we have seen above. In
the remaining sections of this chapter we shall discuss several examples of physical
phenomena occurring in microphysics, where quantum effects are also of crucial
importance.

The idea of quantisation of energy, in which the energy of a system can only take
certain discrete values, was totally at variance with classical physics, and Planck’s
theory was not accepted readily. It should be noted in this respect that some aspects of
Planck’s derivation of the black body radiation law (1.13) are not completely sound.
A revised proof of Planck’s black body radiation law, based on modern quantum
theory, will be given in Chapter 14. However, Planck’s fundamental postulate about
the quantisation of energy is correct, and it was not long before the quantum concept
was used to explain other phenomena. In particular, as we shall see in Section 1.2, A.
Einstein in 1905 was able to understand the photoelectric effect by extending Planck’s
idea of the quantisation of energy. In Planck’s theory, the oscillators representing
the source of the electromagnetic field could only vibrate with energies given by
ngg = nhv(n =0,1,2,...). In contrast, Einstein assumed that the electromagnetic
field itself was quantised and that light consists of corpuscles, called light quanta or
photons, each photon travelling with the velocity ¢ of light and having an energy

E =hv =hc/A. (1.18)

2 See the Table of Fundamental Constants at the end of the book, p. 789.
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According to Einstein, black body radiation may thus be considered as a photon
gas in thermal equilibrium with the atoms in the walls of the cavity; it is this idea
which will be developed in Chapter 14 to re-derive Planck’s radiation law (1.13) from
quantum statistical mechanics. We remark that since each photon has anenergy hc/A,
the number dN of black body radiation photons per unit volume, with wavelengths
between A and A + dA, at absolute temperature T, is

AN = PO D)dx _ 8r da
T he/x A exp(he/AKkT) — 17

The total number of black body photons per unit volume, at absolute temperature T,
can be obtained by integrating (1.19) over all wavelengths. The resultis (Problem 1.9)

N =2.029 x 10’ T? photons m~3, (1.20)

(1.19)

The average energy E of a black body photon at absolute temperature T is then readily
deduced by dividing the total energy density pior, given by (1.15), by the total number
N of photons per unit volume. We find in this way that

E=373x10"2T]). 1.21)

In quantum physics it is particularly convenient to specify energies in units of
electronvolts (eV) or multiples of them. The electronvolt is defined to be the energy
acquired by an electron passing through a potential difference of one volt. Since the
charge of the electron has the absolute value e = 1.60 x 10~!° C, we see that®

leV =160x107"°CV

=160x107"17, (1.22)
Hence the average energy of a black body photon is given in eV by
_ 373x 1072
E=""_"_TeV=233x10"TeV. 1.
160 x 10-° " © X ¢ (1.23)

The 3 K cosmic black body radiation

Before leaving the subject of black body radiation, we briefly discuss a particularly
fascinating example of it. In 1964 A. A. Penzias and R. W. Wilson, using a radio-
telescope, detected at a wavelength A = 7.35 cm an isotropic radio ‘noise’ of cosmic
origin, whose intensity corresponded to an effective temperature of about 3 K. This
‘noise’ was soon interpreted as due to black body radiation at an absolute temperature
of approximately 3 K, which fills the universe uniformly and hence is incident on the
Earth with equal intensity from all directions. Measurements of the intensity of this
radiation at other wavelengths confirmed that its spectral distribution is given by
Planck’s radiation law (1.13), for a temperature of about 3 K.

The presence of this cosmic radiation provides strong evidence for the big bang
theory of the origin of the universe, according to which the expansion of the universe

3 Conversion factors between various units are given in a table at the end of this volume (p. 791).
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began from a state of enormous density and temperature, that is an extremely hot
fireball of particles and radiation. To see why this is the case, let us analyse black
body radiation in an expanding universe. Assuming that the size of the universe has
grown by a factor S, the wavelengths will be increased by the same factor because
of the Doppler shift, so that the new values of the wavelengths are given by A’ = SA.
Now, after this expansion, the energy density p(A’, T)d)\’ in the wavelength interval
(A, M + dA") at absolute temperature T is smaller than the former energy density
o (A, T)dA by a factor S~*. Indeed, the volume of the universe having increased by
a factor §3, the number of photons per unit volume has dropped by this factor (we
assume that no photons are created or destroyed). Moreover, since A’ = SA, the
energy hc/A’ of a photon at the wavelength A’ is smaller than that of a photon at
wavelength A by a factor S. Hence

8mhc da

A, T)d) = S~ %o, T)dr = 1.24
PO TN =S p O D = s o p Ui /AkT) — | (1.24)
and therefore, since dA’ = SdX, we have
h |
p(, Ty = SThe (1.25)

(A)5 exp(hcS/NkT) — 17

Upon comparison with (1.13) we see that if we replace T by a new temperature

r=r 1.26
S (1.26)

the expression (1.25) is identical with the Planck radiation law for the energy density
p()', T"). Thus black body radiation in an expanding universe can still be described
by the Planck formula, in which the temperature T’ decreases according to (1.26)
as the universe expands. The cosmic radiation at 7' = 3 K which is now observed
is therefore ‘fossil’ radiation, cooled by expansion, originating from an epoch when
the universe was smaller and hotter than at the present time. It is estimated* that this
radiation comes from an epoch when the universe was about I million years old and
was flooded with radiation at a temperature 7 =~ 3000 K. Using (1.26) we see that
since that time the universe has expanded by a factor S >~ 1000.

Further applications of Planck’s quantisation postulate

We have seen above that the quantisation postulate introduced in 1900 by Planck was
successful in explaining the black body radiation problem. We have also mentioned
that the quantum idea was used by Einstein in 1905 to understand the photoelectric
effect in terms of light quanta or photons; we shall return to this subject in Section 1.2.
In 1907, Einstein also used the Planck formula (1.10) for the average energy of an
oscillator to study the variation of the specific heats of solids with temperature, a
problem which could not be solved by using classical physics. Einstein’s results were
improved in 1912 by P. Debye, and the excellent agreement between the Debye theory

4 For an excellent account of this subject, see Weinberg (1977).
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1.2

and experiment provided additional support for the existence of energy quanta. As we
shall see in the last four sections of this chapter, the quantum concept also proved to
be essential in understanding the Compton effect, the existence of atomic line spectra
and the Stern—Gerlach experiment, and it played a central role in predicting the wave
properties of matter, thereby giving birth to the new quantum mechanics.

The photoelectric effect

In 1887 H. Hertz performed the celebrated experiments in which he produced and de-
tected electromagnetic waves, thus confirming Maxwell’s theory. Ironically enough,
in the course of the same experiments he also discovered a phenomenon which
ultimately led to the description of light in terms of corpuscles: the photons. Specif-
ically, Hertz observed that ultraviolet light falling on metallic electrodes facilitates
the passage of a spark. Further work by W. Hallwachs, M. Stoletov, P. Lenard and
others showed that charged particles are ejected from metallic surfaces irradiated by
high-frequency electromagnetic waves. This phenomenon is called the photoelectric
effect. In 1900, Lenard measured the charge-to-mass ratio of the charged particles by
performing experiments similar to those which had led J. J. Thomson to discover the
electron’, and in this way he was able to identify the charged particles as electrons.
In his experiments to establish the mechanism of the photoelectric effect. Lenard
used an apparatus shown in schematic form in Fig. 1.4. In an evacuated glass tube,
ultraviolet light incident on a polished metal cathode C (called a photocathode)
liberates electrons. If some of these electrons strike the anode A, there is a current / in
the external circuit. Lenard studied this current as a function of the potential difference
V between the surface and the anode. The variation of the photoelectric current /
with V is shown in Fig. 1.5. When V is positive, the electrons are attracted towards
the anode. As V is increased the current / increases until it saturates when V is large
enough so that all the emitted electrons reach the anode. Lenard also observed that if
V is reversed, so that the cathode becomes positive with respect to the anode, there is
a definite negative voltage —Vj at which the photoelectric current ceases, implying
that the emission of electrons from the cathode stops (see Fig. 1.5). From this result
it follows that the photoelectrons are emitted with velocities up to a maximum v,
and that the voltage — V) is just sufficient to repel the fastest photoelectrons (having

the maximum kinetic energy Tnax = mv,zmx /2) so that

eVo = smv2,,. (1.27)

The potential Vj is called the stopping potential. The fact that not all the photo-
electrons have the same kinetic energy is readily explained: the electrons having the
maximum kinetic energy Tax are emitted from the surface of the photocathode, while
those having a lower energy originate from inside the photocathode, and thus lose
energy in reaching the surface.

5 See Bransden and Joachain (1983).
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Figure 1.4 Schematic drawing of Lenard’s apparatus for investigating the photoelectric effect.
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Figure 1.5 Variation of the photoelectric current / with the potential difference V between the
cathode and the anode, for two values A < B of the intensity of the light incident on the
cathode. No current is observed when V is less than — Vp; the stopping potential Vp is found to
be independent of the light intensity.

Lenard found that the photoelectric current / is proportional to the intensity of
the incident light (see Fig. 1.5). This result can be understood by using classical
electromagnetic theory, which predicts that the number of electrons emitted per unit
time should be proportional to the intensity of the incident light. However, the
following important features exhibited by the experimental data cannot be explained
in terms of the classical electromagnetic theory:

(1) There is a minimum, or threshold frequency v, of the radiation, characteristic of
the surface, below which no emission of electrons takes place, no matter what
the intensity of the incident radiation, or for how long it falls on the surface.
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According to the classical wave theory, the photoelectric effect should occur for
any frequency of the incident radiation, provided that the radiation intensity is
large enough to give the energy required for ejecting the photoelectrons.

(2) The stopping potential V; and, hence, the maximum kinetic energy

Tmax = mv?, /2 of the photoelectrons are found to depend linearly on the
frequency of the radiation and to be independent of its intensity. According to
classical electromagnetic theory, the maximum kinetic energy of the emitted
electrons should increase with the energy density (or intensity) of the incident

radiation, independently of the frequency.

(3) Electron emission takes place immediately the light shines on the surface, with
no detectable time delay. Now, in the classical wave theory of light, the light
energy is spread uniformly over the wave front. To eject an electron from anatom
described by classical mechanics, enough energy would have to be concentrated
over an area of atomic dimensions, and to achieve such a concentration would
require a certain time delay. Experiments can be arranged for which the
predicted time delay is minutes, or even hours, and yet no detectable time
lag is actually observed.

In 1905, Einstein offered an explanation of these seemingly strange aspects of the
photoelectric effect, based on a generalisation of Planck’s postulate of the quantisation
of energy. In order to explain the spectral distribution of black body radiation, Planck
had assumed that the processes of absorption and emission of radiation by matter do
not take place continuously, but in finite quanta of energy hv. Einstein went further
and advanced the idea that these quantum properties were inherent in the nature of
electromagnetic radiation itself, so that light consists of quanta (corpuscles) called
photons®, each photon having an energy E = hv = hc/X (see (1.18)). The photons
are sufficiently localised so that the whole quantum of energy can be absorbed by
a single atom of the cathode at one time. Thus, when a photon falls on a metallic
surface, its entire energy hv is used to eject an electron from an atom. However,
since electrons do not normally escape from surfaces, a certain minimum energy W
is required for the ejected electron to leave the surface. This minimum energy, which
depends on the metal, is called the work function. It follows that the maximum kinetic
energy of a photoelectron is given in terms of the frequency v by the linear relation

ymvd, =hv—W (1.28)

which is called Einstein’s equation. The threshold frequency v, is determined by the
work function since in this case vma, = 0, so that

hv, = W. (1.29)
The number of electrons emerging from the metal surface per unit time is proportional

to the number of photons striking the surface per unit time, but the intensity of the

6 In his 1905 paper entitled ‘On a heuristic point of view concerning the creation and conversion of
light’, Einstein used the word quantum of light. The word photon was introduced by G. N. Lewis in 1926.
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Figure 1.6 Millikan’s results (circles) for the stopping potential Vg as a function of the frequency
v. The data fall on a straight line, of slope tana = h/e.

radiation is also proportional to the number of photons falling on a certain area per
unit time, since each photon carries a fixed energy hv. It follows that the photoelectric
current is proportional to the intensity of the radiation and that all the experimental
observations are explained by Einstein’s theory.

A series of very accurate measurements carried out between 1914 and 1916 by
R. A. Millikan provided further confirmation of Einstein’s theory. Combining (1.27)
and (1.28), we see that the stopping potential Vj satisfies the equation

Vo = L (1.30)
e

Millikan measured, for a given surface, Vj as a function of v. As seen from Fig. 1.6,
his results indeed fell on a straight line, of slope & /e. Knowing the absolute charge e of
the electron from his earlier ‘oil-drop’ experiments, Millikan obtained for h the value
6.56 x 1073* J s, which agreed very well with Planck’s result & = 6.55 x 10734 J s
determined from the black body spectral distribution. It is interesting that Millikan
was able to use visible, rather than ultraviolet light for his photoelectric experiments
using surfaces of lithium, sodium and potassium which have small values of the work
function W.

Although the photoelectric effect provides compelling evidence for a corpuscular
theory of light, it must not be forgotten that the existence of diffraction and interference
phenomena demonstrate that light also exhibits a wave behaviour. This dual aspect
of electromagnetic radiation is incompatible with classical physics. As we shall see
below, the wave—particle duality is a general characteristic of all physical quantities,
and the paradoxes resulting from this situation can only be resolved by using the new
concepts embodied in quantum theory.
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1.3

The Compton effect

The corpuscular nature of electromagnetic radiation was exhibited in a spectacular
way in a quite different experiment performed in 1923 by A. H. Compton, in which
a beam of X-rays was scattered through a block of material. X-rays had been
discovered by W. K. Rontgen in 1895 and were known to be electromagnetic radiation
of high frequency. The scattering of X-rays by various substances was first studied by
C. G. Barkla in 1909, who interpreted his results with the help of J. J. Thomson’s clas-
sical theory, developed around 1900. According to this theory, the oscillating electric
field of the radiation acts on the electrons contained in the atoms of the target material.
This interaction forces the atomic electrons to vibrate with the same frequency as the
incident radiation. The oscillating electrons, in turn, radiate electromagnetic waves
of the same frequency. The net effect is that the incident radiation is scattered with
no change in wavelength, and this is called Thomson scattering. In general, Barkla
found that the scattered intensity predicted by Thomson’s theory agreed well with
his experimental data. However, he found that some of his results were anomalous,
particularly in the region of ‘hard’ X-rays, which correspond to shorter wavelengths.
At the time of Barkla’s work, it was not possible to measure the wavelengths of X-
rays, and a further advance could not be made until M. von Laue in 1912, and later
W. L. Bragg had shown that the wavelengths could be determined by studying the
diffraction of X-rays by crystals. The experiment of Compton, which we shall now
describe, was only possible because a precise determination of X-ray wavelengths
could be made using a crystal spectrometer.

The experimiental arrangement used by Compton is sketched in Fig. 1.7. He
irradiated a graphite target with a nearly monochromatic beam of X-rays, of wave-
length A¢. He then measured the intensity of the scattered radiation as a function
of wavelength. His results, illustrated in Fig. 1.8, showed that although part of the
scattered radiation had the same wavelength A as the incident radiation, there was
also a second component of wavelength A, where A; > Ag. This phenomenon,
called the Compton effect, could not be explained by the classical Thomson model.
The shift in wavelength between the incident and scattered radiation, the Compton
shift AL = Ay — Ao, was found to vary with the angle of scattering (see Fig. 1.8) and to
be proportional to sin®(6/2), where 8 is the angle between the incident and scattered
beams. Further investigation showed AA to be independent of both Ay and of the
material used as the scatterer, and that the value of the constant of proportionality was
0.048 x 107! m.

In order to understand the origin of the wavelength shift Ax, Compton suggested
that the modified line at wavelength A; could be attributed to X-ray photons scattered
by loosely bound electrons in the atoms of the target. In fact, it is a good approximation
to treat such electrons as free, since their binding energies are small compared with
the energy of an X-ray photon; this explains why the results are independent of the
nature of the material used for the target.

Let us then consider the scattering of an X-ray photon by a free electron, which can
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Figure 1.7 Schematic diagram of Compton’s apparatus.
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Figure 1.8 Compton’s data for the scattering of X-rays by graphite.

be taken to be initially at rest. After the collision, the electron recoils (see Fig. 1.9)
and since its velocity is not always small compared with the velocity of light, ¢, it is
necessary to use relativistic kinematics. The relevant formulae will be quoted without
derivation’. In particular, the total energy, E, of a particle having a rest mass m and
moving with a velocity v is given by
mc?
E = T2/ (1.31)

The kinetic energy T of the particle is defined as the difference between its total
energy E and its rest mass energy mc?, so that

T =E —mc?. (1.32)

The corresponding momentum of the particle is

_ mv
- (1 - vZ/CZ)I/Z

and from (1.31) and (1.33) we see that the energy and momentum are related by

p (1.33)

E? = m?c* + pc2. (1.39)

7 For a discussion of the theory of special relativity. see for example the text by Taylor and
Wheeler (1966).
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Figure 1.9 A photon of momentum po is incident on a free electron e at rest. After the collision,
the photon has a momentum p; while the electron recoils with a momentum p;.

Since the velocity of a photon is ¢ and its energy E = hv = hc/A is finite, we
see from (1.31) that we must take the mass of a photon to be zero, in which case we
observe from (1.34) that the magnitude of its momentum is

p=E/c=h/x. (1.35)

Let us now apply these formulae to the situation depicted in Fig. 1.9, where a photon
of energy Ey = hc/A¢ and momentum pg (with pg = Ep/c = h/Ap) collides with an
electron of rest mass m initially at rest. After the collision, the photon has an energy
E| = hc/A; and a momentum p; (with p, = E,/c = h/X,) in a direction making an
angle 6 with the direction of incidence, while the electron recoils with a momentum
p; making an angle ¢ with the incident direction. Conservation of momentum yields
Po = P + P2 or, in other words

Po = picos6 + pcos¢ (1.36a)

0 = p;sinf — p,sing (1.36b)

from which we find that

P; = po + P — 2popi cosb. 1.37)
Conservation of energy yields the relation

Eo+mc* = E| + (m*c* + p3cH'/? (1.38)

and therefore, if we denote by T, the kinetic energy of the electron after the collision,
we have

T

(m3c* + p§CZ)I/2 — mc?

Eo— Ey = c(po — p1) (1.39)
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so that

P2 = (po — p1)* + 2mc(po — p1). (1.40)

Combining (1.40) with (1.37) we then find that

mc(po — p1) = popi(l —cos6)
= 2popi sin®(6/2). (1.41)

Multiplying both sides of (1.41) by h/(mcpop,) and using the fact that g = h/pg
and A, = h/p,, we finally obtain

AL = A — Ap = 2Ac sin®(6/2) (1.42)

where the constant Ac is given by

Ac= — (1.43)
mc
and is called the Compton wavelength of the electron. Equation (1.42) is known as
the Compton equation. The calculated value of (2A¢) is 0.048 52 A3, and this agrees
very well with the experimental value which is 0.048 A.

The existence of the unmodified component of the scattered radiation, which has
the same wavelength A¢ as the incident radiation, can be explained by assuming that
it results from scattering by electrons so tightly bound that the entire atom recoils.
In this case, the mass to be used in (1.43) is M, the mass of the entire atom, and
since M >> m, the Compton shift AA is negligible. For the same reason, there is no
Compton shift for light in the visible region because the photon energy in this case is
not large compared with the binding energy of even the loosely bound electrons. In
contrast, for very energetic y-rays only the shifted line is observed, since the photon
energies are large compared with the binding energies of even the tightly bound
electrons.

The recoil electrons predicted by Compton’s theory were observed in 1923 by
W. Bothe and also by C. T. R. Wilson. A little later, in 1925, W. Bothe and
H. Geiger demonstrated that the scattered photon and the recoiling electron appear
simultaneously. Finally, in 1927, A. A. Bless measured the energy of the ejected
electrons, which he found to be in agreement with the prediction of Compton’s theory.

Atomic spectra and the Bohr model of the hydrogen atom

Isaac Newton was the first to resolve white light into separate colours by dispersion
with a prism. However, it was not until 1752 that T. Melvill showed that light from

8 The Angstrom unit of length, abbreviated as A, is such that 1 A = 107/ m.
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an incandescent gas is composed of a number of discrete wavelengths®, now called
emission lines because of the corresponding lines appearing on a photographic plate.
Such emission line spectra are produced in particular when an electric discharge
passes through a gas, or when a volatile salt is put into a flame, and the emitted
light is dispersed by a prism. It was subsequently discovered that atoms also exhibit
absorption line spectra when they are exposed to light having a continuous spectrum.
For example, if white light is passed through an absorbing layer of an element and is
then analysed with a spectrograph, it is found that the photographic plate is darkened
everywhere, except for a number of unexposed lines. These lines must therefore
correspond to certain discrete wavelengths missing from the continuous background,
which have been absorbed by the atoms of the layer. Ina crucial experiment performed
in 1859, G. R. Kirchhoff showed that for a given element the wavelengths of the
absorption lines coincide with those of the corresponding emission lines. He also
understood that each element has its own characteristic line spectrum. This fact is of
great importance, since it is the basis of chemical analysis by spectroscopic methods;
it is also used in astrophysics to determine the presence of particular elements in the
Sun, in the stars and in interstellar space.

A major discovery in the search for regularities in the line spectra of atoms was
made in 1885 by J. Balmer, who studied the spectrum of atomic hydrogen. As seen
from Fig. 1.10, in the visible and near ultraviolet regions this spectrum consists of a
series of lines (denoted by H,, Hg, H, , .. . ), now called the Balmer series; these lines
come closer together as the wavelength decreases, and reach a limit at a wavelength
A = 3646 A. There is an apparent regularity in this spectrum, and Balmer observed
that the wavelengths of the nine lines known at the time satisfied the simple formula

n2

A=C

T 1.44)
where C is a constant equal to 3646 A, and n is an integer taking on the values
3,4,5, ..., for the lines Hy, Hg, H,, ... respectively. In 1889, J. R. Rydberg found
that the lines of the Balmer series could be described in a more useful way in terms
of the wave number v = 1/A = v/c. According to Rydberg, the wave numbers of
the Balmer lines are given by

3 T
b= RH(E - ﬁ> (1.45)

wheren = 3,4,5, ..., and Ry is a constant, called the Rydberg constant for atomic
hydrogen. Its value determined from spectroscopic measurements is

Ry = 109677.58 cm™". (1.46)

9 This is in contrast to the continuous spectrum of electromagnetic radiation emitted from the surface
of a hot solid, which we discussed in Section 1.1. Indeed, line spectra are emitted by atoms in rarefied
gases, while in a solid there is a very large number of densely packed vibrating atoms, so that neighbouring
spectral lines overlap, and as a result a continuous spectrum is emitted.
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Figure 1.10 The Balmer series of atomic hydrogen.

Once it was written in the form (1.45), the Balmer—Rydberg formula could be easily
generalised and applied to other series of atomic hydrogen spectral lines discovered
subsequently in the ultraviolet and infrared regions. The generalised Balmer—Rydberg
formula reads

1 1
Vb = Rul = — = |; ng,=12,...
Vab H(nlz, ng) a
n,=23,... (1.47)

where 7, is the wave number of either an emission or an absorption line, and n, and
np are positive integers with n, > n,. A particular series of lines is obtained by setting
n, to be a fixed positive integer and letting n, take on the values n, +1,n,+2,....
The series are given different names after their discoverers. In particular, the series
with n, = 1 is known as the Lyman series and lies in the ultraviolet part of the
spectrum; that with n, = 2 is the Balmer series discussed above; the series with
n, = 3,4 and 5 lie in the infrared region and are called, respectively, the Paschen,
Brackett and Pfund series. Within each series the lines are labelled «, 8, y, .. ., in
order of increasing wave number, as illustrated in Fig. 1.10 for the case of the Balmer
series.

As seen from (1.47), the wave number v,;, of a line in the atomic hydrogen spectrum
can be expressed in the form

Vap =T, — Tp (1.48)
that is as the difference of two spectral terms
T, = Ru/n%, Ty, = Ru/nj. (1.49)

For other atoms than hydrogen the formula (1.48) can still be applied, although the
spectral terms 7, and 7}, usually have a more complicated form than (1.49). Thus,
the wave number v, of any line emitted or absorbed by an atom can be expressed
as a difference of two spectral terms 7, and 7,. An atomic spectrum is therefore
characterised by a set of spectral terms, called the term system of the atom. This
generalisation of the Balmer—Rydberg formula was obtained in 1908 by W. Ritz. As
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a consequence, if the wave numbers of three spectral lines are associated with three

terms as

bj=T—-T;, tu=Ti-Th, u=T-T (1.50)
we have

Vg = (T = T)) + (T; = T) = vij + Vjx (1.51)

which is an example of the Ritz combination principle.

The existence of atomic line spectra, which exhibit the regularities discussed above,
cannot be explained by models of atomic structure based on classical physics. As we
shall shortly see, N. Bohr was able in 1913 to explain the spectrum of the hydrogen
atom by introducing the quantum concept into the physics of atoms. In formulating his
new theory, Bohr used a picture of the atom evolved from the work of E. Rutherford,
H. W. Geiger and E. Marsden, which we now discuss briefly.

The nuclear atom

In a series of experiments Rutherford, Geiger and Marsden studied the scattering of
alpha particles (doubly ionised helium atoms) by atoms of thin metallic foils'®. To
interpret the results of these experiments, Rutherford postulated in 1911 that all the
positive charge and almost all the mass of an atom is concentrated in a positively
charged nucleus of very small dimension (>~ 10~'* m) compared with the dimension
of the atom as a whole (=~ 107'° m). The predictions of Rutherford’s theory of
alpha-particle scattering, based on this nuclear atom model, were fully confirmed in
1913 by further experiments performed by Geiger and Marsden.

The excellent agreement between the experimental results and the conclusions
reached by Rutherford was interpreted as establishing the correctness of the concept
of the nuclear atom. However, there were still important difficulties with the nuclear
atom model, due to the fact that there exists no stable arrangement of positive and
negative point charges at rest. Therefore, one must consider a planetary model of the
atom, in which the negatively charged electrons move in orbits in the Coulomb field
of the positively charged nucleus. Now, a particle moving on a curved trajectory is
accelerating, and an accelerated charged particle can be shown from electromagnetic
theory to radiate, thus losing energy. In fact, the laws of classical physics, applied
to the Rutherford planetary atom, imply that in a time of the order of 107'° s all the
energy of the revolving electrons would be radiated away and the electrons would
collapse into the nucleus. This is clearly contrary to experiment and is another piece
of evidence that the classical laws of motion must be modified on the atomic scale.

10 A discussion of Rutherford scattering may be found in Bransden and Joachain (1983). See also
Section 13.6.
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Bohr’s model of the hydrogen atom

A major step forward was taken by N. Bohr in 1913. Combining the concepts of
Rutherford’s nuclear atom, Planck’s quanta and Einstein’s photons, he was able to
explain the observed spectrum of atomic hydrogen.

Bohr assumed, as in the Rutherford model, that an electron in an atom moves in
an orbit about the nucleus under the influence of the electrostatic attraction of the
nucleus. Circular or elliptical orbits are allowed by classical mechanics, and Bohr
elected to consider circular orbits for simplicity. He then postulated that instead of the
infinity of orbits which are possible in classical mechanics, only a certain set of stable
orbits, which he called stationary states are allowed. As aresult, atoms can only exist
in certain allowed energy levels, with internal energies E,, Ep, E., . ... Bohr further
postulated that an electron in a stable orbit does not radiate electromagnetic energy,
and that radiation can only take place when a transition is made between the allowed
energy levels. To obtain the frequency of the radiation, he made use of the idea that
the energy of electromagnetic radiation is quantised and is carried by photons, each
photon associated with the frequency v carrying an energy Av. Thus, if a photon of
frequency v is absorbed by an atom, conservation of energy requires that''

hv = Eb - Ea (1.52)

where E, and E, are the internal energies of the atom in the initial and final states,
with E, > E,. Similarly, if the atom passes from a state of energy E;, to another
state of lower energy E,, the frequency of the emitted photon must be given by the
Bohr frequency relation (1.52).

We note that because of the existence of an energy—frequency relationship, we
can use frequency (or wave number) units of energy where convenient. For exam-
ple, using (1.52) and the fact that the frequency v corresponds to a wave number
v = v/c, we find that one electronvolt of energy can be converted in hertz or in
inverse centimetres as

leV = 2.41797 x 10'* Hz
= 8065.48 cm™". (1.53)

Other conversions of units are given in the table at the end of the book. We also
remark that the Bohr frequency relation (1.52) implies that the terms of spectroscopy
can be interpreted as being the energies of the various allowed energy levels of the
atom.

For the case of one-electron (also called hydrogenic) atoms'?, Bohr was able to
modify the classical planetary model to obtain the quantisation of energy levels. To
achieve this aim, he made the additional assumption that the magnitude of the orbital
angular momentum of the electron moving in a circular orbit around the nucleus can

I We neglect here small recoil effects, which will be considered below.
12 The word ‘atom’ denotes here a neutral atom (such as the hydrogen atom H) as well as an ion (such
as Het, Li2* and so on).
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only take one of the values L = nh/2n = nh, where the quantum number n is
a positive integer, n = 1,2, 3, ..., and the commonly occurring quantity /27w is
conventionally denoted by 4. The allowed energy levels of the bound system made
up of a nucleus and an electron can then be determined in the following way.

Let us consider an electron moving with a non-relativistic velocity v in a circular
orbit of radius r around the nucleus. We shall make the approximation (which we
shall remove later) that the nucleus is infinitely heavy compared with the electron,
and is therefore at rest. The Coulomb attractive force acting on the electron, due to
its electrostatic interaction with the nucleus of charge Ze, can be equated with the
electron mass m times the centripetal acceleration (v?/r), giving

Zé? _mv2
@reg)r?  r

where ¢ is the permittivity of free space. A second equation is obtained from Bohr’s
postulate that the magnitude of the orbital angular momentum of the electron is

) (1.54)

quantised:
L = mvr =nh, n=1,2,3,.... (1.55)
From (1.54) and (1.55), we obtain the allowed values of v and r
Zeé?
R 1.56
U= @reo)hn (1.56)
and
(4 eg)h?n?
= — 1.57
Zme? (1.57)

The total energy of the electron is the sum of its kinetic energy and its potential
energy. The kinetic energy, T, is given by

1 m (Ze* \* 1
T = —m1? = —— ) = 1.58

2mU 2h2 (47'[8()) n2 ( )
where we have used the result (1.56). Choosing the zero of the energy scale in such
a way that the electron has a total energy £ = 0 when it is at rest and completely

separated from the nucleus (r = 00), the potential energy of the electron is given by
V = —Ze?/(4mey)r. Hence, using (1.57) we have

v Ze? om Ze?2 \? 1 (1.59)
T (@meg)r  h2\4dmey ) n?’ .

The allowed values obtained by Bohr for the total energy T + V of the bound electron
are thus given by

m [ Ze? \* 1
E,=———) —, =1,2,3,.... 1.60
' 242 (47‘[8()) n? " (1.60)

Since n may take on all integral values from 1 to +o00, the energy spectrum
corresponding to the bound states of the one-electron atom contains an infinite number
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of discrete energy levels. The subscript n in E,, reminds us that this quantisation of the
energy levels is due to the presence of the quantum number n, is called the principal
quantum number to distinguish it from other quantum numbers we shall meet later.
The state with the lowest energy is known as the ground state; we see from (1.60) that it
corresponds to the value n = 1. The states corresponding to the valuesn = 2,3, ...,
are called excited states of the atom, since their energies are greater that the energy
of the ground state; the energies of the excited states are seen to converge to the value
zero as n — oo. A commonly used notation is one in which an electron in an energy
level withn = 1,2, 3, ..., issaid to be in the K, L, M, .. ., shell, respectively.

It is convenient to represent graphically the energy spectrum of an atom by means
of an energy level diagram, in which the ordinate gives the energy, and the energy
levels or terms are drawn as horizontal lines. Fig. 1.11 shows the energy level diagram
of atomic hydrogen, drawn according to the prediction (1.60) of the Bohr model. The
energy scale on the right is in electronvolts; on the left another scale, increasing from
top to bottom, gives the wave number v in cm~!.

Using the Bohr frequency relation (1.52), the frequencies of the spectral lines
corresponding to transitions between two energy levels E, and E, are

m (Ze\2 (1 1
_ 2L 1.61
Yab 4nh3(4n80) (ng 2) (1.6

where n, and n, are positive integers and n, > n,; the corresponding wave numbers
are given by v,, = v,/c. For the case of atomic hydrogen, where Z = 1, we have
therefore

1 1
l.;ab = R(OO)(—2 — —2) (1.62)

a b
where the constant R(00) is given by

m e? \?
R = ——| — 1.6
(00) dmch? (4778()) (1.63)

and we have written R(oo) to recall that we are using the infinite nuclear mass
approximation. The theoretical result (1.62) is seen to have exactly the same form as
the empirical Balmer—Rydberg formula (1.47). Moreover, Bohr’s theory also gives
the value of R(o0) in terms of fundamental constants, and this value can be compared
with the experimental Rydberg constant Ry appearing in (1.47). Evaluating R(0c0)
from (1.63) one finds that R(o0) = 109737 cm™!, in good (but not perfect) agreement
with the experimental value of Ry given by (1.46).

Returning to equation (1.60), we see that the Bohr energy levels of a one-electron
atom may be written as

E,=-Ip/n’, n=12.3,... (1.64)

where

m Ze? 2
I = — = hcR(00)Z? = 13.6 Z eV. 1.6
p 2h2(4m()) cR(o0) e (1.65)
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Figure 1.11 Energy level diagram of the hydrogen atom. The energy scale on the right is in
electronvolts; on the left another scale, increasing from top to bottom, gives the wave number v
in cm™=1. The principal quantum number n corresponding to each energy level is also indicated.
A spectral line, resulting from the transition of the atom from one energy level to another is
represented by a vertical line joining the two energy levels. The numbers against the lines indicate
the corresponding wavelengths in dngstréms (1 A = 107'% m). For clarity, only transitions
between lower-lying levels are shown.
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Because the zero of the energy scale has been chosen so that it corresponds to an
electron at rest, infinitely far from the nucleus, the (positive) amount of work required
to remove the electron from its nth orbit to infinity (that is, to ionise the atom) is
just —E, = Ip/n®. The energy needed to remove one electron from an atom in its
ground state is called the ionisation potential of the atom. Since the ground state of
one-electron atoms corresponds to the value n = 1, we see that the quantity Ip given
by (1.65) is the value of the ionisation potential of hydrogenic atoms predicted by the
Bohr theory (in the infinite nuclear mass approximation). The ionisation of atoms
may occur in several ways, for example in collision processes or when a photon of
sufficiently high frequency is absorbed by the atom. The latter phenomenon is known
as photoionisation and is the process responsible for the photoelectric effect.

It is interesting to note that if the atom is initially in a bound state of (negative)
energy E,, and then absorbs an energy greater than the binding energy | E,|, it will be
ionised and the ejected electron will have a positive energy. States of positive energy
therefore correspond to the situation in which the nucleus—electron system is unbound.
It is clear that these states are relevant in collision processes between electrons and
nuclei. In such a collision event, an electron having a given initial kinetic energy and
coming from a very large distance is scattered by a nucleus and after being deflected
recedes to an infinite separation without forming a bound system with the nucleus.
Since the initial kinetic energy of the electron may be chosen arbitrarily, it is obvious
that unbound states of the nucleus—electron system may have any positive energy
value. Therefore, joining the bound state spectrum of one-electron atoms at the value
E = 0, there is a continuous energy spectrum extending from E = 0 to E = +00,
which is indicated in Fig. 1.11 by hatchings. Transitions may thus occur not only
between two bound states of the discrete energy spectrum (bound-bound transitions),
but also between a state of the discrete spectrum and one of the continuous spectrum
(bound—free transitions), or between two states of the continuous spectrum (free—free
transitions).

Let us now evaluate a few key quantities which appear in Bohr’s theory. The radius
of the orbit of the electron in the ground state of the hydrogen atom is known as
the (first) Bohr radius of hydrogen and is denoted by ag. It is obtained by setting
Z =n = 1in(1.57) so that

_ (dmeo)h®

—— =529x107"m. (1.66)

ao

The velocity vg of the electron in the first Bohr orbit of the hydrogen atom is seen
from (1.56) to be given by

2

e
- = 1.67
vo (4reg)h xe ( )
where we have introduced the dimensionless constant
2
¢ (1.68)

0=—
(4reg)hic
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which is known as the fine-structure constant and has the value ¢ >~ 1/137. Thus
vo = ¢/137 and it is reasonable to treat the electron of an hydrogen atom in a non-
relativistic way, as done by Bohr. We also remark in this context that the bound-state
energies (1.60) of one-electron atoms may be rewritten as

I 5 (Za)?
By = —yme C (1.69)

Thus, provided Z is not too large, the binding energies | E, | are small with respect
to mc?, the rest energy of the electron; this again indicates that a non-relativistic
treatment of the problem is a sensible approximation.

Finite nuclear mass

Although the approximation in which the nucleus is assumed to be infinitely heavy is
good enough for many purposes, an improvement can be made by taking into account
the fact that the mass of the nucleus is finite. If we consider a bound state of the
nucleus—electron system in the Bohr model, then both the electron of mass m and the
nucleus of mass M rotate about the centre of mass of the system. Since no forces
external to the atom are present, the centre of mass will either be at rest or in uniform
motion. As we are not interested in the motion of the atom as a whole, we shall take
the centre of mass to be at rest and to be the origin of our coordinate system.

The magnitude of the total orbital angular momentum of the system is readily
shown to be!3

L = pvr (1.70)

where r is the distance between the nucleus and the electron, v is the velocity of the
electron with respect to the nucleus and

mM
0w = 1.71
m+M ( )

is the reduced mass. Bohr’s quantisation condition for the orbital angular momentum
thus becomes

L = pvr =nh, n=123,... (1.72)

which is the same as (1.55), but with u replacing m.

Since the centre of mass is at rest in our coordinate system, the kinetic energy
of the system is given by T = pv?/2. The potential energy V, due to the elec-
trostatic attraction between the nucleus and the electron, is of course still given by
V = —Ze*/(4meo)r, since it does not depend on the masses of the particles. A

13 See, for example, Bransden and Joachain (1983).
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reasoning entirely similar to that made above in the infinite nuclear mass case then
yields for the allowed energy levels of the bound nucleus—electron system

2
w (Ze2\" 1
En=———) 5 1.73
" 2h2 (47‘[8()) n2 ( )
which is the result (1.60) with m replaced by w. Similarly, the allowed values of r
are given by (1.57) with again u replacing m,
4meo)h’n?
P et (174)
Zue? Zu z
where a, = (m/u)ay is the modified Bohr radius.
As a consequence of the finite mass correction, the calculated value of the Rydberg
constant becomes

R(M) = %R(oo) = (00). 1.75)

L
14+ (m/M)

For atomic hydrogen the nuclear mass M is equal to Mp, the proton mass, and the
corresponding theoretical value of R(Mp) is 109681 cm™!, which agrees with the
experimental value (1.46) to better than four parts in 10°.

Because of the nuclear mass effect all the frequencies of the spectral lines of one-
electron atoms are reduced by the factor u/m = (1 + m/M)~" with respect to their
values calculated in the infinite nuclear mass approximation. As a result, there is an
isotopic shift between the spectral lines of different isotopes'*. For example, there is
such a shift between the spectral lines of ordinary hydrogen (proton + electron) and
those of its heavy isotope, deuterium. The nucleus of the deuterium atom, called the
deuteron, contains a proton and a neutron, and hence has Z = 1 and amass M >~ 2Mp.
The ratio of frequencies of corresponding lines in deuterium and ‘ordinary’ hydrogen
is 1.00027, which is easily detectable. In fact, it is through this isotopic shift that
deuterium was discovered.

Another consequence of the fact that the mass of the nucleus is finite is that the recoil
of the atom must be taken into account when using the Bohr frequency relation (1.52).
This is readily done by using momentum and energy conservation. Let us consider
the emission or absorption of a photon of energy Av by an atom initially at rest.
After the transition, the atom recoils with a momentum P whose magnitude P is
equal to the magnitude hv/c of the photon momentum, and with a kinetic energy
P2/2M = (hv)?/2Mc?, where M is the mass of the atom (which is essentially equal
to the mass of the nucleus). If vy denotes the frequency of the transition uncorrected
for the recoil effect, conservation of energy yields for the fractional change in the
frequency due to recoil (Problem 1.21)

Avg hv

T Emea (1.76)

14 We recall that isotopes are atoms of the same chemical element having different atomic masses. The
nuclei of different isotopes contain the same number Z of protons, and hence have the same atomic number
Z; they differ by their number of neutrons, N, so that they have different mass numbers A = N + Z.
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where Avg = v — vy, the plus sign corresponding to the absorption and the minus
sign to the emission of a photon. Now, 2Mc? is at least of the order of 10° eV (for
a proton, Mpc? ~ 9.4 x 10% eV), so that for atomic transitions involving photons
having energies hv of a few electronvolts we find that Avg/v >~ 107, which is
extremely small. Nevertheless, equation (1.76) does seem to imply that the atomic
absorption spectrum of an atom is not completely identical to its emission spectrum,
so that photons emitted by an atom could not be absorbed by another atom of the same
kind, in contradiction with experiment. This apparent paradox will be resolved in
Chapter 2, when we discuss the Heisenberg uncertainty relation for time and energy.

Limitation of the Bohr model

Although the Bohr model is successful in predicting the energy levels of one-electron
atoms, and the idea of energy quantisation in atoms is correct, the model is unsatis-
factory in many respects. Indeed, Bohr’s theory is a hybrid one combining principles
taken over from classical theory with new postulates breaking sharply with classical
physics. Forexample, the stability problem is bypassed by postulating that an electron
in one of the allowed stationary orbits does not radiate electromagnetic energy, and the
quantisation of angular momentum is introduced in an ad hoc way. The hypothesis
that only circular orbits are allowed is also arbitrary. Moreover, despite the fact that it
provided an explanation of the regularities in X-ray spectra observed by Moseley in
1913'3, the Bohr model cannot be generalised to deal with atomic systems containing
two or more electrons. Among other objections are the lack of a reliable method to
calculate the rate of transitions between the different energy levels when radiation
is emitted or absorbed, and the inability to handle unbound systems. In later work,
W. Wilson and A. Sommerfeld showed how to remove the restriction to circular orbits,
and Sommerfeld also obtained relativistic corrections to the Bohr model. However,
the other objections still persisted and the theory — now called the old quantum theory
—was eventually superseded by the quantum mechanics developed by E. Schrodinger,
W. Heisenberg, P. A. M. Dirac and others, following the ideas of L. de Broglie.

The Bohr correspondence principle

In 1923, Bohr formulated a heuristic principle which had already inspired the de-
velopment of the old quantum theory, and which proved to be of great help in the
early development of quantum mechanics. This principle, known as the correspon-
dence principle, states that quantum theory results must tend asymptotically to those
obtained from classical physics in the limit of large quantum numbers. In other
words, classical physics results are ‘macroscopically correct’ and may be considered
as limiting cases of quantum mechanical results when the quantum discontinuities
may be neglected.

As an illustration of the correspondence principle, let us consider the Bohr model
for one-electron atoms, and compute the frequency of the radiation emitted in a

15 See Bransden and Joachain (1983).
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transition from the energy level E, to that immediately below, E,_, when n is large.
Assuming for simplicity that the nuclear mass is infinite, we find from (1.61) that this
frequency is given by

Ze N\ 1 1
v e) 1 (1.77)
i’ \4ney) [(n—1)2 n?
Now, when 1 >> 1, one has (n — 1)~2 — n=2 = 2n~3 and therefore, for large n,
212
1
b M (2N L 1.78)
27'[h3 47'[80 n3

On the other hand, in classical physics, an electron moving in a circular orbit of radius
r with a velocity v would be expected to radiate with the frequency of its rotational
motion, namely vy = v/(27r). Using the expressions (1.56) and (1.57) for v and r,
we find that

v m [ Ze? \*1
_v VL 1.79
Y S T k3 (47‘[80) n3 (1.79)

in agreement with (1.78).

The Franck and Hertz experiment

As we have seen above, the bound-state energies of atoms are quantised, so that only
certain discrete energy values are allowed. This energy quantisation of atoms was
confirmed directly by an experiment performed in 1914 by J. Franck and G. Hertz.
A schematic diagram of the apparatus is shown in Fig. 1.12. In an evacuated tube,
electrons are ejected from a heated cathode C and accelerated toward a wire grid G,
maintained at a positive potential V; with respect to the cathode. The electrons
accelerated by the potential V| attain a kinetic energy mv?/2 = eV,. Some of them
pass through the grid and are collected by a plate P, thus causing a current / to flow in
the collector circuit. The collector P is at a slightly lower potential V, than the grid,
Vo =V, — AV, where AV « V,. The small retarding potential AV between the
grid G and the collector P has the effect of reducing the kinetic energy of the electrons
slightly, but not enough to stop them being collected.

The tube is now filled with mercury vapour. The electrons collide with the atoms
of mercury, and if the collisions are elastic, so that there is no transfer of energy from
the electrons to the internal structure of the atoms, the current / will be unaffected by
the introduction of the gas. This follows because mercury atoms are too heavy to gain
appreciable kinetic energy when struck by electrons. The electrons are deflected but
retain the same kinetic energy. In contrast, if an electron makes an inelastic collision
with a mercury atom in which it loses an energy E, exciting the mercury atom to a level
of greater internal energy, then its final kinetic energy will be mv?/2 = (eV, — E).
If eV, is equal to E, or is only a little larger, the retarding potential AV will be
sufficient to prevent this electron from reaching the collecting plate, and hence from
contributing to the current /.
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Figure 1.12 Schematic diagram of the Franck and Hertz experiment.
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Figure 1.13 The variation of the current | as a function of the accelerating voltage V; in the
Franck and Hertz experiment.

The experiment is carried out by gradually increasing V, from zero and measuring
the current / as a function of V. The result obtained is illustrated in Fig. 1.13. The
current / is seen to fall sharply at a potential V, which for mercury is equal to 4.9 V.
The results can be interpreted by supposing that the first excited level of the mercury
atom has an energy about 4.9 eV higher than the ground state level. Thus, when
the colliding electrons have an energy eV, < 4.9 eV, they cannot excite the mercury
atoms to a level of higher internal energy, so that the collisions are elastic. On the
contrary, when e V) reaches the value 4.9 eV, a large number of the colliding electrons
excite mercury atoms to this level, losing their energy in the process; as a result the
current / is sharply reduced.

If the voltage V; is further increased, the observed current [ is seen to exhibit
additional increases followed by sharp dips. Some of these dips are due to the
excitation of higher discrete levels of the mercury atoms. Other dips arise from the
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fact that some colliding electrons have sufficient energy to excite two or more atoms
to the first excited state, so that they lose 4.9 eV of energy more than once; such dips
corresponding to multiple excitations of the first excited level are seen every 4.9 eV.

We have noted before (see (1.53)) that an energy of 1 eV corresponds to a wave
number of 8065 cm™!, so that if the above interpretation of the Franck and Hertz
experiment is correct, a line would be expected in the mercury spectrum corresponding
to a transition from the first excited state at 4.9 eV to the ground state, with a wave
number of 4.9 x 8065 cm~' ~ 39500 cm~'. Franck and Hertz were indeed able to
verify the existence of such a line, and to show that radiation of this wave number
was only emitted from the mercury vapour when V; exceeded 4.9 eV.

The Franck-Hertz experiment, and corresponding experiments using other gases
and vapours, provide excellent confirmation of the discrete nature of bound-state
energy levels of atoms. It can also be verified that when sufficient energy is available
to ionise an atom, the energy of the ejected electron can take any positive value.
Therefore, the energy level spectrum of an atom consists of two parts: discrete
negative energies corresponding to bound states and a continuum of positive energies
corresponding to unbound (ionised) states.

The Stern-Gerlach experiment. Angular momentum and spin

We shall now discuss another experiment of fundamental importance, carried out
by O. Stern and W. Gerlach in 1922, to measure the magnetic dipole moments of
atoms. The results demonstrated, once more, the inability of classical mechanics
to describe atomic phenomena and confirmed the necessity of a quantum theory of
angular momentum, which had been suggested by Bohr’s model.

Let us first understand how an atom comes to possess a magnetic moment. In
the Bohr model of a hydrogenic atom, an electron occupies a circular orbit, rotating
with an orbital angular momentum L. A moving charge is equivalent to an electric
current, so that an electron moving in a closed orbit forms a current loop, and this
in turn creates a magnetic dipole'®. In fact, whatever model of atomic structure we
make, the electrons can be expected to possess angular momentum and accordingly
atoms possess magnetic moments.

A circulating current of magnitude / enclosing a small plane area dA gives rise to
a magnetic dipole moment

M = I1dA (1.80)

where the direction of M is along the normal to the plane of the current loop, as
shown in Fig. 1.14. When the current / is due to an electron moving with a velocity
v in a circle of radius r, it is given by

ev

I = —. .
2nr (1.81)

16 See, for example, Duffin (1968).
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Figure 1.14 The magnetic dipole moment due to a current loop.

Since the area enclosed is 772, we have M = evr/2 = eL/2m, and as the direction
of the current is opposite to the direction of rotation of the electron,
e

M=——1L (1.82)

2m

where L = r x p is the orbital angular momentum of the electron, p = mv being
its (linear) momentum. The Bohr quantisation rule (1.55) suggests that # is a natural
unit of angular momentum, so that we shall rewrite equation (1.82) as

M = —up(L/R) (1.83)
where
h
g = ;— (1.84)
m

Because (L/h) is dimensionless, ip has the dimensions of a magnetic moment. It is
known as the Bohr magneton and has the numerical value

up =927 x 107 )T1°! (1.85)

where J denotes a joule and T a tesla.

Interaction with a magnetic field

If an atom with a magnetic moment M is placed in a magnetic field B, the (potential)
energy of interaction is (see Duffin, 1968)

W=-M-B. (1.86)
The system experiences a torque I', where

'=MxB (1.87)
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Figure 1.15 The Stern-Gerlach apparatus.

and a net force F, where

F=-VW. (1.88)
Combining (1.86) with (1.88), we see that the components of F are
B oB oB
Fr=M-—, Fy=M-—, F,=M.—. (1.89)
ox ’ dy 9z

If the magnetic field is uniform, no net force is experienced by a magnetic dipole,
which precesses with a constant angular frequency. For an orbiting electron this
angular frequency is

w =228 (1.90)

h
It is called the Larmor angular frequency. On the other hand, in an inhomogeneous
magnetic field, an atom experiences a net force proportional to the magnitude of the

magnetic moment.

The Stern-Gerlach experiment

In 1921, Stern suggested that magnetic moments of atoms could be measured by
detecting the deflection of an atomic beam by such an inhomogeneous field. The
experiment was carried out a year later by Stern and Gerlach. The apparatus is shown
in schematic form in Fig. 1.15.

The first experiments were made using atoms of silver. A sample of silver metal
is vaporised in an oven and a fraction of the atoms, emerging from a small hole, is
collimated by a system of slits so that it enters the magnetic field region as a narrow
and nearly parallel atomic beam. This beam is then passed between the poles of a
magnet shaped to produce an inhomogeneous field, as shown in Fig. 1.15. Finally,
the beam is detected by allowing it to fall on a cool plate. The density of the deposit
is proportional to the intensity of the beam and to the length of time for which the
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Deposit of silver

y
Direction of axes

—— Collecting plate

Figure 1.16 Results of the Stern-Gerlach experiment for silver. The atomic beam is split into
two components having nearly equal and opposite deflections along the z-axis. Only in the
centre is the field gradient sufficient to cause the splitting. The pattern is smeared because of the
range of velocities of atoms in the beam. The shape of the upper line results from the greater
inhomogeneity of the magnetic field near the upper-pole face.

beam falls on the plate. An important requirement for performing such an atomic
beam experiment is a good vacuum, which allows the atoms of the beam to travel
through the apparatus with a negligible probability of colliding with a molecule of
the residual gas.

Taking the shape of the magnets as shown in Fig. 1.15, the force on each atom is
given from (1.89) by

B oB B
Fo=M,—, Fy=M,—, F,=M,—. (1.91)
0x dy 0z

The magnet is symmetrical about the xz plane, and the beam is confined to this plane.
It follows that 88, /dy = 0. Also, apart from edge effects, d8,/dx = 0, so that the
only force on the atoms in the beam is in the z direction.

In the incident beam, the direction of the magnetic moment M of the atoms is
completely at random, and in the z direction it would be expected that every value of
M, such that —M < M, < M would occur, with the consequence that the deposit
on the collecting plate would be spread continuously over a region symmetrically
disposed about the point of no deflection. The surprising result that Stern and Gerlach
obtained in their experiments with silver atoms was that two distinct and separate
lines of spots were formed on the plate (see Fig. 1.16), symmetrically about the point
of no deflection. Similar results were found for atoms of copper and gold, and in later
work for sodium, potassium, caesium and hydrogen.

The quantisation of the component of the magnetic moment along the direction
defined by the magnetic field is termed space quantisation. This implies that the
component of the angular momentum in a certain direction is quantised so that it
can only take certain values. In general, for each type of atom, the values of M,
will range from (M, )max t0 —(M)max and, correspondingly, L, will range from
—(L7)max t0 (L;)max- If we denote the observed multiplicity of values of M, (and
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hence L) by a, we can try to interpret « and to deduce the allowed values of L by
using the Bohr model. Indeed, the Bohr quantisation of angular momentum suggests
that orbital angular momentum only occurs in integral units of . We may postulate
that the magnitude of orbital angular momentum can only take values L = /#, where
1 is a positive integer or zero. Thus the maximum value of L. is +/#, and its minimum
value is —/h. If L, is also quantised in the form

L. =mh (1.92)

where m is a positive or negative integer or zero, then m must take on the values
=l,—-1+1,...,1 — 1,1, and the multiplicity @ must be equal to (2/ + 1). The
number m is known as a magnetic quantum number. In fact, as we shall see in
Chapter 6, the result (1.92) turns out to be correct in quantum mechanics, but the
possible values of the total orbital angular momentum will be shown to be of the
form L = /I(l + 1)h withl =0, 1,2, ..., rather than of the form L = [h suggested
by the Bohr model. However the results of Stern and Gerlach for silver do not fit
with this scheme, since the multiplicity of values of the z component of the angular
momentum for silver is @ = 2. This implies that (2/ 4+ 1) = 2, giving l = %, which
is a non-integral value.

Electron spin

The explanation of this result for silver came in 1925, when S. Goudsmit and
G. E. Uhlenbeck analysed the splitting of spectral lines occurring when atoms are
placed in a magnetic field (the Zeeman effect). They showed that this splitting could be
explained if electrons, in addition to the magnetic moment produced by orbital motion,
were assumed to possess an intrinsic magnetic moment M, where the component
of M, in a given direction can take only the two values £ M. One can postulate
that this intrinsic magnetic moment is due to an intrinsic angular momentum, or spin
of the electron, which we denote by S. By analogy with (1.83), we then have

M, = —g.up(S/h) (1.93)

where g, is the spin gyromagnetic ratio. If we introduce a spin quantum number s,
analogous to /, so that the multiplicity of the spin component in a given direction is
(2s + 1), then for an electron we must have s = %, and the possible values of the
component S. of the electron spin S in the z direction are - /2; the magnitude S of the
electron spin will be shown in Chapter 6 to be given by S = /s(s + )i = \/3/4h.

Since the magnetic moment of an electron is due partly to its orbital angular
momentum and partly to its spin angular momentum, we can use equations (1.83)
and (1.93) to write this (total) magnetic moment as

M = —up(L + gS)/A. (1.94)

Accurate measurements have shown that the electron spin gyromagnetic ratio g, is
very nearly equal to 2.
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1.6

The discovery of the spin of the electron is of fundamental importance. In fact,
it is now known that all particles can be assigned an intrinsic angular momentum
(spin), and therefore a spin quantum number s. In some cases, such as the pion
(;r-meson), s = 0, but in others, such as the electron, the proton and the neutron one
has s = 1/2, and for other ‘elementary particles’ the spin quantum number may be
s=1,5 = %, .... The theory of the spin angular momentum will be discussed in
Chapter 6.

Total angular momentum

The total angular momentum of an atom is obtained by adding vectorially all angular
momenta of the particles it contains. Because the mass of the nucleus is much
larger than the electron mass, the angular momentum of the nucleus leads to very
small hyperfine effects which we shall neglect here. We therefore consider only the
angular momenta of the electrons in the atom. By adding vectorially all the orbital
and spin angular momenta of these electrons, we obtain the total electronic angular
momentum, which we denote by J. A measurement of the component of J in a given
direction (which we call the z direction) can only yield (2j + 1) possible values,
given by m;h, where the magnetic quantum number m; can only take the values
—j,—j+1,...,j—1,j. Thus j is the maximum possible value of a component of
J, measured in units of 4, in any given direction. Itis found that j can take integral or
half-odd-integral values only; j = 0, % 1, % .... For an angular momentum whose
component in a given direction has the multiplicity (2 + 1), a measurement of the
magnitude of the angular momentum produces the value «/j(j + 1)A. Thus, in a
Stern—Gerlach experiment, a beam of atoms with angular momentum of magnitude
V7 F Dk will produce (2j+1) lines of spots on the detecting screen, symmetrically
disposed about the point of zero deflection. The Stern—Gerlach results for silver atoms
can then be explained if we assume that the orbital angular momentum of a silver
atom is zero, but its spin angular momentum is equal to the spin of an electron, so
that in this case j =5 = % and mwo lines of spots will appear on the screen. Similar
experiments carried out with other atoms have confirmed the central features which
emerge from the Stern—Gerlach experiment: the quantisation of the z component of
angular momentum and the existence of the electron spin"’.

De Broglie’s hypothesis. Wave properties of matter and the
genesis of quantum mechanics

We have seen before that in addition to its classical wave properties, electromagnetic
radiation also exhibits particle characteristics, as in the photoelectric effect and in
the Compton effect. This dual nature of electromagnetic radiation, which is one of

'7 1t should be noted that experiments of the Stern—Gerlach type cannot be performed directly on beams
of electrons because of the deflection of the beam due to the Lorentz force.
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the most striking features due to the appearance of quanta in physics, was generally
recognised, although not understood, around 1923. On the other hand, at that time
matter was believed to be purely of a corpuscular nature.

In 1923-24, L. de Broglie made a great unifying, bold hypothesis that material
particles might also possess wave-like properties, so that, like radiation, they would
exhibit a dual nature. In this way the wave—particle duality would be a universal
characteristic of nature. The energy of a photon is given by E = hv, where
v is the frequency of the radiation; the magnitude of the photon momentum is
p = hv/c = h/X\, where A is the wavelength. For free material particles, de Broglie,
using arguments based on the properties of wave packets'®, proposed that the asso-
ciated matter waves also have a frequency v and a wavelength A, related respectively
to the energy E and to the magnitude p of the momentum of the particle by

E
- — 1.95
v=< (1.95)
and
A= ﬁ (1.96)

The wavelength A = h/p is known as the de Broglie wavelength of a particle. We
remark that since Av = ¢ for a photon, only one of the two relations (1.95)—(1.96) is
required to obtain both its wavelength and frequency from its particle properties of
energy and momentum. In contrast, for a material (massive) particle, one needs both
relations (1.95) and (1.96) to obtain the associated frequency v and wavelength A.

The de Broglie idea immediately gives a qualitative explanation of the quantum
condition (1.55) used in the Bohr model of one-electron atoms. Indeed, let us suppose
that an electron in a hydrogenic atom moves in a circular orbit of radius r, with velocity
v. Ifthisis to be a stable stationary state, the wave associated with the electron must be
a standing wave, and a whole number of wavelengths must fit into the circumference
2nr. Thus

nk =2nr n=1,23,.... 1.97)
Since A = h/p and L = rp, we immediately find the condition
L =nh/2mw = nh (1.98)

which is identical with (1.55). Later, in 1925 and 1926, these qualitative ideas
were incorporated into the systematic theory of quantum mechanics developed by
E. Schrédinger, which will be discussed in the next chapter.

De Broglie wrote the relations (1.95) and (1.96) for the general case of a relativistic
particle. For a free particle of mass m moving at a non-relativistic speed v, one has
E >~ mc? + mv? /2. Now, in the non-relativistic approximation, the energy mv?/2 of
a free particle is defined so that it does not contain the rest energy mc?. This amounts
to a modification of the zero of the energy scale, which has the effect of adding a

18 Wave packets will be discussed in Chapter 2.
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constant frequency vy = mc?/h to the right of (1.95). We shall see in Chapter 2
that this addition has no observable effect. Since p = mv for a non-relativistic
particle, we also remark that the de Broglie wavelength is given in the non-relativistic
approximation by
- (1.99)
mv

We now turn to the question of the experimental confirmation of de Broglie’s hy-
pothesis. We first recall that in order to observe the interference and diffraction effects
which are characteristic of the wave properties of light, some geometric parameters
of the instrument (such as apertures or slits) must have dimensions comparable to
the wavelength of the light. If, on the contrary, this wavelength is much smaller
than all the relevant dimensions of the optical instruments, we are in the domain
of geometrical optics, where interference and diffraction effects are negligible. By
analogy, we expect that in order to detect the presence of matter waves, an appropriate
‘grating’ having dimensions comparable to the de Broglie wavelength A = h/p of
the particle is required.

Let us estimate the value of the de Broglie wavelength associated with a particle.
For a macroscopic particle of mass m = 1073 kg, moving at a speed v = 1 ms™!,
we find from (1.99) that the associated de Broglie wavelength A >~ 6.6 x 1073' m =
6.6 x 1072 A, which is orders of magnitude smaller than any existing aperture. On
the other hand, let us consider a non-relativistic electron, of mass m = 9.1 x 10731 kg,
which has been accelerated by a potential difference Vj, so that it has a kinetic energy
mv?/2 = eVy. Using (1.99), we obtain for the associated de Broglie wavelength

h 12.3 g

= QmeVo) 2~ [Vo(Volts)]l/2A (1.100)

where we have used the fact that 1 eV = 1.6 x 10~!'? J. Thus, the de Broglie wave-
lengths associated with electrons of energy 1, 10, 100 and 1000 eV are, respectively,
12.3, 3.89, 1.23 and 0.39 A, comparable to the wavelength of X-rays. Hence, in
macroscopic situations, such as in J. J. Thomson’s experiments, where beams of
electrons move under the influence of electric and magnetic fields, the de Broglie
electron wavelengths are exceedingly small compared with the dimensions of any
obstacles or slits in the apparatus, so that no interference or diffraction effects can
be observed. However, the spacing of atoms in a crystal lattice is of the order of an
angstrom and therefore, just as in the case of X-rays, a crystal can be used as a grating
to observe the diffraction and interference effects due to the electron matter waves.
Experiments of this type were performed in 1927 by C. J. Davisson and L. H. Germer,
and independently by G. P. Thomson.

In the Davisson—Germer experiment, the reflection of electrons from the face of a
crystal was investigated. Electrons from a heated filament were accelerated through a
potential difference Vi) and emerged from the ‘electron gun’ with kinetic energy e V,.
This beam of monoenergetic electrons was directed to strike at normal incidence the
surface of a single nickel crystal, and the number N (6) of electrons scattered at an
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Figure 1.17 Schematic diagram of the Davisson—Germer experiment. Electrons strike at normal
incidence the surface of a single nickel crystal. The number of electrons scattered at an angle ¢
to the incident direction is measured by means of a detector.

angle 0 to the incident direction was measured by means of a detector (see Fig. 1.17).
The data obtained by Davisson and Germer for 54 eV electrons are shown in Fig. 1.18.
The scattered intensity is seen to fall from a maximum at 6 = 0° to a minimum near
35°, and then to rise to a peak near 50°. The strong scattering at 8 = 0° is expected
from either a particle or a wave theory, but the peak at 50° can only be explained by
constructive interference of the waves scattered by the regular crystal lattice.
Referring to Fig. 1.19, the Bragg condition for constructive interference is

nh = 2d sinfg (1.101)

where d is the spacing of the Bragg planes and n is an integer. If D denotes the spacing
of the atoms in the crystal, we see from Fig. 1.19thatd = D sina, witha = 7/2—65.
Moreover, the scattering angle 6 = 2«, so that the Bragg condition (1.101) becomes

nl = Dsin6. (1.102)

Experiments in which X-rays were diffracted established that for a nickel crystal the
atomic spacing is D = 2.15 A. Assuming that the peak at & = 50° corresponds to
first-order diffraction (n = 1) we see from (1.102) that the experimental electron
wavelength is given by A = (2.15sin50°) A = 1.65 A. On the other hand, the
de Broglie wavelength of a 54 eV electron is 1.67 A, which agrees with the value of
1.65 A, within the experimental error. By varying the voltage V|, measurements were
also performed at other incident electron energies, which confirmed the variation of
A with momentum as predicted by the formula (1.100), derived from the de Broglie
relation (1.96). Higher-order maxima, corresponding to n > 1 in (1.102), were also
observed and found to be in agreement with the theoretical predictions.
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Figure 1.18 Polar plot of the scattered intensity as a function of the scattering angle 8 for 54 eV
electrons in the Davisson-Germer experiment. At each angle the intensity /(6) is given by the
distance of the point from the origin. A maximum is observed at # = 50°, which can only be
explained by constructive interference of the waves scattered by the crystal lattice.
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Figure 1.19 The scattering of electron waves by a crystal. Constructive interference occurs when
the Bragg condition n\ = 2dsin 63 is satisfied.

In the experiment of G. P. Thomson, the transmission of electrons through a thin
foil of polycrystalline material was analysed. A beam of monoenergetic electrons
was directed towards the foil, and after passing through it the scattered electrons
struck a photographic plate (see Fig. 1.20). This method is analogous to the Debye—
Scherrer method used in the study of X-ray diffraction. Because the foil consists of
many small randomly oriented microcrystals, ‘classical’ electrons behaving only as
particles would yield a blurred image. However, the result obtained by G. P. Thomson
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Figure 1.20 The experimental arrangement of G. P. Thomson for observing electron diffraction
through a thin film of polycrystalline material.

was similar to the X-ray Debye—Scherrer diffraction pattern, which consists of a series
of concentric rings. In the same way, when an electron beam passes through a single
crystal, Laue spot patterns are observed, as in the case of the diffraction of X-rays.

The wave behaviour of electrons has also been demonstrated by observing the
diffraction of electrons from edges and slits. For example, in 1961 C. Jénsson
performed an electron diffraction experiment analogous to T. Young’s famous double
slit experiment, which in 1803 gave conclusive evidence of the wave properties of
light. The principle of the experiment is illustrated in Fig. 1.21. Jonsson used 40 keV
electrons, having a de Broglie wavelength A = 5 x 1072 A. The slits, formed in
copper foil, were very small (about 0.5 x 10~ m wide), the slit separation being
typically d ~ 2 x 10~® m. The interference fringes were observed on a screen at a
distance D = 0.35 m from the slits. The spacing s of adjacent fringes is given by
s ~ DA/d ~ 10~% m. Because this spacing is very small, the fringes were magnified
by placing electrostatic lenses between the slits and the screen.

According to de Broglie, not only electrons but all material particles possess
wave-like characteristics. This universality of matter waves has been confirmed by
a number of experiments. In all cases the measured wavelength was found to agree
with the de Broglie formula (1.96). For example, in 1931 I. Esterman, R. Frisch
and O. Stern observed the diffraction of helium atoms and hydrogen molecules by
a crystal. Later, the diffraction of neutrons by crystals was also shown to occur.
More recently, an atomic interferometer based on a Young double-slit arrangement
has been demonstrated in 1991 by O. Carnal and J. Mlynek. In this apparatus, a beam
of helium atoms from a gas reservoir G was passed through a source slit of width
2 x 107® m in a thin gold foil (see Fig. 1.22). The beam impinged on a screen S,
having two slits, each of width 10~ m, separated by a distance d = 8 x 107% m.
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Figure 1.21 Schematic diagram illustrating the Jonsson double slit electron diffraction experi-
ment.
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Figure 1.22 Schematic diagram of the atomic interferometer of Carnal and Mlynek.

The interference pattern was then observed on a detector screen S;. The distance L
between screens was fixed to be 64 cm. The mean velocity of the atoms, and hence
their mean de Broglie wavelength, could be adjusted by changing the temperature of
the gas reservoir. The experiments were performed with atoms with mean de Broglie
wavelengths of A = 0.56 A and A = 1.03 A, corresponding to reservoir temperatures
T =295K and T = 83 K, respectively.

It is worth stressing that the wave nature of matter is directly related to the
finiteness of the Planck constant h. If A were zero, then the de Broglie wavelength
A = h/p of a material particle would also vanish, and the particle would obey the
laws of classical mechanics. It is precisely because Planck’s constant is ‘small’ (when
measured in units appropriate for the description of macroscopic phenomena) that
the wave behaviour of matter is not apparent on the macroscopic scale. Thus, just as
geometrical optics is the short-wavelength limit of wave optics, classical mechanics
can be considered as the short-wavelength limit of wave (or quantum) mechanics.
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The requirement that classical mechanics is contained in quantum mechanics in the
limiting case A — 0 (i.e. h — 0) is in accordance with the correspondence principle,
which we discussed in Section 1.4.

1.1 Calculate the total emissive power of a black body at the following tempera-
tures: (a) 1 K; (b) 300 K (room temperature); (c) 2000 K; (d) 4000 K. Find in each
case the wavelength A, at which the spectral emittance R(A, T') has its maximum
value.

1.2 (a) Calculate the surface temperature T of the Sun (in K) by assuming that
it is a spherical black body with a radius of 7 x 10 m. The intensity of the
solar radiation at the surface of the Earth is 1.4 x 10° W m~? and the distance
between the Sun and the Earth is 1.5 x 10'! m.

(b) Using the value of T obtained in (a), determine the wavelength An,, at which
the spectral emittance R(A, T') of the Sun (considered as a perfect black body)
has its maximum value.

13 Using Wien’s law (1.5), show the following:

(a) If the spectral distribution function of black body radiation, p(A, T'), is known
at one temperature, then it can be obtained at any temperature (so that a single
curve can be used to represent black body radiation at all temperatures).

(b) The total emissive power is given by R = oT* (the Stefan—Boltzmann law),
where o is a constant.

(c) The wavelength Ap,, at which p(A, T) —or R(A, T') — has its maximum is such
that A, T = b (Wien’s displacement law), where b is a constant.

1.4 Obtain the Rayleigh—Jeans spectral distribution law (1.8) as the
long-wavelength limit of the Planck spectral distribution law (1.13).

1.5 Using Planck’s spectral distribution law (1.13) for p(A, T'), prove that

hc
Amax T =
max 4.965k

where Ap,, is the wavelength at which p(A, T) has its maximum value for a given
absolute temperature 7. From this result and the values of A, ¢ and k given in the
table of fundamental constants at the end of the book (p. 789), obtain the constant b
which occurs in Wien’s displacement law (1.3).

(Hint: To solve the equation dp/dA = 0, set x = hc/AkT and show that x must
satisfy the equation x = 5(1 — e™*). Then, upon writing x = 5 — ¢ show that
€ >~ 0.035 so that x = 4.965 is an approximate solution.)

1.6 Using Planck’s spectral distribution law (1.13) for p(A, T'), prove that the
total energy density 0y, is given by o = aT*, where a = 87k*/15h3¢3.

s 3 4
Hint:/ al dx = n—
o e —1 15
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1.7 Consider the following three stars:

(1) ared star (such as Barnard’s star) having a surface temperature of 3000 K;
(2) a yellow star (such as the Sun) having a surface temperature of 6000 K; and
(3) ablue-white star (such as Vega) having a surface temperature of 10000 K.

Assuming that these stars radiate like black bodies, obtain for each of them:

(a) the total emissive power;,

(b) the wavelength A, at which their spectral emittance R(A, T) peaks;

(c) the fraction of their energy which is radiated in the visible range of the electro-
magnetic spectrum (4000 A < A < 7000 A, where 1 A = 10" m).

(Hint: Use the integral given in Problem 1.6 and integrate Planck’s spectral distribu-
tion numerically between the wavelengths A; = 4000 A and Ay = 7000 A.)

1.8 What is the energy of:

(a) a y-ray photon of wavelength A = 10~'> m?

(b) a photon of visible light, of wavelength A =5 x 1077 m?

(c) aradio-wave photon of wavelength A = 10 m?

19 Consider black body radiation at absolute temperature 7. Show that:

(a) The number of photons per unit volume is N = 2.029 x 107 T3 photons m~3.

e x2
(Hint: / dx = 2.4041.)
0o €' — 1

(b) The average energy per photon is E = 3.73 x 102 T J.

1.10  Consider an aluminium plate placed at a distance of 1 m from an ultraviolet
source which radiates uniformly in all directions and has a power of 10~2 W. Suppose
that an ejected photoelectron collects its energy from a classical atom modelled as a
circular area of the plate whose radius is a typical atomic radius, » ~ 1 A. Assuming,
as in classical physics that the energy is uniformly distributed over spherical wave
fronts spreading out from the source, estimate the time required for a photoelectron
to absorb the minimum amount of energy necessary to escape from the plate. The
work function of aluminiumis W = 4.2 eV.

1.11  The photoelectric work function W for lithium is 2.3 eV.

(a) Find the threshold frequency v, and the corresponding threshold wavelength A,.

(b) If ultraviolet light of wavelength A = 3000 A is incident on a lithium surface,
calculate the maximum kinetic energy of the photoelectrons and the value of
the stopping potential Vp.

1.12 A homogeneous light beam of wavelength A = 3000 A and intensity
5 x 1072 W m~2 falls on a sodium surface. The photoelectric work function W for
sodium is 2.3 eV. Calculate:
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(a) the average number of electrons emitted per m? and per second; (you may
assume that each photon striking the surface ejects an electron); and
(b) the maximum kinetic energy of the photoelectrons.

1.13  In a photoelectric experiment in which monochromatic light of wavelength
A falls on a potassium surface, it is found that the stopping potential is 1.91 V for
A = 3000 A and 0.88 V for A = 4000 A. From these data, calculate:

(a) a value for Planck’s constant, knowing that e = 1.60 x 107 C;
(b) the work function W for potassium; and
(c) the threshold frequency v, for potassium.

1.14  Consider the scattering of a photon by a free electron initially at rest. Refer-
ring to Fig. 1.9:

(a) prove that the angle ¢ at which the electron recoils is related to the angle 8 of
the scattered photon by

cot(6/2) cot(6/2)
tang = = ,
14+ Ac/Ao 1 + Eo/mc?
where Eg = hc/Ag is the energy of the initial photon, m is the rest mass of the
electron and Ac = h/mc is the Compton wavelength of the electron; and
(b) prove that the kinetic energy of the recoiling electron is given by
(2hc/Mo) sin®(0/2) E (2Eg/mc?) sin*(6/2)
1T Qhc/ho)sin?(6/2) "1+ QEo/mc?)sin?(6/2)

=

1.15  An X-ray photon of wavelength 1o = 1 A is incident on a free electron
which is initially at rest. The photon is scattered at an angle 8§ = 30° from the
incident direction.

(a) Calculate the Compton shift AX.

(b) What is the angle ¢ (measured from the incident photon direction) at which the
electron recoils?

(c) What is the kinetic energy T, of the recoiling electron?

(d) What fraction of its original energy does the photon lose?

1.16  Consider the Compton scattering of a photon of wavelength X by a free
electron moving with a momentum of magnitude P in the same direction as that of
the incident photon.

(a) Show that in this case the Compton equation (1.42) becomes
6
Al = 2A0(F’O—m£ sin2 —

E — Pc 2

where py = h/A¢ is the magnitude of the incident photon momentum, 6 is the
photon scattering angle and E = (m?c* + P2¢?)!/2 is the initial electron energy.
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(b) What is the maximum value of the electron momentum after the collision?
Compare with the case P = () considered in the text.

(c) Show that if the free electron initially moves with a momentum of magnitude P
in a direction opposite to that of the incident photon, the Compton shift becomes

AL = 2)»()M sin2 = 1].
E + Pc 2

1.17  Consider a photon of energy E¢ = 2 eV which is scattered through an angle
6 = & from an electron having a kinetic energy T = 10 GeV (1 GeV = 10° eV) and
moving initially in a direction opposite to that of the photon. What is the energy E|
of the scattered photon?

(Hint: Use the result (c) of Problem 1.16.)

1.18  Using the infinite nuclear mass approximation in the Bohr model, calculate:

(a) the ionisation potential (in V), and
(b) the wavelengths of the first three lines of the Lyman, Balmer and Paschen series,

for H, Het (Z = 2), Li?* (Z = 3) and C°* (Z = 6).

1.19 Consider a one-electron atom (or ion), the nucleus of which contains
A nucleons (Z protons and N = A — Z neutrons). The mass of that nucleus is given
approximately by M ~ AM,, where M, ~ 1.67 x 10?7 kg is the proton mass.
Using this value of M, obtain the relative correction A E/ E to the Bohr energy levels
due to the finite nuclear mass for the case of atomic hydrogen (A = 1,Z = 1),
deuterium (A =2, Z = 1), tritium (A =3, Z = 1) and *He" (A = 4, Z = 2).

1.20  Calculate the difference in wavelengths AA between the Balmer H,, lines in
atomic hydrogen and deuterium.

1.21 Show that the fractional change in the frequency of a photon absorbed or
emitted by an atom initially at rest is

v — 1 hv

v T 2Mc?

where M is the mass of the atom and vy is the frequency of the transition uncorrected
for the recoil of the atom. In the above equation the plus sign corresponds to the
absorption and the minus sign to the emission of a photon.

1.22  In an experiment of the Franck—Hertz type, atomic hydrogen is bombarded
by electrons. It is found that the current / is sharply reduced when the potential V,
has the values 10.2 V and 12.1 V, and three different spectral lines are observed.

(a) To which spectral series do these lines belong? What are the quantum numbers
of the initial and final states in the transition corresponding to each spectral line?
(b) What is the wavelength of each of these spectral lines?



Problems 49

1.23 A beam of silver atoms, for which M. = +ug, passes through an inhomo-
geneous magnetic field, as in the Stern—Gerlach apparatus shown schematically in
Fig. 1.15. The field gradient is 3B./8z = 10> Tm™', the length of the pole piece
is L = 0.1 m, the distance to the screen is / = 1 m and the temperature of the oven
is T = 600 K. Assuming that the velocity of the silver atoms is equal to the root-
mean-square velocity of (3kT/M)'/> (where k is the Boltzmann constant and M is
the mass of a silver atom) calculate the maximum separation (P, P; in Fig. 1.15) of
the two beams on the screen.

1.24 At what energy (in eV) will the non-relativistic expression (1.99) for the
de Broglie wavelength lead to a 1% relative error for (a) an electron and (b) a proton?

1.25  Calculate the de Broglie wavelength of

(a) amass of | g moving at a velocity of 1 ms™!,

(b) afree electron having a kinetic energy of 200 eV,
(c) afree electron having a kinetic energy of 50 GeV (1 GeV = 10° eV), and
(d) afree proton having a kinetic energy of 200 eV.

(Hint: Use the relativistic formula in (c).)
1.26  What is the kinetic energy of

(a) an electron,
(b) an alpha particle (doubly ionised helium atom), and
(¢) aneutron,

having a de Broglie wavelength of 1 A?

1.27  Thermal neutrons are neutrons in thermal equilibrium with matter at a given
temperature; they have a kinetic energy of 3kT' /2, where k is the Boltzmann constant
and T is the absolute temperature. What is the energy (in eV) and the de Broglie
wavelength (in A) of a thermal neutron at room temperature (T = 300 K)?

1.28  Consider electrons striking at normal incidence the surface of a nickel crystal,
and undergoing first-order Bragg diffraction at a Bragg angle 85 = 30°. Knowing
that the atomic separation in a nickel crystal is D = 2.15 A calculate

(a) the de Broglie wavelength of the electrons, and
(b) the kinetic energy of the electrons.

1.29  The spacing of the Bragg planes in a NaCl crystal is d = 2.82 A. Calculate
the angular positions of the first- and second-order diffraction maximum for 100 eV
electrons incident on the crystal surface at the Bragg angle 6g.

1.30 A crystal has a set of Bragg planes separated by a distance d = 1.1 A. What
is the highest-order Bragg diffraction (i.e. the highest value of » in equation (1.101))
for incident neutrons having a kinetic energy of 0.5 eV?

(Hint: The maximum Bragg angle that can be attained is 90°.)
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In the previous chapter we discussed a number of phenomena which cannot be
explained within the framework of classical physics. As a result of this experimental
evidence, revolutionary concepts had to be introduced such as those of quantisation
and of wave—particle duality.

Attempts to construct a theoretical structure which incorporates these concepts in
a satisfactory way met first with great difficulties, until a new theory, called quantum
mechanics, was elaborated between the years 1925 and 1930. Quantum mechanics
provides a consistent description of matter on the microscopic scale, and can be
considered as one of the greatest intellectual achievements of the twentieth century.
Two equivalent formulations of the theory were proposed at nearly the same time.
The first, known as matrix mechanics, was developed in the years 1925 and 1926 by
W. Heisenberg, M. Born and P. Jordan. In this approach, only physically observable
quantities appear, and to each physical quantity the theory associates a matrix. These
matrices obey a non-commutative algebra, which is the essential difference between
matrix mechanics and classical mechanics. The second form of quantum mechanics,
called wave mechanics, was proposed in 1925 by E. Schrodinger, following the ideas
put forward in 1923 by L. de Broglie about matter waves. The equivalence of matrix
mechanics and wave mechanics was proved in 1926 by Schrodinger. In fact, both
matrix mechanics and wave mechanics are particular forms of a general formulation
of quantum mechanics, which was developed by P. A. M. Dirac in 1930.

The general formulation of quantum mechanics, as well as matrix mechanics,
requires a certain amount of abstract mathematics, and hence we shall defer discussion
of it until Chapter 5. Wave mechanics, on the other hand, is more suitable for a first
contact with quantum theory, and this is the approach which we shall use in most of
this book. In this chapter we shall discuss the fundamental ideas underlying quantum
mechanics in their simplest form. We begin with an analysis of wave—particle duality,
introducing the notion of a wave function and its probabilistic interpretation. We

51



52

The wave function and the uncertainty principle

2.1

then go on to construct wave functions corresponding to particles having a well-
defined momentum, and to obtain localised wave functions by superposing plane
waves into wave packets. Following this, we discuss the Heisenberg uncertainty
relations which impose limits on the accuracy of simultaneous measurements of pairs
of ‘complementary’ variables, such as position and momentum, or time and energy.

Wave-particle duality

In Chapter 1 we discussed several experiments which demonstrate conclusively that
material particles possess wave-like properties, exhibiting interference and diffraction
effects. On the other hand, we saw that electromagnetic radiation, which had been
known for a long time to exhibit wave properties, can also show a particle-like
behaviour. We shall now analyse this wave—particle duality in more detail.

Let us consider an idealised experiment in which monoenergetic particles, for
example electrons, emitted by a source are directed on to a screen S; containing two
slits A and B (see Fig. 2.1). At some distance beyond this screen a second screen S is
placed, incorporating detectors which can record each electron striking the screen S;
at a given point. On detection, every electron exhibits purely particle-like properties,
that is its mass and charge are localised, being never spread over more than one
detector at a given time. In contrast, if after some time the total number of electrons
arriving at the screen S; is plotted as a function of position, a diffraction pattern is
found, which is characteristic of waves (see Fig. 2.2(a)). Thus, in a single experiment,
both the particle and wave aspects of the electron are exhibited. A realisation of this
ideal experiment by Jonsson has been described in Chapter 1. A similar experiment

Sy S,

Figure 2.1 The two-slit experiment. Monoenergetic particles from a source at P fall on a
screen S; containing slits at A and B. Detectors are placed on a second screen S; to record
the number of particles arriving at each point. A particle detector D is indicated at a position .x.
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(a) (b) (© (d)

Figure 2.2 The intensity at a position x on the screen S; (see Fig. 2.1).

(a) A diffraction pattern characteristic of waves.

(b) The intensity with slit A open and B closed.

(c) The intensity with slit B open and A closed.

(d) An intensity distribution characteristic of classical particles when A and B are both open.

can be carried out with light. In this case the light can be detected by the photoelectric
effect, showing its particle (photon) aspect, while the recorded intensity displays the
diffraction pattern characteristic of the wave theory of light.

It might at first be supposed that the diffraction pattern is in some way due to
interference between electrons (or photons) passing through the two slits. However,
if the incident intensity is reduced until at any instant there is no more than one
particle between the source and the detecting screen, the interference pattern is
still accumulated. This was demonstrated originally in 1909 by G. I. Taylor, who
photographed the diffraction pattern formed by the shadow of a needle, using a very
weak source such that the exposures lasted for months. It can be concluded that
interference does not occur between photons, but is a property of a single photon.
This was confirmed in more recent experiments performed in 1989 by A. Aspect,
P. Grangier and G. Roger. Material particles such as electrons exhibit a similar
behaviour, as was demonstrated directly in 1989 by A. Tonomura, J. Endo, T. Matsuda,
T. Kawasaki and H. Ezawa in two-slit experiments in which the accumulation of the
interference pattern due to incoming single electrons was observed (see Fig. 2.3).
It should be noted that if one slit is closed in a two-slit experiment, the diffraction
pattern does not appear, so we may infer that when both slits are open the particle
is not localised before it is detected, and hence must be considered as having passed
through both slits!
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Figure 2.3 Buildup of an interference pattern by accumulating single electrons in the two-slit
experiment of Tonomura et al.

(a) Number of electrons = 10; (b) number of electrons = 100;

(c) number of electrons = 3000; (d) number of electrons = 20 000; and

(e) number of electrons = 70 000.

(By courtesy of A. Tonomura.)



2.1 Wave-particle duality B 55

Another way of expressing these facts is to say that while in transit the electron or
photon behaves like a wave, manifesting its particle-like property only on detection.
This is of course in complete contradiction to the classical viewpoint, which would
lead us to suppose that each particle being indivisible must pass either through one
slit or the other. Let us put this to the test by detecting the particles as they pass
through the slits. We can now record the particles which have passed through slit A
and entered the detectors on screen S,. Since all these particles passed through
slit A, slit B might as well have been closed, in which case the intensity distribution
will not show diffraction but will be as illustrated in Fig. 2.2(b). Similarly, if slit B is
open and A is closed, the intensity distribution is that shown in Fig. 2.2(c). If we add
the intensity distributions of Figs. 2.2(b) and 2.2(c) we obtain the intensity pattern
shown in Fig. 2.2(d), which is very different from the diffraction pattern obtained
in the absence of any knowledge about which slit the particles passed through (see
Fig. 2.2(a)). Hence, if the particle nature of an electron, a photon, etc., is established
by monitoring its trajectory, it cannot simultaneously behave like a wave. The wave
and particle aspects of electrons, photons, etc., are complementary.

Let us now return to the case in which there is only one particle at a time transiting
the apparatus and both slits are open. The place on the screen S; at which a given
particle will be detected cannot be predicted, because if it could be predicted this would
be equivalent to determining the trajectory, which we have seen would eliminate the
diffraction pattern. What is predictable is the intensity distribution which builds up
after a large number of individual events have occured. This suggests that for an
individual particle the process is of a statistical nature, so that one can only determine
the probability P that a particle will hit the screen S; at a certain point. By probability
in this context we mean the number of times that an event occurs divided by the total
number of events. The intensity of the pattern formed on the screen S;, in the present
case, is then proportional to the probability P.

In the classical theory of light, the intensity of light at each point is determined by
the square of the amplitude of a wave. For example, in Young’s two-slit experiment,
the light intensity on the recording screen is given by the square of the amplitude of the
wave formed by the superposition of the secondary waves arising from each slit. This
classical wave theory cannot of course be used as it stands because it does not account
for the particle aspect of light. However, it suggests, by analogy, that in quantum
mechanics a wave function or state function ¥ (x, y, z, t) can be introduced, which
plays the role of a probability amplitude. We shall see later that in general the wave
function W is a complex quantity. We then expect that the probability P(x, y, z,1)
of finding the particle at a particular point within a volume V about the point with
coordinates (x, y, z) at time ¢ is proportional to |W|?:

P(x,y,z,1) x |W(x,y,z 0. Q.1

Since probabilities are real positive numbers, we have associated in (2.1) the proba-
bility P with the square of the modulus of the wave function .

Let W, be the wave function at a particular point on the screen S, corresponding
to waves spreading from the slit A. Similarly, let Wy be the wave function at the same
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point corresponding to waves spreading from the slit B. The two intensity distributions
of Fig. 2.2(b) and (c) corresponding to experiments performed with only one open
slit are determined respectively by the probability distributions

P o |Wal>,  Ppoc|Wpl% 22)

On the other hand, when both slits are open, the wave function W is taken to be the
sum of the two contributions W, and Vg,

W= Y, + Wp. (2.3)
The corresponding probability distribution
P o |Wa + W) 2.4

then determines the intensity pattern illustrated in Fig. 2.2(a). It is important to notice
that in (2.4) the probability amplitudes W and Wp have been added and not the
probabilities P5 and Pg. If the latter were the case there would be no possibility of
obtaining interference patterns characteristic of a wave theory.

2.2 The interpretation of the wave function

In analysing the two-slit experiment, we introduced the concept that the probability
of finding a particle at a given location is proportional to the square of the modulus
of the wave function associated with the particle. This concept may be restated more
precisely in the form of a fundamental assumption made by M. Born in 1926, which
can be formulated in the following way. Let us imagine a very large number of
identical, independent systems, each of them consisting of a single particle moving
under the influence of some given external force. All these systems are identically
prepared, and this ensemble is assumed to be described by a single wave function
WV (x, y, z, t) which contains all the information that can be known about them. It is
then postulated that if measurements of the position of the particle are made on each
of the systems, the probability (that is the statistical frequency) of finding the particle
within the volume element dr = dxdydz about the point r = (x, y, z) at the time ¢ is

P(r,t)dr = |¥(r, 1)|’dr (2.5)
so that
P(r,1) = |¥(r, 1)|> = ¥*(r, )¥(r, 1) (2.6)

is the position probability density. Thus we see that the interpretation of the wave
function introduced by Born is a statistical one. For convenience, we shall often
speak of the wave function associated with a particular system, but it must always be
understood that this is shorthand for the wave function associated with an ensemble
of identical and identically prepared systems, as required by the statistical nature of
the theory.
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Since the probability of finding the particle somewhere must be unity, we deduce
from (2.5) that the wave function W (r, 1) should be normalised to unity, so that

/ |W(r, 1)|%dr = | 2.7

where the integral extends over all space. A wave function for which the integral on
the left of (2.7) is finite is said to be square integrable: such a wave function can
always be normalised to unity by multiplying it by an appropriate complex constant.

It is important to notice that since |W (r, t)|? is the physically significant quantity,
two wave functions which differ from each other by a constant multiplicative factor
of modulus one (that is, a constant phase factor of the form exp(i«), where « is a real
number) are equivalent, and satisfy the same normalisation condition.

The superposition principle

As we have seen in the previous section, in order to account for interference effects,
it must be possible to superpose wave functions. This means that if one possible state
of an ensemble of identical systems is described by a wave function ¥ and another
state of this ensemble by a wave function W», then any linear combination

V= C|‘I/| + ('2\1/2 (2.8)

where ¢| and ¢, are complex constants, is also a wave function describing a possible
state of the ensemble.
Let us write the (complex) wave functions W, and W, in the form

W= (le®, W, = [ Wyle, 2.9)
Using (2.8), we find that the square of the modulus of W is given by
[W[? = ey Wi 1* + e2Wal? + 2Refc 5| W, || W] explie) — a2)]) (2.10)

so that, in general, |W|?> # |c;¥;|> + |c2W,|?, in keeping with the discussion of
Section 2.1. It is worth stressing that although the quantity |¥/|? is unaffected if W
is multiplied by an overall phase factor exp(ir) (where « is a real constant) it does
depend on the relative phase (¢, — «>) of W, and W, through the third term on the
right of (2.10), which is an interference term.

Finally, we emphasise that unlike classical waves (such as sound waves or water
waves) the wave function W (r, t) is an abstract quantity, the interpretation of which
is of a sratistical nature. This wave function is assumed to provide a complete
description of the dynamical state of an ensemble. Indeed, we shall see later that the
knowledge of the wave function enables one to predict for each dynamical variable
(position, momentum, energy and so on) a statistical distribution of values obtained
in measurements.
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Wave functions for particles having a definite momentum

In this section we begin to investigate how wave functions can be found, considering
the simple case of free particles. The experiments exhibiting the corpuscular nature
of the electromagnetic radiation, which we discussed in Chapter 1, require that with
the electromagnetic field one associates a particle, the photon, whose energy E and
magnitude p of momentum are related to the frequency v and wavelength A of the
electromagnetic radiation by

h

E = hl), p = X (2.11)

On the other hand, we have seen in Section 1.6 that de Broglie was led to associate
matter waves with particles in such a way that the frequency v and the wavelength
A of the wave were linked with the particle energy E and the magnitude p of its
momentum by the same relations (2.11). The de Broglie relation A = h/p was
confirmed by the results of a number of experiments exhibiting the wave nature of
matter. Following de Broglie, we shall assume that the relations (2.11) hold for all
types of particles and field quanta. Introducing the angular frequency w = 2 v, the
wave number k = 2 /A and the reduced Planck constant # = h /27, we may write
the relations (2.11) in the more symmetric form

E=ho, p=hk. 2.12)

Let us consider a free particle of mass m, moving along the x-axis with a definite
momentum p = p, X, where X is a unit vector along the x-axis, and a corresponding
energy E. Assumingthat p, > 0, so thatthe particle movesin the positive x-direction,
we associate with this particle a wave travelling in the same direction with a fixed
wave number k. Such a wave is a plane wave and can be written as

W(x,1) = Aexplilkx — w(k)t]} (2.13a)

where A is a constant. This plane wave has a wavelength A = 27/ k and an angular
frequency w. Since from (2.12) k = p/h (with p = p,) and w = E/h, the wave
function (2.13a) can be expressed as

W(x,1) = Aexplilpxx — E(p)t]/h}, (2.13b)

In writing (2.13a,b) we have taken w (k) and E(p,) as functions to be specified later.
We note that the wave function (2.13) satisfies the two relations

0
—ih—WV¥ = p, ¥ 2.19)
0x
and
.0
ih—W¥ = EV 2.15)
at

the significance of which will emerge shortly.



2.3 Wave functions for particles having a definite momentum B 59

This one-dimensional treatment is easily extended to three dimensions. To a free
particle of mass m, having a well-defined momentum p and an energy E, we now
associate a plane wave

W(r,t) = Aexplik.r — w(k)t]}

= Aexpli[p.r — E(p)t]/h} (2.16)
where the propagation vector (or wave vector) k is related to the momentum p by
p=~hk 2.17)
with
lpl _ 27
k=kl=—=— 2.
k| == 3 (2.18)

and the angular frequency w is related to the energy by w = E/A. Again, the functions
w(k) and E(p) will be specified later. The equation (2.15) remains unchanged for
the plane wave (2.16), while (2.14) is now replaced by its obvious generalisation

—ihVW = p¥ (2.19)

where V is the gradient operator, having Cartesian components (d/dx, 3/dy, 3/92).
The relations (2.15) and (2.19) show that for a free particle the energy and momentum
can be represented by the differential operators

?
Eop=ihz,  Pop=—ihV (2.20)

acting on the wave function W. It is a postulate of wave mechanics that when the
particle is not free the dynamical variables E and p are still represented by these
differential operators.

According to the discussion of Section 2.2, wave functions should be normalised
to unity if the probability interpretation is to be maintained. For one-dimensional
systems, the normalisation condition (2.7) reduces to

+00
/ |W(x, t)%dx = 1. (2.21)
—00

However, the plane wave (2.13) does not satisfy this requirement, since the integral
on the left of (2.21) is given in this case by

+00 +00
/ |W(x,0)*dx = A dx 222
—00 —00

and hence does not exist. Similarly, the three-dimensional plane wave (2.16) cannot
be normalised according to (2.7). There are two ways out of this difficulty. The first
is to give up the concept of absolute probabilities when dealing with wave functions
such as (2.13) or (2.16) which are not square integrable. Instead, |W(r, t)|dr is
then interpreted as the relative probability of finding the particle at time ¢ in a
volume element dr centred about r, so that the ratio |W(ry, 1)|?/|W(rs, t)|? gives
the probability of finding the particle within a volume element centred around r = ry,
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compared with that of finding it within the same volume element at r = r,. For the
particular case of the plane wave (2.16), we see that |¥|? = |A|?, so that there is an
equal chance of finding the particle at any point. The plane wave (2.16) therefore
describes the idealised situation of a free particle having a perfectly well-defined
momentum, but which is completely ‘delocalised’. This suggests a second way out
of the difficulty, which is to give up the requirement that the free particle should
have a precisely defined momentum, and to superpose plane waves corresponding to
different momenta to form a localised wave packet, which can be normalised to unity.
It is to this question that we now turn our attention.

Wave packets

We have seen in the preceding section that plane waves such as (2.13) or (2.16)
associated with free particles having a definite momentum are completely delocalised.
To describe a particle which is confined to a certain spatial region, a wave packet can
be formed by superposing plane waves of different wave numbers. Of course, in
this case the momentum no longer has a precise value, but we shall construct a wave
packet which ‘represents’ a particle having fairly precise values of both momentum
and position.

Let us begin by considering the one-dimensional case. In order to describe a
free particle confined to a region of the x-axis, we superpose plane waves of the
form (2.13), where we now allow p, = hk to be either positive or negative. The most
general superposition of this kind is then given by the integral

+oc k
W(x, 1) = Quh)~'" / elP =t (p)dp, (223)

—oC

where the factor (27r/)~"/? in front of the integral has been chosen for future conve-
nience. The function ¢ (p,) is the amplitude of the plane wave corresponding to the
momentum p,. In general it is a complex function, but it is sufficient for our present
purposes to discuss only the case for which ¢ (p,) is real.

Let us assume that ¢(p,) is sharply peaked about some value p, = po, falling
rapidly to zero outside an interval (po — Apy, po + Apy). Writing (2.23) in the form

+oc
W(x,t) = Q2rh)~'? / e?P Mg (p)dpy (2.24)
where
B(px) = pxx — E(p)t (2.25)

we see that | W (x, 1)| is largest when B(p,) is nearly constant in the vicinity of p, = py.
Indeed, if B(p,) were varying significantly over the interval (po — Apy, po + Apy),
the factor expliB(p.)/k] would oscillate rapidly, so that the value of the integral on
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the right of (2.24) would be small. Thus |W (x, ¢)| will only be significant in a limited
region, its maximum value occurring when the stationary phase condition

[dﬂ(px)] —0 (2.26)
dpx Py=DPo

is satisfied. This condition determines the centre of the wave packet, which upon
using (2.25) is seen to travel according to the law

x = vyt 2.27)
where
dE(p,
vy = [ (P )] . (2.28)
dp“' Pc=po

It follows from (2.27) that the centre of the wave packet moves with the constant
velocity v, which is known as the group velocity of the packet. From (2.28) and the
fact that E = Aw, and p, = hik, we see that the group velocity can also be written as

_ [ dew(k)
Vg = [—dk ]k=k0 (2.29)

with kg = po/h. We remark that this velocity is, in general, different from the phase
velocity vy, which is the velocity of propagation of the individual plane waves (2.13)
and is given for a particular plane wave A expli(kox — w(ko)t)] by

w (ko) _ E(po)
ko po

In the macroscopic limit the motion of a particle must be governed by the laws
of classical mechanics, in accordance with the correspondence principle (see Sec-
tion 1.4). In this limit the extension of the wave packet is negligible so that the group
velocity v, can be identified with the classical velocity v = py/m of the particle

Po
v= —.
m

Uph = (2.30)

Vg = (2.31)
Combining this result with (2.28) allows us to determine the functional dependence
of E(py) on p,. We have

dE(p,

dEp) _ Pe (2.32)

dp, m
so that E(p,) = p?/2m + constant. We may set the constant of integration equal
to zero because the zero of energy can be chosen arbitarily, only energy differences
being of physical interest. Hence we have
p?

E(po) = e (2.33)

It should be noted that since E = hv, the absolute value of the frequency has no
physical significance in quantum mechanics, in contrast with classical wave theory
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(e.g. sound waves). We remark that since in our case E(pg) = ptz) /2m, the phase
velocity (2.30) is given by
Po/2m _ po _ Vg

o am = (2.349)

vph =

Let us return to the expression (2.23) of the wave packet and express
E(py) = p2/2m in the form

(px — P0)2
2m
(px — po)’
2m '
Since the function ¢(p,) in (2.23) is negligible except in the interval
(po — Apx, po + Ap,) we can neglect the third term on the right of (2.35), provided
t is small enough so that

2
E(ps) = ;—r‘r’l + %(px = po) +

= E(po) + vg(px — po) + (2.35)

ﬁ(z&px)zt <« 1. (2.36)

Indeed, if the condition (2.36) is satisfied, the quantity exp[—i(p, — po)*t/2mh]
which occurs in the integrand on the right of (2.23) is approximately equal to unity.
Making this approximation, equation (2.23) reduces to

W(x, 1) = elPox—EP/h gy 1) (2.37)
where
+00
P, = @um) 2 [ eromening o ap, (238)
—00

The wave packet (2.37) is the product of a plane wave of wavelength Ao = h/|po| and
angular frequency wy = E(po)/h times a modulating amplitude or envelope function
F(x, t) such that [W(x, 1)|> = | F(x, t)|*. Since

F(x,t =0) = F(x + vgt, t) (2.39)

this envelope function propagates without change of shape with the group velocity v,
(see Fig. 2.4). It should be borne in mind that this is only true for times ¢ satisfying
the condition (2.36); at later times the shape of the wave packet will change as it
propagates.

Fourier transforms and momentum space wave function

Looking back at the wave packet (2.23), defining ¢ (x) = W (x, t = 0) and using the
results of Appendix A, we see that the functions

V() = k)2 / P (p,)dps (2.40)
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Re¥(x, 1)
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Figure 2.4 The function ReW (x, t) for a wave packet propagating along the x-axis, with a group
velocity vg.

and

¢ (ps) = Quh)~'? / e P My (x)dx (2.41)

are Fourier transforms of each other. More generally, at time ¢, we can introduce a
function ®(p,, t) such that

+00 .

W(x, 1) = Qrh)~'? / P d(p,, H)dp, (242
—00

and
+00 .

®(py,t) = 2mh)~'2 / e P (x, r)dx (2.43)
—00

are also mutual Fourier transforms. The function ®(p,, t) is called the wave function
in momentum space, and we see that ¢ (p,) = ®(p,,t = 0). The definition of the
momentum space wave function given by (2.43) is completely general and holds for
all types of wave function W (x, t), including the free particle wave packets which we
have been considering.

From Parseval’s theorem (see equation (A.43) of Appendix A), we infer that if the
wave function ¢ (p,) is normalised to unity in the sense that

+00
/ l(po)Pdpy =1 (2.44)

then the wave function ¥ (x) = W(x,t = 0) given by (2.40) is also normalised to
unity. Moreover, once W (x, t) is normalised to unity at z = 0, it remains normalised
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to unity at all times. Indeed,

+00 +oc +oc +00 . i
/ W*(x, W (x, Ndx = (2nh)"/ dx/ dpx/ dpeltre=rosi/h
— —0oC —0oC —0o0

oo

xe HEPO=E@DUMgx(pyg (p )

400 +00 o ,
= / dp. / dp.8(p. — p,)e IEPI=E@ON RG> yg (p,)
—0C — 00

+00
_ / ¢ (P (po)dps

=1 (2.45)

where in the second line we have introduced the Dirac delta function §(p, — p;) such
that (see (A.18))

@y /*” elP—rox/ng, — (2n)“/

[e ] —00

+x . ' ’
ell(py=pDx ldx'

= 8(py — P}) (2.46)

and used the property (A.26) in the third line. The result (2.45) expresses the
conservation of probability, which is clearly a requirement of the theory. We note
that if W(x, t) is normalised to unity, so is also the momentum space wave function
Q(px.1).

Gaussian wave packet

As an example, we shall now study the particular case in which the function ¢ (p,)
is a Gaussian function peaked about the value pg

(px — po)z]
2(Apy)?

where Ap,, which we call the width of the distribution in py, is a constant such that
|¢ (px)|? drops to 1/e of its maximum value at p, = py £ Ap, (see Fig. 2.5(a)). The
constant C in (2.47) is a normalisation constant which we shall choose in such a way
that the normalisation condition (2.44) is satisfied. Using the known result

¢(pr)=C CXP[— (2.47)

+00 N P 1/2 )
/ e e Pudu = (—) ef /4 (2.48)
o a
with u = p, — pp, @ = (Ap,)~2 and B8 = 0, we have
+oc
/ 6 (polPdp. = ICPr ' Ap,. (2.49)
—0oC

The normalisation condition (2.44) is therefore fulfilled by taking

ICI? ==~"2(Ap)~". (2.50)
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Figure 2.5 (a) The function |¢(y)}? = 7~/ exp(—y?), where y = (px — po)/Apx.
(b) The function |y (2)}? = 7~ 1/2 exp(—22), where z= (Apyx/h)x.

The constant C is determined by (2.50) apart from a phase factor of unit modulus,
which can be set equal to one, so that we can take C to be given by

C =n"Y4Ap) 12 (2.51)

Substituting ¢ (p,) given by (2.47) into (2.40) and using (2.48) and (2.51), we find
that

V) = Wx, 1 =0) = n~ a7 2(Ap,) Peim /M= (Ar /2 2.52)

Apart from the phase factor exp(ipox/h), this function is again a Gaussian. We
remark that |1 (x)|?> has a maximum at x = 0 and falls to 1/e of its maximum value
at x = +Ax, where Ax = hi/Ap, is the width of the distribution in the x variable
(see Fig. 2.5(b)). Given the above definitions of the ‘widths’ Ax and Ap,, we see
that for a Gaussian wave packet AxAp, = k. Thus if we decrease Ap, so that the
wave function in momentum space, ¢(p,), is more sharply peaked about p, = py,
then Ax will increase and ¥ (x) becomes increasingly ‘delocalised’. Conversely,
if Ap, is increased, so that ¢(p,) is ‘delocalised’ in momentum space, then v (x)
will become more strongly localised about x = 0. We shall return shortly to this
important property, which is of a general nature. We note from (2.40) and (A.26) that
in the limit in which ¢ (p,) is the delta function §(p, — po), the wave function ¥ (x)
becomes the plane wave (274)~'/2 exp(i pox /h), which is completely delocalised.

Let us now examine how the Gaussian wave packet evolves in time. Using (2.23),
(2.33), (2.47), (2.51) and (2.48) we find that

Apx/h 2

1 4+ i(Apy)3t/mh

< e 1POX/R = (Aps /Y2 /2 = ipt/2mh
P I +i(Apy)2t/mh

W(x,t) = 71_"/4[

(2.53)
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Figure 2.6 The position probability density P(x, t) = |W(x, t)? for a Gaussian wave packet at
timest =0, t =4 and t = 2t;, plotted in arbitrary units.

and the corresponding position probability density is
Apx/h
(1 + (Apo)'?/m2h%)' /2

«ox [_ (Apx/h)*(x — vgt)z]
P T+ (apnyit/m2i

P(x,t)=|¥(x, 0 =n"'?

(2.54)

where we recall that vy; = pg/m is the group velocity of the packet. It is clear
from (2.54) that the centre of the wave packet moves uniformly with the velocity v,.
The width of the packet, defined so that P(x, t) falls to 1/e of its maximum value at
the points x — vyt = *Ax, is given by

A . 4 172
[1 + (mfhg 12] (2.55)

Ax(t) = Ap
X

and hence increases with time. However, if the time is sufficiently small so that

1y = (2.56)

(Apx)?
the second term in brackets in (2.55) is very small and the wave packet propagates
without changing its width appreciably. This is in accordance with our general
discussion (see (2.36)—(2.39)). The spreading of the probability density (2.54) is
illustrated in Fig. 2.6, where P(x,t) is shown for times ¢t = 0,¢ = t; and t = 2¢,.

To take a particular case, consider a Gaussian wave packet associated with an
electron which at time ¢ = 0 is localised to within a distance 10~!° m characteristic
of atomic dimensions, so that Ap, = //Ax ~ 1072* kg m s~!. According to (2.55)
the wave packet will have spread to twice its size at time t = +/31; ~ 107! s (see
Problem 2.7). On the other hand, for a macroscopic object having a mass of 1 g,
whose position is initially defined within an accuracy Ax >~ 10~ m, we find that the
width of the packet doubles after a time ¢ > 10'? s, which is larger than the estimated
age of the universe.
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A word of caution should be said about the interpretation of these results. Let us
suppose that we have a wave packet representing an electron, which is spread so that
the width of the packet is, for example, Ax = 1 km at a given time. If an electron
detector is placed at a particular position at that time, it will record the presence or
absence of the ‘complete’ electron, since when the electron manifests itself in the
detection process it is indivisible. Before the electron is detected the wave function
determines the probability that the electron will be found at a certain place, at a given
time. As soon as the electron has been detected, its location is of course known to
within a precision Ax" < Ax, so that a new wave function must describe the situation.
This change of the wave function upon measurement is called the ‘collapse of the
wave packet’. A more careful analysis of this measurement problem can be based on
the study of the combined wave function of the measured system and the measuring
apparatus. Using this approach, it will be shown in Chapter 17 that the idea of an
instantaneous ‘collapse’ of ‘reduction’ of the wave function on measurement can be
avoided.

Wave packets in three dimensions

Our discussions of one-dimensional free-particle wave packets can easily be extended
to three dimensions. By superposing plane waves of the form (2.16) we obtain the
wave packet

+00 +00 +00 )
W(r, 1) = Quh)™? / dpx f dpy / dp.ePr=EPMg (p)
—00 —00 —00

= @2 [ et O pyap @57
where dp = dp,dp,dp, is the volume element in momentum space.
Writing ¥ (r) = W(r, ¢ = 0) we see from Appendix A that

v = @ [y @58)
and
o(0) = @iy [ Py @ar 259

are three-dimensional Fourier transforms of each other. Paralleling our discussion of
the one-dimensional case, a momentum space wave function ® (p, t) can be introduced
as the Fourier transform of the wave function W(r, t), so that

W(r, 1) = 2rh)™Y? / e (p, r)dp (2.60)
and

®(p, 1) = Qrh)™3? / e Py (r, £)dr (2.61)
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and we note that ¢(p) = ®(p, ¢ = 0). As in the one-dimensional case (see (2.43))
this definition of the momentum space wave function is completely general, and holds
for all types of wave functions W (r, ¢). If ¢(p) is normalised to unity, then W (r, ¢) is
also normalised to unity at all times, i.e. satisfies (2.7). The momentum space wave
function ®(p, ¢) will then also be normalised to unity, satisfying

/ |®(p, 1)*dp = 1. 2.62)
As a result, the quantity
M(p, t)dp = |®(p, 1)’dp = ®*(p, )P (p, 1)dp (2.63)

is the probability at time ¢ that the momentum of the particle lies within the momentum
space volume element dp = dp,dp,dp. about the point p = (p., py, p.).

A three-dimensional wave packet associated with a free particle having fairly well
determined values of both position coordinates (x, y, z) and momentum coordinates
(px» Py, p:) can be constructed analogously to the one-dimensional case. Assuming
that the function ¢ (p) in (2.57) is peaked about p = pg, and setting

B(p) = p.r — E(p)t (2.64)
one finds (Problem 2.8) that the centre of the wave packet, defined by the condition'
[Vpﬂ(p)]p=p0 =0 (2'65)

travels with a uniform motion according to the law

I =Vt (2.66)
where
Vg = [VpE(p)]p=pn (2.67)

is the group velocity of the wave packet. Equations (2.66) and (2.67) are the general-
isations of equations (2.27) and (2.28), respectively. In the classical limit the group
velocity v, must be equal to the velocity v = po/m of the particle, from which we
find that the functional relation between E and p is given by

_r
E(p) = . (2.68)
m

apart from an additive constant which can be chosen to be zero.

" In equation (2.65), VoB(p) is a vector having Cartesian components 38(py, py. p:)/dp«,
"ﬂ(l’x Py I’:)/al’,r and 3ﬂ([’t» Py, P:)/dP:
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Wave packets in a slowly varying potential

The general idea we have developed for the motion of a free-particle wave packet in
the classical limit can be extended to describe the motion of a particle in a potential
V (r) provided that the potential does not vary appreciably over a distance comparable
to the de Broglie wavelength of the particle. In this case the centre of the wave packet
travels along the trajectory followed by a classical particle moving in the potential
V(r). As the centre of the wave packet moves along this trajectory, the de Broglie
wavelength changes slowly, being determined by the relation

_h_ h
T p T 2m(E - V(D))

(2.69)

where p = [2m(E — V(r))]'/? is the classical local momentum of the particle.

The Heisenberg uncertainty principle

We have shown in the case of a one-dimensional Gaussian wave packet that the ‘width’
Ax of the distribution in the position variable x is linked with the ‘width’ Ap, of the
distribution in the momentum p, by the relation AxAp, > k. In fact, it is a general
property of Fourier transforms that ‘widths’ in position and momentum satisfy the
relation

AxAp, > h (2.70)

where the sign 2> means ‘greater than or of the order of’. In the context of quantum
mechanics this is called the Heisenberg uncertainty relation for position and momen-
tum, according to which a state cannot be prepared in which both the position and
momentum of a particle can be defined simultaneously to arbitrary accuracy. In fact,
the product of the uncertainty Ax in the precision with which the position can be
defined with the uncertainty Ap, in the precision with which the momentum can be
defined, cannot be made smaller than a quantity of order /. At this point we have not
given a precise definition of the uncertainties Ax and Ap,, but this will be done later,
in Chapter 5.

The relation (2.70) is easily generalised to three dimensions by using the prop-
erties of three-dimensional Fourier transforms. The three-dimensional form of the
Heisenberg uncertainty relations for position and momentum is

AxAp, 2k, AyAp, 2 h, AzAp- Z h. .71

~

It should be noted that there is no relation between the uncertainty in one Cartesian
component of the position vector of a particle, for example Ax, and the uncertainty
in a different Cartesian component of the momentum, for example Ap,. The only
restrictions are on the ‘complementary’ pairs: Ax, Ap,; Ay, Ap,;and Az, Ap..

It is worth stressing that the Heisenberg uncertainty relations do not place any
restriction on the precision with which a position measurement of a particle can be
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made. However, once such a measurement has been made and the particle is known to
be confined to some region of extent Aa, the ensemble of such particles is subsequently
described by a wave function also of extent Aa. Subsequent measurements of
the momentum on each of the identical systems composing the ensemble will then
produce a range of values with a spread of order /i/Aa.

Suppose now that before the position measurement was made the particle was in
a state of definite momentum. We see then that the act of measuring the position
forces the system into a state in which the momentum is no longer known exactly but
has become uncertain by an amount Ap 2 //Aa. Thus the Heisenberg uncertainty
relations do not refer to the period before the state was prepared, but only to the
current situation.

Similarly, it can be seen that the Heisenberg relations do not restrict the precision
with which a momentum measurement can be made, but once the system is known
to have a momentum defined to within a precision Ap, subsequent measurements of
the position must produce results spread over a range 2 #/Ap. The uncertainty Ap
can be made arbitrarily small, but the more precisely the momentum of the system
is known the greater the range of results that will be obtained in a series of position
measurements on an ensemble of such systems.

Finally, it is hardly necessary to point out that the inherent limitations on measure-
ment imposed by the Heisenberg relations have nothing to do with the ‘experimental
errors’ that occur in actual measurements.

The ~-ray microscope

As a first illustration of the Heisenberg uncertainty relations, let us consider a con-
ceptual (‘gedanken’) experiment first discussed by Heisenberg, which attempts to
measure the position of a particle as accurately as possible. This experiment consists
of illuminating the particle and observing the image through a microscope (see
Fig. 2.7). If A is the wavelength of the incident radiation, then the x component
of the particle position can be determined to a precision Ax given by the resolving
power of the microscope, namely

A
X = — (2.72)
sinf

where 6 is the half-angle subtended at the particle P by the lens L. This resolving
power can be made very small by using radiation of short wavelength, such as
y rays. Now, for any measurement to be possible at least one photon must enter
the microscope after scattering from the particle. This Compton scattering imparts to
the particle a recoil momentum of the order of magnitude of the photon momentum
py = h/A. However, this recoil momentum cannot be exactly known, since the
direction of the scattered photon is only determined to within the angle 6. Thus there
is an uncertainty in the recoil momentum of the particle in the x direction by an
amount

h
Apy, >~ 3 sin @ 2.73)
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Figure 2.7 The Heisenberg y-ray microscope. Photons from a source S are scattered into a
microscope M from a particle located at P. The resolving power of the microscope is A/siné,
where 1 is the photon wavelength and 26 is the angle subtended by the lens L at the particle.

and upon combining (2.73) with (2.72) we see that after the observation one always
has

AxAp, >~ h 2.74)

which is consistent with the Heisenberg uncertainty relation (2.70).

The two-slit experiment

As a second example, let us return to the two-slit experiment discussed in Section 2.1,
and analyse it in the light of the uncertainty principle. Suppose we attempt to discover
which slit a particle (for example an electron) goes through. This might be done by
placing a microscope behind one of the slits (see Fig. 2.8). In order to discriminate
between particles which have passed through slit A or slit B the resolving power of
the microscope must be less than the distance d between the slits. From (2.72) we
see that the wavelength of the light illuminating the particle must be smaller than d.
The corresponding photon momentum p, = h/A must therefore be larger than i /d.
The interaction of a photon having this momentum with the electron will make the
electron momentum p uncertain by an amount Ap which is of the order of p,, and
hence will be such that

dAp Z h (2.75)

in agreement with the uncertainty relations. Consequently, the direction of motion of
the particle also becomes uncertain by an amount A6, where (see Fig. 2.8)

AG >~ —
p pd d
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Figure 2.8 In the two-slit experiment of Fig. 2.1 a microscope M is placed behind the slit A and
the area behind the slit is illuminated. A particle is located at the point T, but as a result of the
photon-particle interaction the direction of motion of the particle becomes uncertain by A6.

where A, = h/p is the de Broglie wavelength of the electron. This in turn produces an
uncertainty AL /d in the position of the particle on the screen, which is comparable
to the distance between successive maxima of the interference pattern. Thus, if an
attempt is made to determine through which slit the particles pass, the interference
pattern is destroyed.

Stability of atoms

The position-momentum uncertainty relations (2.71) can be used to obtain an estimate
of the binding energy of the hydrogen atom in its ground state. To this end, let us
write the total classical energy of the electron in the field of the proton (assumed to
be infinitely heavy) as
B p? &2

T 2m (dmeg)r @77)

The first term on the right-hand side is the kinetic energy, which is positive, while the
second term represents the negative potential energy. Classically, there is no lower
limit to the value of the total energy E because r, the radius of the electronic orbit, can
be made as small as one pleases. This is not the case in quantum mechanics. If p is
interpreted as the average momentum of the electron in a given state, it follows that the
momentum is determined within a range Ap of the order of p. From the uncertainty
relations (2.71), this in turn implies that the smallest value of the uncertainty Ar of
the position of the electron is of the order of //p. Assuming that the average value
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of the radius r is of the order of Ar, we then have rp >~ £, from which
K2 e*
T 2mr? (dmeg)r
As a result, there is a minimum value of the total energy E at r =~ ry such that
dE/dr = 0, namely

2
ro~ (47780)h =ap (2.79)

(2.78)

me?
where ay is the first Bohr radius (1.66). Substituting » = ag in (2.78) we find that the
ground-state energy Ej is given approximately by

e2

B (4ﬂ80)200 ’

The fact that this estimate of Ey coincides with the actual ground-state energy of
atomic hydrogen must not be taken too seriously, as the argument is clearly qualitative.
However, the important point is that this reasoning shows that there is a minimum
value of the total energy E of an atom, which is the lowest value of E compatible
with the uncertainty principle. We can therefore understand in this way why atoms
are stable.

Ey >~ (2.80)

The uncertainty relation for time and energy

A time—energy uncertainty relation analogous to the position—-momentum uncertainty
relations (2.71) can be obtained in the following way. Let W (t) = W (ry, t) be a wave
function, at a fixed point r = ry, associated with a single particle state. We consider
the case such that W (¢) is a pulse or ‘time packet’, which is negligible except in a time
interval At. This time packet can be expressed as a superposition of monochromatic
waves of angular frequency w by the Fourier integral (see Appendix A)

+00 .
V() = 2n)~\? / G(w)e “dw (2.81)
where the function G(w) is given by
+oc )
G(w) = (2m)~'? / W (r)e ' dr. (2.82)

As W (¢) takes only significant values for a duration At, it follows from the general
properties of Fourier transforms that G (w) is only significant for a range of angular
frequencies such that

AwAt > 1. (2.83)

Since E = hw, the width of the distribution in energy, A E, satisfies the time—energy
uncertainty relation

AEAt > h. (2.84)
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The interpretation of this relationship is somewhat different from that of the
position-momentum uncertainty relations (2.71) because the time ¢ is a parameter,
and not a dynamical variable like x or p,. The relation (2.84) implies that if the
dynamical state exists only for a time of order At, then the energy of the state
cannot be defined to a precision better than /i/ At. In other words, if we consider an
ensemble of identically prepared systems described by the wave function W, then the
measurement of the energy on each member of the ensemble will produce a range of
values spread over an interval A E of extent greater than or of the order of 71/ At.

Energy width and natural lifetime of excited states of atoms

As an example, let us consider an atomic transition from an excited state of energy
E}, in which a photon is emitted (see Fig. 2.9(a)). The time of emission of the photon
from a particular atom cannot be predicted. However, as we shall see in Chapter 11,
quantum mechanics does predict the probability that the transition takes place at a
given time. This in turn determines the average duration (over a large number of
atoms) of the excited state b, called the lifetime 1, of that state. Clearly, the wave
function W describing the atomic system in the state b must be negligible outside a
time interval At of the order of 7,. From the uncertainty relation (2.84) it follows
that the energy of the excited state b is not sharply defined, but is uncertain at least
by an amount
h
AE, = — (2.85)
Ty

known as the natural energy width of the state b. We see from (2.85) that the shorter
the lifetime of an excited state, the larger the natural energy width of that state. On
the other hand, the ground state a is stable, since in this state the system cannot make
a transition to a state of lower energy. The lifetime of the ground state is therefore
infinite (z, = 00) and the ground state energy E, is perfectly sharp (AE, = 0).

Because of the natural energy width A E}, of the excited state b, the energy emitted
(or absorbed) in a transition between the atomic states a and b is not sharply defined.
Instead, the photons emitted (or absorbed) in transitions between the states a and
b have an energy distribution of natural width A E,, about the value E, — E,. As
a result, the spectral line associated with this transition does not have the sharply
defined frequency v,, = (E, — E,)/ h, but has a distribution of frequencies of width
at least as great as Av = AE,/h about the value v,,. The quantity Av is called the
natural linewidth of that spectral line. If the transition occurs between two excited
states a and b (see Fig. 2.9(b)), the photons emitted or absorbed in the transition will
have an energy distribution of natural width

1 1
AE, = h(— + —) (2.86)
Ta Tp

where 1, is the lifetime of the lower state a. The natural linewidth of the spectral line
is then Av,, = AE,,/ h.
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Figure 2.9 Widths of energy levels. In (a) the lower state is the ground state. In (b) both states
are excited states.

The preceding discussion concerning the relation between the lifetime and the
natural energy width of excited states is not confined to atomic states, but is equally
applicable to other quantum systems such as molecules or nuclei.

Natural energy width and resonance absorption of radiation

In Chapter 1, we showed that because of the recoil of the atom the wavelength of
an emission line is slightly different from that of the corresponding absorption line,
with the consequence that radiation emitted by one atom could not be absorbed by
another atom of the same kind (see (1.76)). This is contrary to what is observed. The
paradox can be resolved by recognising that the energy levels of excited states have
a finite width, so that an atom can emit or absorb photons within a range of energies
determined by the natural energy widths of the levels concerned. Thus, if the change
in frequency due to the recoil is smaller than the natural linewidth associated with
the transition, an atom will be able to absorb radiation emitted by another atom of
the same kind. Now, as seen from (1.76), the largest change of frequency due to
recoil occurs for atoms of the smallest mass—hydrogen atoms. For a typical atomic
transition involving photons having an energy hv =~ 2 eV the change of frequency
due to recoil is therefore of the order of or less than

(hv)?

A =
Avel = 2412

~ 5 x 10° Hz. (2.87)
On the other hand, a typical atomic lifetime is about 108 s, corresponding to a
natural linewidth of 1.5 x 107 Hz. Since this value is considerably larger than | Avg|
resonance absorption can indeed occur.

In contrast, for transitions occurring between energy levels of nuclei the change
of frequency |Avg| due to recoil often exceeds the natural linewidth, with the conse-
quence that the y -ray photons emitted by one nucleus cannot in general be absorbed
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Problems

by another nucleus of the same kind. An exception occurs when the nuclei are bound
in a crystal lattice. Then, in a fraction of the transitions, the crystal recoils as a
whole, so that the mass M to be used in (1.76) is extremely large. The corresponding
frequency change |Avg| is therefore negligible and resonance absorption can take
place. This phenomenon is known as the Mdssbauer effect; it is enhanced at low
temperatures when the lattice becomes ‘stiffer’.

The uncertainty principle and complementarity

The uncertainty relations for position and momentum and for energy and time are par-
ticular examples of the uncertainty principle, formulated by W. Heisenberg in 19272,
According to this principle, it is impossible to prepare states in which both members
of certain pairs of variables, called complementary variables, have values determined
with arbitrary precision. If one of the variables of a complementary pair is measured,
information is inevitably lost about the other. We have studied in some detail the
complementary pairs (x, p,) and (E, t), but as we shall see in Chapter 5 other pairs
of complementary variables exist which satisfy uncertainty relations.

The Heisenberg uncertainty principle is clearly a consequence of wave—particle
duality, and reflects the fact that quantum mechanics, although a complete theory,
provides a less detailed description of a physical system than does classical physics.
In his complementarity principle, introduced in 1928, Bohr described this situation
by stating that the wave and particle aspects of physical systems are complementary,
both aspects being needed for a complete description of nature.

2.1 Consider the wave packet ¢ (x) = W (x, t = 0) given by
Y(x) = CelPor/hg=Ix1/(28x)
where C is a normalisation constant.

(a) Normalise ¥ (x) to unity.

(b) Obtain the corresponding momentum space wave function ¢ (p, ) and verify that
it is normalised to unity according to (2.44).

(c) Suggestareasonable definition of the width Ap, of the momentum distribution
and show that AxAp, 2 h.

2.2 Consider the momentum space wave function

0, |pc—pol>y

d(px) =
! C, Ipx—pol<vy

where C and y are constants.

2 A detailed discussion of the uncertainty principle can be found in Heisenberg’s book The Ph}xical
Principles of the Quantum Theory (1949).
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(a) Normalise ¢(p,) to unity according to (2.44).
(b) Find the corresponding wave function ¥ (x) in configuration space, and verify
that ¥ (x) is normalised to unity.

+00 1.2
(Hint: Use the result/ szxdx = rr.)
oo X

(c) Using reasonable definitions of the widths Ax and Ap,, show that
AxAp, 2 k.

23 The family of functions &, (x) is defined by

+L

SL(x) = (Qn)~! / e**dk.

-L
Evaluate the integral and show that &, (x) behaves like the Dirac delta function & (x)
as L — oo.

24 Let §.(x) be a family of functions defined by
+00

8.(x) = )" / ek e~ dk, > 0.

—0oC

Evaluate the integral and show that §, (x) has the properties of the Dirac delta function
d(x)ase — 0.

25 Verify that the Dirac delta function can be represented in the following ways
e/m
8(x) = el—l>l{)l+ PEppe] @
— lim sin(x/¢€) @
>0t TX
= lim —— (I - cos(x/e)] 3)
e—>0t TX
6 -0
i 0G40 —0) @
e—0 £

where in equation (4) 6(x) is the step function

I, x>0

0(x) =
x) 0, x<O.
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26 (a) By multiplying both sides of the following equations by a differentiable
function f(x), and integrating over x, verify the following equations:

§(x) = 8(—x)

8'(x) = =8'(—x), 8(x)= %3()6)
x8(x) =0
x8'(x) = =8(x)

S(ax) = L&(x), a#0
lal

s(x*—a?) = ﬁ[‘“" —a) +8(x +a)l.

(b) Prove the following relations
/S(a —x)0(x —b)dx =68(a —b)

fX)é(x —a) = f(a)d(x — a).

2.7 (a) A Gaussian wave packet is associated with an electron localised at time
t = 0 to within a distance of 107! m. Show that this wave packet will have
spread to twice its size after a time t ~ 107'¢ s.

(b) Consider now a Gaussian wave packet associated with a proton localised at time
t = Oto within a distance of 10~'* m. Find the time after which this wave packet
will have doubled in size.

28 Let W(r, ¢) be a three-dimensional wave packet defined by (2.57). Show that
if the function ¢ (p) is peaked about p = py, the centre of the wave packet, defined
by the condition (2.65), travels uniformly according to the law r = vy, where the
group velocity v, is given by (2.67).

29 A monoenergetic beam of electrons falls on a screen containing a slit of width
d. The coordinates of the electrons in the x direction (taken along the screen) are
therefore known at the moment after passing the slit with the accuracy Ax = d. Now,
because of the wave nature of the electron, diffraction phenomena are produced by
the slit. The emergent beam has a finite angle of divergence 6 which, according to
diffraction theory is such that

- A
sinf = —
d

where A is the de Broglie wavelength of the electrons. Show that after the electrons

have passed through the slit the component of their momentum along the x-axis
becomes uncertain by an amount Ap, 2 fi/d.
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2.10 An electron is confined within a region of atomic dimensions, of the order of
10~'° m. Find the uncertainty in its momentum. Repeat the calculation for a proton
confined to a region of nuclear dimensions, of the order of 10~'* m.

211  Using the uncertainty principle, find the minimum value (in MeV) of the
kinetic energy of a nucleon confined within a nucleus of radius R = 5 x 1073 m,

2.12  Calculate the relative frequency spread Av/v for a nanosecond (10~? s) pulse
from a CO; laser, in which the nominal photon energy is hv = 0.112 eV.

213 A beam of monoenergetic electrons is used to raise atoms to an excited state
in a Franck—Hertz experiment. If this excited state has a lifetime of 1077 s, calculate
the spread in energy of the inelastically scattered electrons.
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In Chapter 2 we introduced the concept of the wave function to describe the properties
of a physical system, and we saw that in the position representation the wave function
W of a particle is a function of its space coordinates r and of the time ¢. Clearly, in order
to make progress we need a method of determining wave functions systematically.
In this chapter we shall show that the wave function W(r, ) can be calculated
from a partial differential equation called the Schrodinger wave equation. We shall
discuss some general properties of its solutions, examine how expectation values of
physical quantities can be calculated from the knowledge of W(r, ¢), and analyse
the transition from quantum mechanics to classical mechanics. We shall also see
how the Schrodinger theory accounts for the quantisation of energy levels, and we
shall conclude the chapter with a brief discussion of the Schrodinger equation in
momentum space.

In searching for an equation to be satisfied by the wave function ¥, we shall
be guided by the following principles. First, the equation should be linear and
homogeneous so that the superposition principle holds. That is, if W; and ¥, are
solutions of the wave equation for a given system, any linear combination ¢; ¥ + ¢, ¥
(where ¢, and ¢, are constants) must also be a solution. Secondly, the results obtained
by using the equation should agree with those of classical mechanics in macroscopic
situations, in accord with the correspondence principle. Finally, in order to satisfy
the hypothesis that the evolution of the system is entirely determined once the wave

81
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3.1

function is known at a particular time, the equation should be of first order in the time
derivative d/9¢. If the equation contained the second derivative RR] /912, it would be
necessary to specify both W and 9W/dr at a certain time to obtain a unique solution,
in contradiction to the hypothesis that only a knowledge of W is required.

The time-dependent Schrodinger equation

Let us begin by considering the one-dimensional, non-relativistic motion of a free
particle of mass m, having a well-defined momentum p = p,X (where X is the unit
vector along the x-axis) of magnitude p = |p,| and an energy E. Assuming that
the particle is travelling in the positive x direction (so that p, = p) we have seen
in Chapter 2 that this particle is described by a monochromatic plane wave of wave
number k = p,/h and angular frequency w = E/k, namely

\l»‘(x,t) — Aei(kx—wl)
— Aelpex—ED/h 3.1)

where A is a constant. The angular frequency w is connected with the wave number
by the relation w = fik?/2m, which is equivalent to the classical relation

_r

E
2m

3.2)

connecting the momentum and energy of the particle. Now, if we differentiate (3.1)
with respect to time, we have

ov  iE v 33)
o h )
On the other hand, differentiating (3.1) twice with respect to x, we find that

*v _ pl
— ===\, 4
ax? h? G
Hence, using (3.2), we see that the plane wave (3.1) satisfies the partial differential
equation
3 2 92

ih—V(x,t) = ———W(x,1). .

iho (x,1) o 92 (x,0) 3.5
More generally, since the equation (3.5) is linear and homogeneous, it will be satisfied
by a linear superposition of plane waves (3.1). For example, the wave packet (2.23)

+00
W(x, 1) = Quh)~'/? / ellPx=EwoN/hg (pydp, (3.6)

—00
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associated with a ‘localised’ free particle moving in one dimension, is also a solution
of the equation (3.5), since

3 oo i
ih—W(x, 1) = Qmh)~'7?2 / E(py)eP=Erog (p)dp,

—00

+oo p2
= Q@uh)~'? / el B (p)dp,
_oo 2m
K2 92
= —E;l‘w\y(x,t). (3.7)

The wave equation (3.5) is known as the time-dependent Schrodinger equation for
the motion of a free particle in one dimension. We remark that this equation satisfies
the requirements that we formulated at the beginning of this chapter. Indeed, we have
already seen that it is a linear and homogeneous equation for the wave function W.
Furthermore, remembering that in wave mechanics the total energy FE is represented
by the operator E,, = i%d/dt, and the component p, of the momentum by the
operator (py)op = —ihd/0x (see (2.20)), we note that equation (3.5) may be written
in the form

1
EppW(x,t) = -z—n;[(px)oplzwx, 1) (3.8)

which is the quantum-mechanical ‘translation’ of the classical relation (3.2). This
analogy with classical mechanics is in agreement with the correspondence principle.
We also remark that the Schrodinger wave equation (3.5) is of first order in the time
derivative d/dt. Hence, if the wave function W (x, ) is given at a certain time fy, it is
determined at all other times by this equation.

The generalisation of these considerations to free-particle motion in three dimen-
sions is straightforward. A free particle of mass m having a well-defined momentum
p and an energy E is now described by a plane wave

‘I/(l', t) — Aei(k.r—wt)
— Aei(p.r—Et)/h (3.9)

characterised by the wave vector k = p/A and the angular frequency w = E/h.
Again we have w = hk?/2m, which is equivalent to the classical relation
2
E=E (3.10)
2m
between the momentum and energy of the particle. It is then readily verified that the
plane wave (3.9) satisfies the partial differential equation
2

0 h
h—W(r, 1) = —— V2 (r, .
i o r,1) o (r, 1) 3.11)
where
V2 _ 32 32 82

_W-l-a—yz'f'a—zz 3.12)
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is the Laplacian operator. The wave equation (3.11), which s the direct generalisation
of (3.5), is the three-dimensional time-dependent Schridinger equation for a free
particle. As in the one-dimensional case, it is a linear and homogeneous equation
which is therefore satisfied by arbitrary linear superpositions of plane waves (3.9),
in particular by wave packets of the form (2.57) associated with ‘localised’ free
particles. Equation (3.11) is also clearly of first order in the time derivative 9/9t.
Finally, using the fact that in wave mechanics the total energy E and the momentum
p are represented by the differential operators (see (2.20))

d
Eqp = iha, Pop = —iAV 3.13)
we observe that the free-particle Schrodinger equation (3.11) may also be written in
the form
1
Eop¥(r, 1) = 5—(Pop) "W (r, ) 3.14)

in formal analogy with the classical equation (3.10). Note that the quantity p?/2m is
represented by the operator'

7= Lpoy = — 2 (3.15)
2m P 2m

which is called the kinetic energy operator of the particle.

Let us now try to generalise the free-particle Schrodinger equation (3.11) to the
case of a particle moving in a field of force. We shall assume that the force F(r,t)
acting on the particle is derivable from a potential

F(r,1)=-VV(,1) (3.16)

so that, for a classical particle, the total energy E is given by the sum of its kinetic
energy p?/2m and its potential energy V (r, t)
p
E=—+V(,1). 3.17)
2m

Since the potential energy V does not depend on p or E, the above discussion of the
free-particle case suggests using (3.13) to write

1
Eop\l"(ra t) = [Z_n;(pop)z + V(r, t)]\p(l', 1) (3.18)
so that the generalisation of the free-particle Schrédinger equation (3.11) reads
d h?
h—W(r, 1) =|——=V>+ V(1) [¥(,1). (3.19)
at 2m

This is the celebrated time-dependent Schrodinger wave equation for a particle
moving in a potential, which was proposed by E. Schrodinger in 1926. It is the

! In what follows we shall drop the subscript ‘op’ which denotes operators, unless there is a possibility
of confusion with a quantity (number, vector, etc.) denoted by the same symbol.
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basic equation of non-relativistic quantum mechanics. We want to emphasise that
we have not formally derived this equation, but have only made it appear plausible.
The Schrodinger equation, like Newton’s laws, cannot be proved to be true. Its best
possible justification comes from an exhaustive comparison of the predictions based
on this equation with experiment. It is the successful application of the Schrodinger
equation to many problems which demonstrated its correctness in non-relativistic
quantum mechanics.

The operator appearing inside the brackets on the right of the Schrédinger equa-
tion (3.19) will be seen shortly to play a very important role. It is called the
Hamiltonian operator of the particle and is denoted by H. Using (3.15), we have

2

H = —h—v2 +V

2m

1
= —2—r-n-(pop)2 +V=T+V (3.20)

and the time-dependent Schrodinger equation (3.19) may therefore be rewritten in
the form

ih%lll(r, ) =HW¥(,1). 3.21)

Now, in classical mechanics the total energy E of a system, when expressed in terms
of the coordinates of the system, of their respective momenta and of the time, is called
the (classical) Hamiltonian H,, of this system. In particular, for the case of a classical
particle moving in a potential, we have from (3.17)

E = HCl(rv pv t) (3.22)
where
pz
Hy(r,p, 1) = —— 4+ V(r,1). (3.23)
2m

Upon comparison of (3.20) and (3.23), we see that the quantum mechanical Hamil-
tonian operator H is obtained from the classical Hamiltonian H by performing the
substitution p — pop, = —i1AV, namely

H = Hy(r. —-1hV, t). 3.29)

As a result, the time-dependent Schrodinger equation (3.21) may be obtained by
starting from the classical equation (3.22), making the substitutions

]
E —> Eqo = ihg, P — Pop = —ihV 3.25)

and applying the operators E,, and H = H(r, —iA'V, ) on both sides of the equation
to the wave function W(r, ). This makes even more apparent the analogy with
classical mechanics required by the correspondence principle. Later in this chapter
we shall discuss in more detail the classical limit of the Schrodinger equation.
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3.2

As in the case of the free particle, the time-dependent Schrodinger equation (3.19)
for a particle moving in a potential is linear and homogeneous. Therefore, if W, (r, 1)
and W, (r, t) are distinct solutions of (3.19)

W(r,t) = c;Vi(r, t) + caWH(r, 1) 3.26)

is also a solution, where ¢ and ¢, are complex constants. More generally, an arbitrary
linear superposition of solutions of the time-dependent Schrodinger equation (3.19)
is also a solution of the equation, in agreement with the superposition principle. We
also emphasise that the time-dependent Schrodinger equation (3.19) is of first order in
the time derivative 3/31, so that once the initial value of the wave function is given at
some time 79, namely W(r, 19), its value at all other times can be found by solving the
equation. The basic mathematical problem is therefore to obtain a solution W (r, t)
of the Schrodinger equation (3.19) which satisfies given initial conditions.

Continuity conditions

Provided the potential V (r,t) is a continuous function of each of the Cartesian
coordinates x, y and z, it is clear from the Schrédinger equation (3.19) that each
of W(r,t), dW/dr and VWV is also a continuous function of x, y and z. If V(r, 1)
exhibits finite discontinuities (jumps) as a function of x, y and z, then from the
Schrodinger equation we see that V2W exhibits corresponding finite jumps as a
function of x, y and z. From this it follows that VW must be continuous as a
function of x, y and z, for otherwise V2W¥ would become infinite at the points where
VW changed discontinuously. In turn, since VW is continuous, ¥ and 0¥ /9t must
also be continuous as functions of x, y and z.

Turning now to the time dependence, we see from (3.19) that if V(r,7) is a
continuous function of 7, so will be W(r, tr) and 3W/dt. However, if V(r, r) exhibits
finite discontinuities as a function of t, so will 0¥ /dr, while W(r, t) remains a
continuous function of 7.

Conservation of probability

As we have explained in Chapter 2, the wave function associated with a particle in
quantum mechanics has a statistical interpretation. According to Born’s postulate
(see Section 2.2), if a particle is described by a wave function W(r, ) normalised
to unity the probability of finding the particle at time ¢ within the volume element
dr = dxdydz about the pointr = (x, y, z) is

P(r, t)dr = |¥(r, 1)|’dr 3.27)

so that P(r,t) = |W(r,t)|> = W*(r, t)W(r, 1) is the position probability density.
Assuming that the particle is confined within a given volume Vj (for example, a



3.2 Conservation of probability B 87

room), we have seen in Chapter 2 that at any arbitrary time t the wave function
WY (r, t) can be chosen to satisfy the normalisation condition

/ |W(r, 1)]Pdr = 1 (3.28)

where the integral extends over all space. This condition simply expresses the fact
that the probability of finding the particle somewhere at time ¢ is unity. We noted in
Chapter 2 that wave functions for which the integral on the left of (3.28) exists are said
to be square integrable, and that some wave functions cannot be normalised in this
way. For example, in the case of plane waves such as (3.9) the normalisation integral
on the left of (3.28) diverges. However, we recognised that this difficulty is due to
the fact that a plane wave represents the idealised physical situation of a free particle
which has a perfectly well-defined momentum and hence is totally ‘delocalised’. If
the requirement that the particle should have a completely well-defined momentum is
given up, we have seen in Chapter 2 that localised wave packets can be constructed,
which can be normalised to unity. For the time being we shall only consider square
integrable wave functions W which satisfy the normalisation condition (3.28).

Let us now ask what happens as time changes. The interpretation of |W(r, t)|?
as a position probability density clearly requires that the probability of finding the
particle somewhere must remain unity as time varies, which is to say that probability
is conserved. In other words, once W (r, t) is normalised according to (3.28) at a
given time 7, it must remain so at all times. The normalisation integral on the left
of (3.28) must therefore be independent of time, namely

8% / P(,n)dr=0 3.29)

where P(r, t) is given by (3.27) and we recall that the integral extends over all space.

In order to verify that this relation is indeed satisfied in Schrodinger’s theory, let
us start by considering the probability of finding the particle at time ¢ within a finite
volume V, namely

/ P(r,1)dr = / |W(r, 1)|*dr (3.30)
14 4

where the integrals extend over the volume V. The rate of change of this probability

18
9 BV (v
E‘/‘;P(l‘, t)dl'=v/v[\p (E) +( a3 )\Il]dr. (3.31)

Now, the time dependence of the wave function W (r, ¢) is not arbitrary but is governed
by the time-dependent Schrédinger equation (3.19). Using this equation and its
complex conjugate

9 K2
—ih—V*r, ) = | —— V24 V(r, 1) |V*T, 1) 3.32)
ot 2m
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where we have used the fact that V (r, 1) is a real quantity, we find that
d ih * 2 2\Iy*
— | P(r,t)dr = — | [V*(V°V¥) — (V-¥HW¥]dr
ot v 2m v

= —ih—/ V.[U*(VY) — (VU W]dr
2m v

= - / V.jdr. 3.33)
v
In the last line we have introduced the vector
h
i) = — [V (VV¥) — (V¥ V] (3.39)
2mi
whose physical significance will be discussed shortly. Using Green’s theorem?, we

can convert the volume integral on the right of (3.33) into an integral over the surface
S bounding the volume V

d
—/ P(r,t)dr = ——/j.dS (3.35)
ar Jy s

where dS is a vector whose magnitude is equal to an element dS of the surface S, and
whose direction is that of the outward normal to dS.

The above relations are valid for any finite volume V. In order to study the time
rate of change of the normalisation integral (3.28), we must extend the volume to
the entire space. The surface S in (3.35) then recedes to infinity. Since W is square
integrable it vanishes at large distances> so that the surface integral in (3.35) is equal
to zero, and the condition (3.29) is satisfied. It is worth noting that the proof of (3.29)
depends on the facts that the Schrodinger equation (3.19) is of first order in the time
derivative 9/0t (this allowed us to eliminate the time derivatives on the right of (3.31))
and that the potential energy V (r, ¢) is real.

Probability conservation and the Hermiticity of the Hamiltonian

The condition (3.29) expressing the conservation in time of the normalisation of the
wave function can also be formulated in terms of the Hamiltonian operator H. Indeed,

2 Green’s theorem (also called the divergence theorem of Gauss) states that the surface integral of the
component of a vector A along the outward normal taken over a closed surface S is equal to the integral
of the divergence of A taken over the volume V enclosed by the surface. That is

]V.Adr:/A.dS
v s

where dS = fidS, ii being the unit vector along the outward normal and dS being an element of the surface
S.

3 If the particle is confined within a volume Vj, then ¥ vanishes outside that volume, and hence over a
surface bounding any volume that contains V.
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using the form (3.21) of the time-dependent Schrodinger equation, and its complex
conjugate

——iha%\ll*(r, 1) =[HY(r, n]* 3.36)

we can write the left-hand side of (3.29) as

d _ 9 )

E/P(r, t)dr = a/lﬂ/(r, t)|°dr

/\IJ* ﬂ + v~ v |dr
(81) ( ot )

= (ih)~! /[W*(Hlll) — (HY)*W¥]dr 3.37)

so that the condition (3.29) becomes
/ V*(HW)dr = /(HW)*Wdr. (3.38)

This condition must hold for all square integrable wave functions W (r, t), and hence
is a restriction on the Hamiltonian operator H. Operators which satisfy the con-
dition (3.38) for all functions W of the function space in which they act are called
Hermitian operators. We have thus shown that the requirement of probability con-
servation implies that the Hamiltonian operator H which appears in the Schrodinger
equation (3.21) must be Hermitian when acting on square integrable wave functions.
Of course, since the condition (3.29) expressing the conservation in time of the
normalisation of W(r,r) has been shown above to follow from the Schrédinger
equation (3.19), it follows that the Hamiltonian (3.20) of a particle in a real potential
V(r, t) is a Hermitian operator.

Probability current density

Let us now return to equation (3.35). Since the rate of change of the probability of
finding the particle in the volume V is equal to the probability flux passing through the
surface S bounding V, the vector j given by (3.34) can be interpreted as a probability
current density. The equation

d
a—tP(r, 1)+ V.jr,1)=0 3.39)

which follows from (3.33) is analogous to the continuity equation expressing charge
conservation in electrodynamics or the conservation of matter in hydrodynamics. It
has the familiar form associated with the conservation law for a classical fluid of
density P and current density j in a medium where there are no sources or sinks.
Note that the probability current density (3.34) may also be written as

jr, 1) = Re{W*%V\IJ}. (3.40)
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33

Since the operator (fi/im)V represents the quantity p/m (that is, the velocity v of
the particle) we see that j corresponds to the product of the velocity and the density.
Thus it is reasonable to interpret j as a probability current density. We also remark
from (3.40) that j vanishes if the wave function W is real. In order to describe situations
in which the probability current is non-zero it is therefore necessary to use complex
wave functions. Finally, we remark that since the wave function ¥ and its gradient
VW are continuous functions of r, the probability current density j(r, r) as well as
the probability density P(r, t) have no discontinuous changes as r varies.

Expectation values and operators

Let W(r, t) be the wave function of a particle, normalised to unity. Given the proba-
bilistic interpretation attached to W, we shall now show how information concerning
the behaviour of the particle can be extracted from the knowledge of W. First of all,
since P(r, t)dr = W*(r, 1)¥(r, t)dr is the probability of finding the particle in the
volume element dr about the point r at the time ¢, the expectation value (or average
value) of the position vector r of the particle, which we shall write (r), is given by

(r) = /rP(r, t)dr

= / v*(r, Hry(r, 1)dr. 3.41)

The order of the factors in the integrand is obviously immaterial; the one we have
adopted in the second line of (3.41) has been chosen for future convenience.

As a result of the interpretation of P(r, t) as the position probability density, the
physical meaning to be attributed to the expectation value (r)- is the following: it
is the average value of the measurements of r performed on a very large number
of equivalent, identically prepared independent systems represented by the wave
function W. We remark that equation (3.41) is equivalent to the three equations

(x) = /\l’*(r,t)x\l'(r,t)dr (3.42a)
(y) = / Y*(r, )yW(r, r)dr (3.42b)
(z) = /\ll*(r,t)zlll(r, ndr. (3.42¢)

It should be noted that the expectation values are functions only of the time, since the
space coordinates have been integrated out. We also remark that the quantities (x),
{(y) and (z) are obviously real, so that the three components x, y and z, considered
as operators acting on the wave function W(r, 7) on the right of equations (3.42) are
Hermitian (see (3.38)).
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More generally, the expectation value of an arbitrary function
f(r, 1) = f(x,y,z,t) of the coordinates of the particle and of the time is given by

(fr,n) = /f(r, B P(r, t)dr

= /\Il*(r, 1) f(r,)Y(r, r)dr (3.43)

provided, of course, that the integral exists. The order of the factors in the integrand
has again been chosen for future convenience. Note that f(r, t), considered as an
operator acting on W(r, 1), is Hermitian if the function f is real. As an example, the
expectation value of the potential energy is

(V(r,n) = / W (r, )V (r, )W (r, t)dr. 3.4)

In order to calculate the expectation value of the momentum p of the particle,
we recall that if ®(p, t) is the wave function of the particle in momentum space,
normalised to unity, then T1(p, t)dp = ®*(p, t) P (p, r)dp is the probability of finding
at time ¢ the momentum of the particle within the volume element dp = dp,dp,dp.
about the point p = (py, py, p.) in momentum space (see (2.63)). The expectation
value of p is therefore given by

p) = / pIl(p, n)dp

- / *(p, /)p®(p, 1)dp (3.45)

an equation which is equivalent to the three equations
(pe) = f ®*(p, 1) p®(p, 1)dp (3.463)
(py) = / ®*(p, 1) pyd(p, 1)dp (3.46b)
(p) = / ®*(p, 1) p-®(p, 1)dp. (3.460)

More generally, the expectation value of an arbitrary function
g(p, 1) = 8(px, Py, P> 1) is

(8. 1) = / ¢(p, DTI(p, 1)dp

= / o*(p, g (p, )P (p, 1dp. (3.47)
For example, the expectation value of the kinetic energy is
P 2

2
PR
(ﬁ- / @*(p.1)5 -0 (. Ndp (3.48)
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We shall now obtain another form of the expectation value of p which involves
the wave function in configuration space, W(r, t), rather than the wave function in
momentum space, ¥ (p, 7). To this end, we consider first the expectation value of p,,
given by (3.46a). Using (2.61) to express ®(p, 1) in terms of W(r, ) and writing in
a similar way

o*(p, 1) = Qmh)~3? / eP T/ (| 1dr’ (3.49)
we obtain upon substitution in (3.46a)

(px) = Qah)~3 / dp / dr / dr'e®T (e 1) pee P, 1), (3.50)
Now we observe that

pxe_i""/h - pxe—i(p(X+p\y+p:z)/h

0 .
= jh—e P/ 3.51)
ox

so that we may write (3.50) in the form

(px) = Qah)~3 / dp / dr / dr'eP T/ (r, r)(ih;—xe‘i""/")\ll(r, 1. (3.52)

Let us now integrate by parts with respect to x. The integrated part, which is
proportional to the value of the wave function W(r, t) at |[x| = oo, vanishes since
W(r, 1) is a normalisable wave function which is equal to zero in the limit |x| — o0.
We therefore have

(ps) = @rh)~3 / dp / dr / dr'w*(r', r)elP-r-n/h [—iha%\ll(r, z)]. (3.53)

Now, from equation (A.50) of Appendix A we have

st —r) = Qah)~? / eP-F-N/hgp (3.54)
where § is the Dirac delta function. The p integration in (3.53) is thus readily
performed to yield

a
(px) = /dr/dr’\ll*(r’, né — r)[——ihalb(r, t)] (3.55)

and from equation (A.51) of Appendix A, we can perform the r’ integration to obtain

(px) = / w*(r, 1) (—ih%)ql(r, t)dr. (3.56a)

Proceeding in a similar way with (p,) and (p.), we find that

{py) =/\P*(r, t)(—-ih%)\l'(r, t)dr (3.56b)
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and

(p;) = / v*(r, t) (——ih%)\v(r, t)dr. (3.56¢)
The three equations (3.56) are equivalent to the single equation

(p) = / W*(r, 1) (—iAV)W(r, t)dr. 3.57)

We also remark that equations (3.46) imply that the expectation values (p,), (p,) and
(p.) are real, so that the operators (—ikd/dx), (—i/d/dy) and (—ikd/dz) acting on
the wave function W (r, t) are Hermitian.

The result (3.57) can be generalised to more complicated functions. For example,
if n is a positive integer, we have by using a straightforward generalisation of the
above method (Problem 3.3)

(o) = / v, t)(—irz%) w(r, dr. (3.58)

More generally, if g(px, py, p., ) is a polynomial or an absolutely convergent series
in py, py, p-, one has

a a a
(8(px, Pys P22 1)) =/\P*(r, t)g(—iha,—iha,—ihgz,t)\ll(r, ndr (3.59)
or, using a more compact notation
(&(p, 1) =/\P*(r,t)g(—ihV, HWY(r, r)dr (3.60)

and we note that the operator g(—iAV, t) is Hermitian if the function g is real.

Looking back at the expectation values (3.41)—(3.44) and (3.56)—(3.60) obtained
from the wave function W(r, t) in configuration space, we see that they can all be
written in the form

(A) =/\P*(r,t)A\ll(r, t)dr 3.61)

where A is the operator associated with the quantity whose average value is to be
evaluated. If we are dealing with a function f(r, 1) of the coordinates of the particles
and of the time, then the action of A on W consists of multiplying the wave function
W by the function f(r, ¢). If the quantity whose expectation value is to be calculated
is a function g(p, ), the operator A is obtained by making in g(p, ¢) the substitution
p — —ih'V; we note that this is precisely the substitution which allowed us to obtain
the Schrodinger equation (see (3.13)).

It is important to remark that the operators which we have considered thus far are
either multipliers or derivatives, and hence belong to the category of linear operators.
An operator A is said to be linear if its action on any two functions W; and W, is such
that

AV + 2 ¥)) = 1 (AY)) + 2 (AW,) (3.62)
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where ¢} and ¢, are arbitrary complex numbers. Most of the operators relevant in
quantum mechanics are linear, and in what follows, unless otherwise stated, the term
‘operator’ will mean a linear operator.
Until now we have considered quantities which are either functions f (r, t) of r and
t or functions g(p, 1) of pand r. However, some dynamical variables can be functions
of r, pand, and thus can contain r and p simultaneously. This is the case, for example,
for the total energy E = p?/2m+ V(r, t) of a particle moving in a potential, to which
is associated the Hamiltonian operator (3.20), namely H = —(R?/2m)V2 + V(r,1).
In order to find a method for evaluating the average value of E, we shall in accordance
with the correspondence principle, require that
p
(E) =<—>+(V) (3.63)
2m

so that we obtain the correct averages in the classical limit (see (3.22)—(3.23)).
Remembering the substitution rules (3.25) we may also write the relation (3.63)
as

9 R _,
(02)=(- 2o} e oo

and we see that the above equation is consistent with the Schrodinger equation (3.19)
provided that the expectation value is defined in the general case with the operator
acting on the right on W, and multiplied on the left by W*. Thus we have

(E) = /\D*(r, t)(ih%)\l!(r, t)dr

2
= /\D*(r, HHWY(r, r)dr=/\ll*(r, t)[——;—mV2+V(r, t)]\l!(r,t)dr

= (H). (3.65)

Generalising the above results, we are therefore led to postulate that if the dynamical
state of a particle is described by the configuration space wave function W(r, 1),
normalised to unity, the expectation value of a dynamical variable must be calculated
as follows.

(1) One first associates with the dynamical variable A = A(r, p, 1) representing a
physical quantity, the linear operator

A(r, —-ihV, 1) (3.66)

obtained by performing the substitution p — —i#'V wherever the momentum p
occurs. This rule, however, needs some qualifications, which will be discussed
shortly.

(2) One then calculates the required expectation value from the expression

(A) = /\Il*(r, NA(r, —ihV, )W(r, r)dr. 3.67)
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Table 3.1 Physical quantities and corresponding operators acting in configuration space.

Physical quantity Operator
Position coordinate x X
Position vector r r
x component of momentum p, —ihZL
Momentum p —ihv
2

Kinetic energy T = - _Ry2
Potential energy V(r, t) V(r,t)

2
Total energy §- + V(r, t) H= —QFZ,VZ +V b

If the wave function W(r, t) is not normalised to unity, the expression (3.67)
must of course be replaced by

_ S *(r, A, —ihV, D)W (r, 1)dr
- [ W(r, )W (r, )dr

The operators A associated with physical quantities .A are subject to an important
restriction, which arises in the following way. The results of measurements of .4, and

hence the expectation value (A), must obviously be real quantities. As aconsequence,
for any wave function W, the condition

(4)

(3.68)

/\P*A\lldr= /(A\D)*\Pdr (3.69)

has to be satisfied, which means that the operator A associated with the dynamical
quantity A must be Hermitian. A few important (linear) Hermitian operators acting
in configuration space are listed in Table 3.1, together with the physical quantities to
which they correspond.

As we have already seen, the requirement of the reality of expectation values — and
hence the Hermitian character of the operators A associated with dynamical quantities
—is automatically satisfied for real functions f (r, t) or g(p, t). However, for functions
which depend on both r and p, this is not necessarily the case. Consider, for example, a
particle moving in one dimension, described by the wave function W (x, t), normalised
to unity, and suppose that we wish to calculate the expectation value of the quantity
xpyx. Following the rule stated above, we write

+oc 9
(xpy) =/ \ll*(x,t)x(-ih—)lll(x,t)dx. (3.70)
0 0x
Integrating by parts and dropping the arguments of W and W* to simplify the notation,
we have

+00

a
(xpy) = [—iAx W V]2 + ih/ \Va(x\ll*)dx. 3.71)
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The integrated part vanishes since |¥/| — 0 when |x| — oo. Thus

+00 3\1»‘* +00
(xpx) = ih/ Wx 5 dx+ih/ W*Wdx

o0 X 00

= (xpx)* +ih (3.72)

where (xp,)* denotes the complex conjugate of (xp,). Since the second term on the
right of (3.72) is non-zero, it is clear that (xp,) is not a real quantity, and therefore
that the operator xp, = x(—ikd/dx) is not Hermitian. Similarly, it is readily checked
(Problem 3.4) that

(pxx) = (pxx)* — ik 3.73)

so that (p,x) is not real and the operator p,x = (—ikhd/dx)x is not Hermitian.
However, a glance at equations (3.72) and (3.73) shows that

Xpx + puX _ xpx + pax\*
2 2

so that the operator (xp, + p.x)/2, obtained by taking the mean of the possible orders
in which x and p, appear, is Hermitian.

It is important to stress that in contrast to classical mechanics, where all quantities
obey the rules of ordinary algebra, we are dealing in quantum mechanics with
operators, which in general do not commute with each other. That is, if A and
B are two operators, the product A B is not necessarily equal to the product BA. The
commutator of two operators A and B is defined as the difference AB — BA and is
denoted by the symbol [A, B]:

3.749)

[A,B] = AB — BA. 3.75)

If their commutator vanishes, the two operators A and B commute: AB = BA.
As an example of operators which do not commute, let us consider the two operators
x and p, = —ihd/dx. For any wave function ¥(r, 1), we have

[x, px 1V = (xpx — pxx)¥
av 9
= —ihfx— — — (V)
dx  ox
= iV (3.76)
so that we may write the relation [x, p,] = if. More generally,

[x, px] =1y, py]1 = [z, p:.] = ih. 3.77)

As a consequence of the non-commutativity of operators, different quantum mechan-
ical operators may correspond to equivalent classical quantities. For example, to the
three equivalent classical expressions

XPx, PxX, 5(Xpx + pxx) (3.78)
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correspond the three different operators

0 .0 1 ., 0 ., 0
x(—lh a), (—1h $>x, E[x (—1ha—x) + (—1hg)x] (3.79)

and we have seen above that only the last one is Hermitian.

We can now give a more precise meaning to the rule (3.66) which associates a
linear operator A with a dynamical quantity. As stated previously, we must perform
the substitution p — —iAV wherever the momentum p appears. However, when
necessary, we must also remove the ambiguity in the order of the factors of x and
px (and similarly for y, p, and z, p,). To this end we shall require that the resulting
operator A be Hermitian. In the case of the products xp, and p,x we have seen
that this ‘Hermitisation’ can be accomplished by taking the mean between the two
possible orders of x and p,. This result can be generalised (Problem 3.5) and, in
practice, the following procedure can be used:

(1) The function is ordered in such a way that all the factors involving x occur
together, as do all the factors involving p, (and similarly for y, p, and z, p.).

(2) One then replaces x*p! by (x* p! + p’x*)/2, which guarantees that the op-

erator A will be Hermitian. Although this procedure is still not completely
unambiguous*, it will be fully adequate to handle all the cases studied in this
book.

We conclude this section with the following remark. Although we started our
discussion of expectation values by giving equal emphasis to the configuration-space
wave function W (r, 1) and the momentum-space wave function ® (p, t) (compare for
example equations (3.41) and (3.45)), we continued our treatment by using exclusively
the configuration-space wave function W(r, ). The reason is that the Schrodinger
equation and its interpretation have been developed earlier in this chapter in the more
familiar configuration space. At the end of this chapter we shall restore the symmetry
between the treatments in configuration and momentum space by discussing the
Schrodinger equation, as well as operators and expectation values, in momentum
space.

Transition from quantum mechanics to classical mechanics. The
Ehrenfest theorem

According to the correspondence principle, we expect that the motion of a wave
packet should agree with that of the corresponding classical particle whenever the
distances and momenta involved in describing the motion of the particle are so large
that the uncertainty principle may be ignored. In order to investigate this point, we

4 For a detailed discussion of this point, see Bohm (1951), Chapter 9.
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shall prove a theorem which is due to P. Ehrenfest (1927). It states that Newton'’s
fundamental equations of classical dynamics, written in the form?

d
aa_ P (3.80a)
dr m

and
d
P__vv (3.80b)
dr

are exactly satisfied by the expectation (average) values of the corresponding op-
erators in quantum mechanics, these expectation values being calculated according
to equation (3.67), where W(r, 1) is a square-integrable solution of the Schrédinger
equation (3.19), normalised to unity. It is worth stressing that well-defined trajectories
do not exist in quantum mechanics, so that equations such as (3.80) which give the
values of dr/dr and dp/dr along a classical path cannot be written. However, it is
possible to study the time rates of change of the expectation values (r) and (p).

Let us consider first the expectation value of x, which is given by (3.42a). The
time rate of change of (x) is

d d .
a(x) = a/\l! (r, H)xW¥(r, t)dr
= /\y*(r, r)xawg' t)dr+‘/&;(:'—r—)xlll(r, t)dr. (3.81)

This equation can be transformed by using the Schrédinger equation (3.21) and its
complex conjugate (3.36). Dropping the arguments of ¥ and W* for notational
simplicity, we have in this way

d%(x) = (ih)"[/ lll*x(HlII)dr——/(HlI/)*x\l'dr]

h2
= (ih)“[/ \l»’*x(——z—Vz‘I/ + Vlll)dr
m

h2
—/(——VZ\II* + vw*)x\ydr]. (3.82)
2m
The terms involving the potential V cancel out, so that
d ih * 2 2\ *
—(x) = —/[lll x (V) — (VU )xW]dr. (3.83)
dr 2m

5 Note that equations (3.80) indeed reduce to the familiar Newtonian equations

d’r dp

ST

where the force F is assumed to derive from a potential, F = —VV.
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Let us consider the second contribution to the integral. Using Green’s first identity®
and remembering that the volume V is the entire space, we obtain

/(VZ\D*)x\Pdr= /x\ll(V\lJ*).dS—/(V\D*).V(x\ll)dr. (3.84)
S

The first integral on the right is over the infinite bounding surface S, and hence is
equal to zero because the wave function W vanishes at large distances. Consequently,
we have

/ (VAU*)xWdr = — / (V). V(xW)dr. (3.85)
Using again Green’s first identity, we have
- /(V\P*).V(x\l!)dr =- /S UV (xW).dS + / WV (xW)dr. (3.86)
Again the surface integral vanishes, so that
/ (V2W*)xWdr = / W*V2(x W)dr. (3.87)
Putting this result back into the equation (3.83) for d(x)/dt, we find that
i

d
a<x) =5 U [x V2 — V2 (xW)]dr

ik v

—— | ¥*—dr. (3.88)
m dx

On the other hand, the expectation value of the x-component of the momentum is
given by (3.56a), so that we have
_ (Px)

d
Sw=" (3.89)

which is the quantum counterpart of the x-component of the classical equation (3.80a).
Let us now calculate the time rate of change of (p,). We have from (3.56a)

d d oW
Lo = —ins [ w224
g (P = dt/ ax "
3 AW W W
—in| [ w224 HMar. !
' [/ dx ot r+/ ot axdr] (3.90)

6 Green’s first identity states that if u(x, y,z) and v(x, y, z) are scalar functions of position with
continuous derivatives of at least the second order, then

/[u(Vzv)+(Vu).(Vv)]dr:/u(Vv).dS
v N

where V is a volume bounded by the closed surface S. To obtain (3.84) set 4 = xW and v = W*.
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Replacing, respectively, 0W/dt and dW¥*/dt according to the Schrodinger equa-
tion (3.21) and its complex conjugate (3.36), we obtain

d 9 K? K2 v
— =—| v'—(—-——VXW 4+ VYV |d ——V2U* 4+ VU* ) —d
ar Pe) / ax( e Ot )H/( m + )Bx r

K2 oV oV
= — | [w*{ VvV —) - (V2U*) — |dr
2m ox 0x

0 v

-—/\l’* —((VW¥) — V— |dr. 3.91)
dx dx

Assuming that 0W/dx, as well as W, vanishes at large distances, the first integral on

the right of (3.91) is equal to zero by Green’s second identity’, in which u = W* and
v = 0W/dx. The second integral on the right of (3.91) is just

0 oV aV
—/\l’* —((V¥)—V—|dr = ——/lll*—\l/dr

dx dx dx

Vv
= ——<—> 3.92)
0x
so that
aV

d
500 =~{5) (393)

which is the quantum counterpart of the x-component of the classical equation (3.80b).
Equations (3.89) and (3.93), together with similar ones for the y- and z-components,
constitute the mathematical formulation of the Ehrenfest theorem.

3.5 The time-independent Schréodinger equation. Stationary states

Let us now consider the particular case such that the potential energy V of the particle
does not depend on the time. The Hamiltonian operator H = —(h? /2m)V2 4+ V(r)is
then also time-independent, and the time-dependent Schrodinger equation (3.19) sim-
plifies considerably. Indeed, we shall show below that it admits particular solutions
of the form

W (r, 1) =y (r)f(1) (3.94)
which are products of functions of r and 7 separately; we shall also see that the general

solution of (3.19) can be expressed as a sum of such ‘separable’ solutions.

7 Green’s second identity states that if u(x, y. z) and v(x, y, z) are scalar functions of position with
continuous derivatives of at least the second order, then

/ [u(VZv) — v(V2u)]dr = /[u(Vv) — v(Vu)].dS
v S

where V is a volume bounded by the closed surface S.
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In order to prove that particular solutions of the Schrodinger equation (3.19) can
be written in the product form (3.94) when V is independent of ¢, we apply to that
equation the method of separation of variables. Substituting (3.94) into (3.19), we
have

d h?
iy (r) ’;(’) - [——Vzw(r) + V(r)xlf(r)]f(r)- (395)
t 2m
Dividing both sides of this equation by W(r, ) = ¥/ (r) f(¢), we find that
1 df(n 1 o, ]
s~ = o [— SV ® + VoY@ |- (3.96)

Since the left-hand side depends only on 7 and the right-hand side only on r, both
sides must be equal to a constant. As this constant has the dimensions of an energy,
we shall denote it tentatively by E. We therefore obtain the two equations

ih%f(t) =Ef(1) 3.97)
and
h_,
——V 4+ V() |¢¥(r) = EY(r). (3.98)
2m

The first equation can be immediately integrated to give
f() = Cexp(—iEt/h) (3.99)

where C is an arbitrary constant. Because the solution (3.94) is in product form and
equations (3.97) and (3.98) are homogeneous, there is no loss of generality in taking
C = 1 and writing the particular solution (3.94) in the form

W(r, 1) = ¥(r) exp(—iEt/h). (3.100)

Equation (3.98), which must be satisfied by the function ¥ (r), is called the time-
independent Schridinger equation. In contrast to the time-dependent Schrodinger
equation (3.19), which describes the time development of the wave function W (r, 1),
we shall see shortly that equation (3.98) is an eigenvalue equation. Before proceeding
with the analysis of (3.98), it is therefore useful to review a few basic features of
eigenvalue equations.

Eigenvalue equations are equations of the type

Awn = ay ]//n (3.101)

where A is an operator and a, is a number. A solution v, of such an equation is called
an eigenfunction corresponding to the eigenvalue a, of the operator A. We see that
the eigenvalue equation (3.101) states that the operator A, acting on certain functions
Y, (the eigenfunctions) will give back these functions multiplied by constants a, (the
eigenvalues). In order that this eigenvalue problem be well defined, the conditions
of regularity and the boundary conditions to be satisfied by the functions ¥, must
be specified. If more than one linearly independent eigenfunction corresponds to the
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same eigenvalue a,, this eigenvalue is said to be degenerate; the degree of degeneracy
is defined as the number of linearly independent eigenfunctions corresponding to that
eigenvalue.

Let us now return to the time-independent Schrodinger equation (3.98). Remember-
ing that the Hamiltonian operator of the particle is givenby H = —(#%/2m)V2+V(r),
we may write this equation in the form of the eigenvalue equation

Hy(r) = Ey(r) (3.102)

where it is understood that the eigenfunction v (r) corresponds to the eigenvalue E.
When we wish to emphasise this fact we shall add a subscript E to the eigenfunction
¥(r), thus writing ¥ £(r) = ¥ (r). We remark that since H is assumed to be time-
independent, a ‘separable’ solution (3.100) of the Schrodinger equation (3.19) is also
an eigenfunction of H corresponding to the eigenvalue E, and hence satisfies the
equation

HY = EV. (3.103)

This last conclusion can also be reached by acting on the wave function (3.100) with
the total energy operator E,, = i2d/dt. We obtain in this way

a
ihalll =EV (3.104)

which shows that the ‘separable’ wave function (3.100) is an eigenfunction of the
energy operator i#3/dt with eigenvalue E. Using (3.104) and the fact that (3.100)
is a solution of (3.21) when H is time-independent we retrieve the result (3.103), as
expected.

The above discussion strongly suggests that the wave function (3.100) corresponds
to a state in which the total energy has the precise (numerical) value E. To show that
this is the case, we first note that E is real. Indeed, for any ‘separable’ wave function
of the form (3.100) the position probability density is given by

P(r,t) = U*(r, )W (r,1)

= Y O)Y (D) exp[—%(E - E*)t]. (3.105)

Assuming that ¥ is square integrable, we have from probability conservation, as
expressed by equation (3.29)

(E - E*)/ W (r, HW(r, t)dr=0 (3.106)

where the integration is over all space. Hence E = E* and E is real. Now we have
seen in Section 3.2 that the probability conservation equation (3.29) implies that the
Hamiltonian operator H is Hermitian. We may therefore say that the eigenvalues E of
the time-independent Schrodinger equation (3.102) are real because the Hamiltonian
H is Hermitian. More generally, we shall see in Chapter 5 that the eigenvalues of
any Hermitian operator are always real.
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Let us now calculate the expectation value of the total energy in a state described
by the wave function (3.100). Using (3.65), (3.21) and (3.103), we have

(E) = /lll*(r, t)(ih%)\ll(r, t)dr=/\11*(r, HHY(r, t)dr
=E (3.107)

where we have assumed that the wave function (3.100) is normalised to unity.
From (3.64) and (3.65) we may also write the above relation as

E = (H)=(T) + (V). (3.108)

Thus the number E is the expectation value of the total energy in the state (3.100).
More generally, we see that for a state (3.100) normalised to unity we have

(E™) =/\P*(r,t)H"lII(r, t)dr = E". (3.109)

Hence, if f(E) is a function of the energy which can be expanded in an absolutely
convergent power series in E,

fE)=) a,E" (3.110)

its expectation value, in a state (3.100) normalised to unity, is given by

(f(E)) =) an(E") =) a,E" = f(E) (3.111)
n n

so that the wave function (3.100) describes a state in which the total energy has the def-
inite numerical value E. In other words, a measurement of the energy on any member
of an ensemble of identically prepared systems described by the wave function (3.100)
will produce the same numerical value E. For this reason the eigenvalues E appearing
in the time-independent Schrodinger equation (3.102) are called energy eigenvalues,
the corresponding eigenfunctions ¥ £ (r) = ¥ (r) of the Hamiltonian operator H being
the energy eigenfunctions. Since ¥ (r) and the ‘separable’ state (3.100) differ only
by the time-dependent phase factor exp(—iEt/h), the spatial factor ¥ (r) is called a
time-independent wave function.

Stationary states

The states (3.100) corresponding to a precise value E of the total energy have
interesting properties. First of all, since E is real, we see from (3.105) that the
position probability density corresponding to these states is given by

P(r) = y* (Y () = [Y ()] (3.112)

and hence is constant in time. For this reason the states (3.100) are called stationary
states. We also note from (3.34) and (3.100) that the probability current density
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3.6

corresponding to stationary states reads

: h * *

i) = %Wf OIVYy®] - [VY*(D)ly ()} (3.113)
and is also constant in time. Moreover, the continuity equation (3.39) reduces to

V.j(r) =0. (3.114)

An example of a stationary state is the plane wave (3.9), which can be written
in the ‘separable’ form (3.100), with ¥ (r) = Aexp(ip.r/A). It is a stationary
state describing a free particle of well-defined momentum p and definite energy
E = p?*/2m.

It is important to note that for stationary states (3.100) the expectation value of
any operator A is independent of the time ¢, provided that A itself does not depend
explicitly on 7. Indeed, for such an operator we have, from (3.68) and (3.100),

S, HA(r, —iAV)W(r, 1)dr
[, H)¥(r, n)dr

S Y*()A(r, —ih V)Y (r)dr
S Y@y mdr
and we see that (A) is time-independent. In particular, since the time-independent
operators r and —iA'V are associated respectively with the basic dynamical variables
r and p, the expectation values of r and p,, = —iAV are independent of time for
stationary states.

It is apparent from the time-independent Schrédinger equation (3.102) that if ¢
is a solution of that equation corresponding to the eigenvalue E, all multiplies of
are also solutions of (3.102) corresponding to that eigenvalue. Since wave functions
differing by a constant multiplicative factor describe the same physical state, we shall
not regard two solutions of (3.102) to be distinct if they differ only by a constant
factor. Note that since W*(r, 1)W(r, t) = ¢¥*(r)y (r) for a stationary state (3.100), it
follows that if this state is normalised to unity, then

(A) =

(3.115)

/ Y)Y (r)dr = 1 (3.116)

so that the energy eigenfunctions ¥ (r) are also normalised to unity. Clearly, in this
case two solutions of (3.102) which are multiples of each other can differ only by a
constant ‘phase factor’ of unit modulus, having the form exp(ir), where « is a real
constant.

Energy quantisation
We have seen above that the time-independent Schrodinger equation (3.102) is an

eigenvalue equation. We shall now show that physically acceptable solutions of that
equation exist only for certain values of the total energy E.
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To see how this comes about, let us consider the simple case of a particle moving
in one dimension in a potential V (x). The stationary states (3.100) then read

W(x, 1) = ¥(x)exp(—iEt/h) (3.117)

and the energy eigenfunctions v (x) are solutions of the time-independent Schrédinger
equation

2 2
Ay () = - TV 4y oy = Ey ) @3.118)
2m dx?
which we shall rewrite for convenience as
d? 2
T = B vw - B, (3.119)

Since this is a second-order linear differential equation, it always has two linearly
independent solutions, for any E. Provided V(x) is finite everywhere, we see
from (3.119) that the second derivative dv(x)/dx? is also finite, so that dyr (x)/dx,
and, therefore, V¥ (x) are continuous for all x, in agreement with the general continuity
properties of the wave function noted at the end of Section 3.1. Moreover, in
order to maintain the probabilistic interpretation of the wave function discussed
in Chapter 2 and in Section 3.2, we shall impose the physical requirement that a
solution ¥ (x) of equation (3.119) must be finite and single-valued everywhere. The
eigenfunctions ¥ (x) we are looking for are therefore solutions of equation (3.119),
such that each solution is finite, continuous and has a continuous derivative over
the entire interval (—oo, +00). It is worth noting that since both E and V(x)
are real, if ¥ (x) is an eigenfunction of equation (3.119), so is also its complex
conjugate ¥*(x). Consequently, the real part [{(x) + ¥*(x)]/2 and the imaginary
part [{¥(x) — ¥*(x)]/2i of an eigenfunction ¥ (x) are also solutions of (3.119).
Because both [¢(x) + ¢¥*(x)]/2 and [ (x) — ¥*(x)]/2i are real functions, we only
need to know the real eigenfunctions of (3.119) to construct all the eigenfunctions
corresponding to a given eigenvalue. In the remaining part of this section we shall
take advantage of this fact which allows us to restrict our attention to the real solutions
of (3.119), without loss of generality. In particular, this will permit us to plot real
solutions ¥ (x) in the usual way, instead of representing for instance the real and
imaginary parts of a complex ¥ (x).

As an example, let us study the case of a potential V (x) having the form shown
in Fig. 3.1. This potential is equal to the value V_ for x — —o00. As x increases,
V (x) decreases and attains a minimum value Vi, = V(xp) at x = xq. For values of
x larger than xo the potential V (x) is assumed to increase until it eventually becomes
equal to the value V, when x — +00. Four cases must be distinguished, depending
on the value of the energy E (see Fig. 3.1).

Case 1: E < Vpin

In this case the quantity V (x) — E is always positive, so that from (3.119) it is apparent
that the second derivative of the wave function, d?i (x)/dx?, has always the same
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Figure 3.1 lllustration of the one-dimensional potential well V(x) considered in the text. For
x — —oo the potential V(x) tends to V_ and for x — +oo it tends to V. At x = x it attains
the minimum value Viin. Also shown are four values of the total energy E (represented by
horizontal lines) corresponding to the four cases which can occur. The points x; and x; are the
classical turning points corresponding to the case Vimin < E < V_, and x3 is the classical turning
point corresponding to the case V_ < £ < V..

sign as ¥ (x). Now the behaviour of a function ¥ (x) near a point x = x, where
¥ (x) and d*¥ (x)/dx? have the same sign is easily predicted and is illustrated in
Fig. 3.2. If ¥ (x) > O, then ¥ (x) will be concave upwards in the vicinity of x = x
(see Fig. 3.2(a)); if ¥ (x) < O then ¥ (x) will be concave downwards in this vicinity
(see Fig. 3.2(b)); if ¥ (x) = 0 then ¥ (x) will ‘escape’ away from the x-axis on
both sides of the point x = x (see Fig. 3.2(c)). Since V(x) — E > O for all x, it
is clear that a solution ¥ (x) of (3.119) which remains finite everywhere cannot be
found. Indeed, | (x)| grows without limit either (a) as x — 400 and x — —00
or (b) as x - +00 or x = —o0. The best we can do is to select from among the
two linearly independent solutions of (3.119) a function ¥ (x) which approaches the
x-axis asymptotically either on the left side (see Fig. 3.3(a)) or on the right side (see
Fig. 3.3(b)), but then this solution will necessarily ‘blow up’ on the other side. We
therefore conclude that there is no physically acceptable solution of equation (3.119)
when E < V(x) for all x. We also remark that because the kinetic energy E — V (x)
is everywhere negative, no classical motion would be possible in this case.
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Figure 3.2 The local behaviour of a real solution ¥ (x) of equation (3.119) near a point x = X,
when E < Vpin, for the three cases (a) ¢ (x) > 0, (b) ¥(X) < 0 and (c) ¥ (X) = 0.
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Figure 3.3 Nlustration of solutions ¥ (x) of equation (3.119) approaching the x-axis asymptot-
ically (a) on the left side and (b) on the right side, for the case £ < Vmin. In both cases it is
assumed that ¢ (x) > 0.
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Case 2: Vpin < E < V_

Referring to Fig. 3.1, we see that E — V (x) vanishes at the two points x = x; and
x = x;. The points for which E = V(x) are called the classical turning points
because they are the limits of the motion of a classical particle of energy E. Indeed,
the regions for which the kinetic energy E — V (x) is negative are inaccessible to a
classical particle. At a turning point the kinetic energy is zero, so that a classical
particle would stop and turn around at this point. In the present case the motion of a
classical particle would therefore be confined to the interval x; < x < x3.

Quantum mechanically, we shall now show that physically admissible solutions
only exist for certain discrete values of the energy E. To see this, let us examine
the behaviour of the solutions ¥ (x) of (3.119) in the ‘internal’ region x; < x < x;
and in the two ‘external’ regions x < x; and x > x,. In the internal region, where
E — V(x) > 0, d*y (x)/dx? is of opposite sign to ¥ (x). As a result, if x is a point
belonging to that region, and if ¥ (x) > 0, then ¥ (x) will be concave downwards
in the vicinity of x = x (see Fig. 3.4(a)); if ¥/ (x) < O then ¥ (x) will be concave
upwards in this vicinity (see Fig. 3.4(b)); if ¢ (x) = 0, then ¥ (x) will turn towards the
x-axis on both sides of x (see Fig. 3.4(c)). Thus, when x; < x < x;, ¥(x) is always
concave towards the x-axis and hence exhibits an oscillatory behaviour. It is worth
noting that 1 (x) might have several zeros in the internal region. The general solution
of (3.119) in the internal region is a linear combination of two linearly independent
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Figure 3.4 The local behaviour of a real solution ¥ (x) of equation (3.119) near a point x = X
belonging to the internal region where £ — V(x) > O for the three cases:
@ ¢ (%) >0, (b) y(x) <0, and (c) ¥(x) = 0.
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solutions, both of which are oscillatory.

In the external region x < x, the second derivative d?y (x)/dx? has the same sign
as ¥ (x), and therefore two linearly independent solutions of (3.119) can be found,
one which tends to zero as x — —o0, the other one being such that | (x)| increases
without limit as x — —o0. The general solution of (3.119) in the external region
X < x is a linear combination of these two particular solutions. Likewise, in the
external region x > x,, two particular linearly independent solutions of (3.119) can
be obtained: one which tends to zero as x — 400 and the other one such that |y (x)|
‘blows up’ as x — +00. Again, the general solution of (3.119) in the region x > x;
is a linear combination of these two particular solutions.

Now, the only physically admissible solution in the external region x < x; is the
one tending to zero as x — —00, and this solution is unique, apart from an irrelevant
multiplicative constant. The continuity of ¥ (x) anddy (x)/dx atx = x; then provides
two conditions® which determine a unique linear combination of the two independent
oscillatory solutions in the internal region x; < x < x;. Similarly, the continuity of
¥(x) and dy (x)/dx at x = x, provides two conditions which determine a unique
linear combination of the two independent solutions (one tending to zero and the other
one blowing up as x — 00) in the external region x > x;. Thus, in general, for a
given value of E such that V,;;, < E < V_, the unique solution ¥ (x) of (3.119) which
tends to zero as x — —oo will contain in the region x > x; a component such that
| (x)| increases without limit as x — +o00 (see Fig. 3.5(a) and 3.5(b)); it is therefore
physically inadmissible. However, since the value of d?y (x)/dx? and, hence, the
curvature of the solution ¥ (x) depend on the energy E, there may be certain discrete
value of E for which the solution in the internal region will join smoothly to the
solutions in the external regions which tend to zero as x - —oo and x — 400 (see
Fig. 3.5(c)). Such solutions, which are finite, continuous and having a continuous
derivative everywhere are eigenfunctions of (3.119). Since the probability density
P(x) = |¥(x)|? corresponding to these physically admissible solutions decreases to

8 The two conditions that ¥ (x) and dy(x)/dx be continuous at a given point are often referred to as
the conditions for ‘smooth’ matching (or joining) at that point.
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Figure 3.5 Diagrams (a), (b) and (c) show the behaviour of the solution of equation (3.119) at
energies just below, just above, and at a bound state energy, respectively. All three solutions
decrease to zero as x — —oo. Itis seen that in cases (a) and (b) the solutions diverge as x — +o0,
while in case (c) the solution tends asymptotically to zero as x — +oo.

zero as |x| — oo, these eigenfunctions are said to represent bound states, and the
corresponding discrete energies are called bound-state energies. We have therefore
obtained a fundamental result: the quantisation of the bound-state energies, and we
see that the determination of the quantised energies appears in Schrodinger’s wave
mechanics as an eigenvalue problem. The number of discrete energy levels depends
on the nature of the potential V (x); it can be finite or infinite.

It is important to remark that in contrast to classical mechanics, where in the case
Vmin < E < V_ the motion is strictly confined to the internal region (between
the turning points), a quantum mechanical bound-state wave function ¥ (x) extends
outside the internal region and vanishes only in the limits x — $00. Thus, although
the position probability density P(x) = |¥(x)|* decreases as one goes deeper and
deeper into the classically forbidden regions, it is nevertheless non-vanishing at finite
distances, and becomes equal to zero only in the limits x — +o0.

It is apparent from the above discussion that apart from a multiplicative constant
the physically admissible wave function corresponding to an allowed energy value
is unique, so that in one dimension the bound-state (discrete) energy eigenvalues
are non-degenerate. (In more than one dimension they may be degenerate.) This
property can also be proved as follows. Let us suppose for a moment that the contrary
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is true, and let ¥ (x) and ¥, (x) be two linearly independent eigenfunctions of (3.119)
corresponding to the same energy eigenvalue E. Since both ¥, (x) and y, (x) satisfy
the equation (3.119), we have

n n 2m
1 2
L2 (V-E) (3.120)
Vi Y2 K
where we have used the notation ;' = d?y,/dx? and ¥; = d®y,/dx?. Using (3.120)
we see that
V1Y — ¥y = Wiy — Way) =0 (3.121)
where the prime denotes a derivative with respect to x. Integrating this relation, we
find that
Y1y, — Y2, = constant. (3.122)

We recognise on the left-hand side of this equation the Wronskian® of the two solutions
¥ and v¥,. Since we are dealing with bound states, both ¥; and v, vanish at infinity,
so that the constant in (3.122) must be equal to zero. Hence the Wronskian of v, and
¥, vanishes over the entire interval (—o0, +00) and

Yi_th (3.123)
¥ ¥

9 The Wronskian (determinant) of the two functions f (x) and g(x) is defined as
Wif gl = ; ;”,‘ =fg' —ef’.

If W[f, g] = 0 at a point xq of the x-axis, then f'/f = g'/g at that point, so that the two functions f
and g have the same logarithmic derivative at the point xo. If W[f, g] vanishes over the entire interval
(—00, +00) the two functions f and g are multiples of each other. Suppose now that f(x) and g(x) are,
respectively, solutions of the equations

"+ Fx)f
g"+Gx)g

0 0
0 (0]

in an interval (a, b) where the functions F(x) and G(x) are piecewise continuous. Multiplying (1) by g,
(2) by f and subtracting term by term, we obtain

fg" —gf" =(F-G)fg. 3

The left-hand side of this equation is just the derivative of the Wronskian W[ f, g]. Upon integration over
the interval (a, b), we therefore find that the overall variation of the Wronskian in the interval (a, b) is
given by

b
Wif. glh = f [F(x) = G f (x)g(x)dx. )

This property is known as the Wronskian theorem. As a consequence of this theorem, we see that if ¥, and
Y, are two solutions of the Schrodinger equation (3.119) corresponding to the same energy eigenvalue E,
their Wronskian is independent of x and is therefore a constant:

W[, ¥2] = constant. 5)
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Integrating this equation once more, we find that ¥, = c¢,, where ¢ is a constant; this
resultis in contradiction to the assumed linear independence of the two eigenfunctions.

Case3: V_ < E<V,

Looking again at Fig. 3.1, we note that in this energy interval there is only one classical
turning point, at x = x3, no classical motion being allowed in the region x > x3 for
which the kinetic energy E — V (x) is negative. A classical particle moving to the
right would thus be reflected at the turning point. Note that classically the particle is
unbound since it can move in an infinite region of the x-axis.

Quantum mechanically, we see that for x < x3 there are two linearly independent
solutions of (3.119) both of which are oscillatory, while for x > x3 two linearly
independent solutions can be found, one which tends to zero as x — +o00 and
the other which is unbounded when x — +o00. The only physically admissible
solution in the region x > x3 is the one tending to zero as x — 400, and this
solution is unique (except for a multiplicative constant). The continuity of ¥ (x) and
dy(x)/dx at x = x3 then yields two conditions which determine a unique linear
combination of the two independent oscillatory solutions in the region x < x3. A
typical eigenfunction obtained in this way is illustrated in Fig. 3.6(a). It is important
to remark that this ‘smooth matching’ at x = x3 can be made for every energy E in
the interval V_ < E < V,. We therefore conclude that in this energy interval the
allowed energies form a continuum and are non-degenerate.

We also note that in the present case the physically acceptable solutions of (3.119)
tend to zero as x — 400, but are non-zero and finite as x — —o0, so that the
particle can be found ‘at infinity’. Wave functions which are non-zero and finite at
infinity are said to correspond to unbound (or scattering) states. Such wave functions
are clearly not square integrable, and hence cannot be normalised by imposing the
condition (3.28). We shall return to this point in the next section.

Case4: E> V.,

In this case the kinetic energy E — V(x) is everywhere positive. Classically, the
particle is unbound and there are two independent states of motion, one in which the
particle moves from left to right, and the other one in which it moves from right to
left. Since d®y (x)/dx? is opposite in sign to ¥ (x) for all x in this energy region,
two linearly independent oscillatory solutions of (3.119) exist which are physically
admissible for every energy. Thus when E > V. the energy eigenvalues of (3.119)
form a continuum and are doubly degenerate. The corresponding eigenfunctions
¥ (x) are non-zero and finite as x — +00 and x — —o0; they describe unbound
(scattering) states. A typical eigenfunction of this kind is displayed in Fig. 3.6(b).

To summarise, we see that the eigenfunctions (that is the physically admissible
solutions) of the time-independent Schrodinger equation (3.119) correspond to bound
or unbound (scattering) states according to whether they vanish or are merely finite at
infinity. The values of the total energy E for which the time-independent Schrédinger
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Figure 3.6 Typical  eigenfunctions of the Schrodinger equation (3.119):
(a) for the case V_ < E < V4, and (b) for the case £ > V..
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equation has physically admissible solutions constitute the energy spectrum. For a
particle moving in a bounded potential V (x) this energy spectrum may contain a set
of discrete energy levels corresponding to the bound states; in addition, it contains
a continuous range of energies extending to E = 400, which corresponds to the
unbound states (see Fig. 3.7). The bound-state energies must belong to a region in
which the total energy E is such that the classical motion would be bound. Moreover,
the energies of the bound states are quantised, since only a discrete set of them is
allowed. As we have already seen in Section 1.4, the lowest discrete energy level is
called the ground-state energy of the system, and all discrete higher energy levels are
said to correspond to excited states. The energies of the unbound states are such that
the particle would classically also be unbound; since these energies form a continuum
there is no energy quantisation for unbound states.

Similar conclusions can be reached for the case of a particle of mass m moving
in three dimensions in a potential V (r). To be physically acceptable, a solution
Y (r) of the time-independent Schrodinger equation (3.98) and its partial derivatives
of the first order must be continuous, single-valued and bounded over all space.
According to whether they vanish or are merely finite at infinity, the eigenfunctions
of (3.98) are said to correspond to bound states or to unbound (scattering) states. It
can be shown that if V (r) is finite as »r — 00 in any direction, the energy spectrum
may contain a certain number of discrete (quantised) energy levels, corresponding
to bound states; in addition it contains a continuous range of energies corresponding
to unbound states. The bound states are analogous to the closed orbits of classical
mechanics; their energies cannot exceed the minimum value V_ that V (0o) has in
any direction; their number is finite (including zero) or infinite depending on the form
of V. The scattering states are analogous to the open orbits of classical mechanics;
their energies extend continuously from V_ to +00. A number of examples will
be analysed in Chapters 4 and 7 to illustrate, respectively, the one-dimensional and
three-dimensional situations.

It is interesting to note that if the potential energy V is changed by a constant (finite)
amount, the eigenfunctions of the time-independent Schrédinger equation (3.98) are
unchanged, while the eigenenergies are shifted by that constant (Problem 3.8). Indeed,
the addition of a constant to the potential energy has no physical effect (the force
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Figure 3.7 A typical energy spectrum for a one-dimensional potential well, containing both
discrete and continuum energy levels.

corresponding to a constant potential energy being equal to zero) and corresponds
simply to a change in the origin of the energy scale. We may therefore choose this
constant as we please. For example, if V (r) is bounded as r — 00, it is convenient to
choose V_ (the smallest value of V (00) in any direction) to be zero. In this case the
discrete bound-state energies (if any) will be negative and the continuous spectrum
will extend from E =0 to E = +o00.

Infinite potential energy

Until now we have considered potentials which are finite everywhere; this clearly
includes potentials which exhibit discontinuities of the first kind (finite jumps).
However, when the potential energy V is infinite'” anywhere, the boundary conditions
to be satisfied by the solutions of the time-independent Schrodinger equation must be
modified. Indeed, because a particle cannot have an infinite potential energy, it cannot
penetrate in a region of space where V = oc. Consequently, its wave function W(r, )
—and hence also the time-independent wave function v (r) — must vanish everywhere
in that region. The continuity of the wave function then requires that it also vanishes
on the border of that region. We remark that since V exhibits a discontinuity of
the second kind (infinite jump) across that border, V2y will also exhibit such a
discontinuity, so that Vi will be discontinuous (and hence undetermined) there. In
particular, a boundary surface at which there is an infinite potential step acts like a
perfectly rigid, impenetrable ‘wall’ where the wave function of the particle vanishes
and its gradient is undetermined.

10 potentials which have discontinuities (finite or infinite) are of course mathematical idealisations of
actual physical potentials.
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Figure 3.8 lllustration of the two potential wells described in the text: (a) V(x) jumps upwards
at x = x; and x = x; by the finite amount Vo > 0, (b) corresponds to the case Vo — oo.

The foregoing considerations will be illustrated in Section 4.3, where we shall study
in detail the one-dimensional potential step. Here, we analyse briefly another example,
which will be useful shortly in connection with the ‘normalisation’ of unbound wave
functions. We consider a one-dimensional potential well such as that represented in
Fig. 3.8(a). We assume that V (x) is finite for x; < x < x. Atx = x| it ‘jumps’
upwards from zero to the finite value Vp, and remains equal to Vj forx < x,. Similarly
at x = x», the potential ‘jumps’ by the positive amount V; from the value V; (which
for definiteness is taken to be positive) and is equal to V| + V for x > x,. According
to the analysis made earlier in this section, when the total energy E is smaller than
Vo, there may be a certain number of discrete bound states, while for £ > V; the
allowed energies form a continuum. Thus, as Vj increases the continuum part of the
spectrum will shrink and in the limit Vy — +00 (see Fig. 3.8(b)) the energy spectrum
will be entirely discrete, the allowed energy levels being determined by the boundary
conditions

Yx1)) =v(x2)=0 3.124)

which express the fact that the energy eigenfunctions must vanish at the two impen-
etrable walls of this one-dimensional box. The explicit determination of the energy
levels and eigenfunctions will be done in Section 4.5 for the particular case of an
infinite square well.

The above results are readily generalised to three dimensions. If we enclose a
three-dimensional system in a box with impenetrable walls, its energy spectrum will
be entirely discrete, the allowed energies being obtained from the requirement that
the wave function vanishes at the walls. The energy levels and eigenfunctions of a
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‘free’ particle constrained to move inside a three-dimensional box will be obtained
in this way in Section 7.1.

Finally, we remark that as the walls of the box recede towards infinity, we expect
on physical grounds that the energy spectrum will resemble more and more closely
that corresponding to the potential without walls. This fact will be verified explicitly
on the examples studied in Sections 4.5 and 7.1.

Properties of the energy eigenfunctions

In this section we shall obtain some important results concerning the energy eigenfunc-
tions, that is the physically acceptable solutions of the time-independent Schrédinger
equation (3.102). It will be convenient here to use the more explicit notation {¥g(r)
to denote an energy eigenfunction corresponding to the eigenvalue E.

Firstof all, let us examine the question of the normalisation of the energy eigenfunc-
tions. We have seen in the preceding section that there are two kinds of eigenfunctions
of (3.102): the bound states, which vanish at infinity and correspond to discrete
energies, and the unbound (scattering) states, which are only finite at infinity, and
whose corresponding energies form a continuum. The bound-state eigenfunctions
are square integrable, and hence can readily be normalised to unity in the familiar
fashion (see (3.116)). However, the unbound states cannot be normalised in that
way. As a result, one cannot define absolute probabilities and expectation values of
physical quantities in such unbound states. A way of avoiding this difficulty, which
we shall adopt here, is to enclose the system in a box with impenetrable walls, so that
the entire eigenvalue spectrum becomes discrete. Since all the eigenfunctions now
correspond to bound states, they can be normalised according to

/V VE@YEe(r)dr =1 (3.125)

where V denotes the volume of the box. We shall choose the box to be very large
(macroscopic) so that its effect on the energy spectrum is essentially negligible'!.
From now on all the integrals in this section will be assumed to be performed over
the volume of a very large box.

We shall now demonstrate that two energy eigenfunctions ¥ and ¥¢- correspond-
ing to unequal eigenvalues E and E’ are orthogonal, namely

/ Ve (D) Ye(r)dr =0, E#E'. (3.126)

The proof is very simple. First, since Hyg = Evg we have, upon premultiplying
both sides by ;.

Vi (HYE) = EVE Ve 3.127)

1 Alternative procedures to ‘normalise’ unbound states will be discussed in Sections 4.2 and 5.3.
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where we have omitted the arguments of the functions, for notational simplicity. Now,
because Hy g = E'vg/, we can also write

(Hye) = E'Vg (3.128)

where we have used the fact that E’ is real. Multiplying both sides of (3.128) on the
right by ¥ g, we obtain

(HYe)' Ve = E'VEve. (3.129)

Subtracting (3.129) from (3.127) and integrating over the volume V, we obtain

(E - E’)/V/Ellfsdr = /[WE(HV/E) — (Hye)*yeldr
=0 (3.130)

where in the last step we have used the fact that H is Hermitian. Since we have
assumed that E # E’ we see that (3.126) follows from (3.130).

Combining the normalisation relation (3.125) and the orthogonality
relation (3.126), we can say that the energy eigenfunctions g satisfy the
orthonormality relations

/ YE(@YE(r)dr = 8eg (3.131)

where 8¢ is the Kronecker §-symbol, such that

1 ifE=F
See = [0 fE£E 3.132)

We have just seen that eigenfunctions corresponding to different energy eigenvalues
are orthogonal. Let us now see what happens when an energy eigenvalue is degen-
erate, so that there is more than one linearly independent eigenfunction of (3.102)
corresponding to that eigenvalue. Assuming that the degeneracy of E is of order
a, we denote by Ye1, Y2, ... , YEq a set of a linearly independent eigenfunctions
corresponding to that energy and normalised according to (3.125). The orthogonality
proof given above, which made use of the fact that E # E’, is clearly not applicable
in the present case. Indeed, in general, the eigenfunctions Vg, (r = 1,2,... , )
belonging to a degenerate eigenvalue E are not orthogonal. However, given a set of
a linearly independent, normalisable functions, it is always possible to construct a
new set of o mutually orthogonal functions by using the Schmidt orthogonalisation
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procedure. Starting from the function ¥ ¢, we form the sequence

de1 = VE (3.133a)
de2 = ande + V2 (3.133b)
OE3 = anper +ander + Vi3 (3.133¢)
Oce = Au1OE1 + 0202 + -+ Auo—1PEa—1 + VEa (3.133d)

where g;; denote the coefficients which we shall determine in such a way that each
function of the sequence be orthogonal to all the preceding ones.
First, from the orthogonality requirement

/ Gp1Pe2dr =0 (3.134)

we deduce by using (3.133a) and (3.133b) that

as /¢Z|¢Eldr+/¢z|¢E2dr=0 (3.135)

and since ¢g (= ¥g)) is normalised to unity, we have

azy = —/(ﬁzll/fgzdl'. (3.136)

With the coefficient a,; determined in this way we obtain from (3.133b) a function

P2 = [—/¢Z|1/f52dr]¢sl + ¥ 3.137)

orthogonal to ¢ . Note that since the (normalised) functions ¢ ¢} and Y g are linearly
independent it follows from the Schwarz inequality that |a;;| < 1. Consequently,
using (3.133b), (3.136) and the fact that the functions ¢¢, and ¢g, are orthogonal,
it is seen that the normalisation integral for ¢, never vanishes, so that the function
d£> is normalisable.

Next, from the two orthogonality conditions

/ Gp1Pe3dr =0 (3.138a)
and
/ dprPp3dr =0 (3.138b)

one deduces in a similar way that

as + / b3 Yesdr =0 (3.139a)



118 M The Schrédinger equation

and
axn / Op,Peadr + / ¢ ¥E3dr =0 (3.139b)
where we have used (3.134). From (3.133c) and (3.139) we obtain in this fashion a
function
. PrrYE3dr
PE3 = [—/¢511/f£3dl']¢51 + [—%]d)sz + YE3 (3.140)

which is orthogonal to ¢£, and ¢g», and normalisable, since ¢g;, ¢pg2 and Y3 are
linearly independent.
This process can be continued until we arrive at the function

S J Gk ¥ Eadr
Ora = — fi' Y bri + VE (3.141)
¢ ; [ or¢pdr T
which is orthogonal to the functions ¢gy, dg2, - .. , £ -1 and is normalisable. The
set of orthogonal functions ¢g,(r = 1,2, ... , @) being determined in this way'?, we
can construct the functions
XEr = Per r=12,...,a (3.142)

—
[f Pk, ¢Erdr]

which constitute a set of mutually orthogonal functions, normalised to unity. These
functions satisfy, therefore, the orthonormality relations

/ Xe@xe(mdr =6, (rns=12,...,0a). (3.143)

To summarise, we see that although the « linearly independent eigenfunctions
Ve (r = 1,2,...,a) corresponding to the eigenenergy E need not be mutually
orthogonal, it is always possible to construct from linear combinations of them a new
set of a eigenfunctions which are orthonormal. From now on we shall assume that
this orthogonalisation procedure has already been carried out for each degenerate
energy eigenvalue. Since, in addition, the eigenfunctions corresponding to different
energy eigenvalues are orthogonal, it follows that all the energy eigenfunctions can
be assumed to satisfy the orthonormality relations

[ Ve @ve = sees, (3.144)

and hence form an orthonormal set.
We shall postulate that the energy spectrum obtained by solving the
time-independent Schrodinger equation (3.102) represents all the physically

12 Note that this set is by no means unique, since we could for example have started the sequence of
functions ¢g, by identifying @£ with Y g2, or with a linear combination of ¥ £| and Y g2. Thus there are
infinitely many possible sets of orthogonal functions ¢g,.
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realisable energies of the system. This implies that the set of energy eigenfunctions
is complete, in the sense that any physically admissible wave function can be
expressed as a superposition of them. The general solution W(r,t) of the
time-dependent Schrodinger equation (3.21) can therefore be expanded in terms of
the energy eigenfunctions as

Ve, 1) =Y CeOYe(m) (3.145)
E

where the expansion coefficients Cg(¢) depend on the time. In writing the above
equation, we have dropped the degeneracy index for notational simplicity, it being
understood that the summation includes o times an energy eigenvalue whose degen-
eracy is of order a.

The formula (3.145) is analogous to the familiar expression giving the expansion
of a vector in terms of a complete set of orthonormal basis vectors in a vector space.
The complete set of orthonormal functions ¥ ¢ plays the role of a set of basis vectors,
and the wave function W may be thought of as a ‘vector’ whose ‘components’ along
the basis ‘vectors’ ¢ are the coefficients Cg. This analogy with ordinary vector
spaces has a profound significance, as we shall see in Chapter 5.

We remark that since the ‘vector’ W evolves in time according to the time-dependent
Schrodinger equation (3.21), its components C g must also be functions of the time.
If W(r,t) is given at a particular time, its ‘components’ are readily obtained in the
following way. Multiplying (3.145) on the left by 7. (r), integrating over the volume
V of our (large) box and making use of the orthonormality relations satisfied by the
energy eigenfunctions, we find that

] YEMW(E, ndr = Y Ce() / Vi (OYE@r)dr
E

= ZCE(t)SEE’
E

— Cp). (3.146)

We conclude this section by mentioning an interesting property of the energy
eigenfunctions corresponding to bound states of one-dimensional systems. Since we
are dealing here exclusively with bound states there is no need to enclose the system
in a finite box. Assuming that the potential energy V (x) is finite everywhere, we
have seen in the previous section that the bound state eigenfunctions vanish when
x — =o0o. Now, if bound-state energies exist and if they are placed in order of
increasing magnitude (£, < E; < E3 < ---), then the corresponding eigenfunctions
Y1 (x), Ya(x), ¥3(x), ..., will occur in increasing number of their zeros, the nth
eigenfunction ¥, (x) having (n— 1) zeros for finite values of x. Moreover, between two
consecutive zeros of ¥, (x), the following eigenfunctions will have at least one zero.
This is known as the oscillation theorem (see Problem 3.9). If the particle is enclosed
in a one-dimensional box with impenetrable walls such that V (x) = V(x3) = +o00,
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then its motion is confined to the interval x; < x < x; and the (n — 1) zeros of ¥,,(x)
referred to in the oscillation theorem will occur within that interval. In addition, of
course, ¥, (x) must vanish in this case at the walls (i.e. at x = x; and x = x,) so that
the total number of its zeros will be n + 1.

General solution of the time-dependent Schrodinger equation
for a time-independent potential

In the preceding section we have seen that the general solution W(r, t) of the time-
dependent Schrodinger equation (3.21) can be expanded in terms of the energy
eigenfunctions ¥g(r) according to (3.145). We shall now determine the expansion
coefficients Cg(¢) for the case of a particle moving in a time-independent potential
V(r). To this end, we substitute (3.145) in the Schrodinger wave equation (3.21),
and use the facts that the Hamiltonian H is time-independent and that HYg = Eyg.
Thus

.0
ih— ;cs(ws(r)

HY Ce(ye(®
E

=Y Ce(OHYx(r)
E

= Z Ce(t)EYe(r). (3.147)
E

Premultiplying both sides of this equation by v ;.(r) and integrating over the volume
V of the box we get

., 0 . .
1h57 ; Ce() / Ve (D ye(rdr = ;Cg(t)E / Y5 (D) Ye(r)dr. (3.148)
Now, since the energy eigenfunctions are orthonormal, this equation reduces to

ih%CE(t) = ECg(1) (3.149)

where we have written d/dt¢ instead of 9/d¢ since only the time variable appears
in (3.149). This equation is readily integrated to yield

Ce(t) = Ce(to) exp[—iE(t — to)/h]. (3.150)

Using (3.145) and the above result, we thus find that the general solution of the
time-dependent Schrédinger equation (3.21) may be written for a time-independent
potential as

v(r, 1) = ZCE(to) exp[—iE(t — t0)/R]Y£(r) (3.151)
E
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or

U(r,t) = Z ceYe(r) exp(—iEt /h) (3.152)
E

where the constants cg are given by
ceg = Cg(ty) exp(iEty/h). (3.153)

Remembering that in the case of a time-independent potential the stationary states
Y (r) exp(—iEt/h) are particular solutions of the time-dependent Schrodinger equa-
tion, we see that the general solution (3.152) is an arbitrary linear superposition
of stationary states. This is to be expected since according to the discussion of
Section 3.1 an arbitrary linear superposition of solutions of the time-dependent
Schrodinger equation must also be a solution of that equation, as required by the
superposition principle.

The constants cg can be evaluated from the knowledge of the wave function W at
any particular time #. Indeed, using (3.153) and (3.146), we have

ce = exp(iEto/h) / YEE)W(r, fo)dr (3.154)

so that the general solution (3.152) may be written as
v(r,t) = Z[/ YE@HW(r, to)dr’] exp[—iE(t — ty) /Ry (r). (3.155)
E

This expression gives W (r, t) at any time, once it is known at the time ¢ = #,. If we
define the function

K60 1) = ) W) () exp[~iE( — to)/h] (3.156)
E
we see that we may recast (3.155) in the simpler form
Y(r,t) = / K, t;r, t9)W(r, ro)dr'. 3.157)
This shows that the ‘propagation’ of the wave function from the time #, to the time ¢
is controlled by the function K (r, #; ', fo), which is therefore called a propagator.

Let us now return to the form (3.152) of our general solution. In what follows we
shall also need the complex conjugate of that solution

W, 1) =Y ch Yk (r) exp(E't/h) (3.158)
=

where we have used a different (dummy) summation symbol for further conve-
nience. If we require that the general solution (3.152) be normalised to unity, we
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see from (3.152) and (3.158) that we must have
/ V(e OW(r, dr = Y Y chcpexpl—i(E — E't/h] / Yk (0 YE (r)dr
E E

=1 3.159)

where the integration is over the volume of the box. Now, because the energy
eigenfunctions are orthonormal, we have

Y crceexpl—i(E — E't/h] / YL () Ye()dr
E F
=YY chepexpl—i(E — E)t/hl8ep
E FE
— Z lcel? (3.160)
E

and therefore the normalisation condition (3.159) reduces to

Z lcel? = 1. (3.161)
E

It is important to note that in contrast to the case of stationary states, the position
probability density corresponding to a superposition of stationary states is time-
dependent. Indeed, using (3.152) and (3.158), this probability density is given by

P(r,t) = W*(r, H)¥(r, 1)
DD chceexpl—i(E — ENt/RWE(0VE)
E FE

=Y leelPWem@P + )Y chepexpl—i(E — ENt/hly (D) Ye(r)
E E E

E#E'

3.162)

where in the last line we have separated the contributions to P (r, t) arising from the
diagonal (E = E’) and non-diagonal (E # E') terms in the double summation on E
and E’. We see that the non-diagonal terms are responsible for the time-dependence
of P(r,1).

Since a wave function W (r, t) which is a superposition of stationary states leads to
a time-dependent position probability density, it follows that the expectation values
of physical quantities in a state described by such a wave function depend in general
on the time. An exception occurs for the total energy, whose expectation value in a
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state described by the general wave function (3.152) is

(E) = (H) =/\ll*(r. H)HY(r, t)dr
=YY chcrexpl—i(E — E')t/h) / Y (r) Hy g (r)dr
E F

cgceexp[—i(E — Et/h] Efwz,(r)wg(r)dr
Y " chcp expl—i(E — E'Vt/h) E SeE:
=
lce|?E (3.163)

where we have used the fact that Hy g = E{ ¢ and the orthonormality of the energy
eigenfunctions. As seen from (3.163) the average value of the total energy is time-
independent, as expected.

It is important to remember that the summation on E in all the previous equa-
tions also includes implicitly a sum over a degeneracy index for degenerate energy
eigenvalues. If we write this index explicitly, the general solution (3.152) reads

V(1) =YY ce Ve (r) exp(—iEt/h). (3.164)
E r

Assuming (without loss of generality) that the energy eigenfunctions satisfy the
orthonormality relations (3.144), the normalisation condition becomes

3> s =1 (3.165)
E r

and equation (3.163) is replaced by
(E)=_ lc&I’E. (3.166)
E r

Since we have assumed that the energy spectrum obtained by solving the time-
independent Schrodinger equation (3.102) represents all the physically realisable
energies of the system, it follows that the energy eigenvalues E are the only possible
results of precise measurements of the total energy of the particle. The above relations
then suggest that we interpret the quantity

P(E) = |cgl? (3.167)

as the probability that a measurement of the total energy will yield the value E, pro-
vided that this energy value is non-degenerate; the coefficient cg is the corresponding
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3.9

probability amplitude. If the energy eigenvalue E is o times degenerate, it follows
from (3.165) and (3.166) that the probability of obtaining this value is

o

P(E) =) lck, . (3.168)
r=1

Equation (3.166) gives the average of the values found in a large number of precise
measurements of the total energy, performed on equivalent, independent systems
described by the same wave function (3.164). It should be noted that in general (E)
will not be equal to one of the energy eigenvalues. However, if the system is in a
particular stationary state corresponding to a given non-degenerate energy eigenvalue
E then its wave function reduces to

Y(r,t) = Yz(r)exp(—iEt/h) (3.169)

sothat c; = 1 and all the other coefficients vanish. Consequently (E) = E and, upon
measurement of the total energy, we are certain to obtain the value E. If the energy
eigenvalue E is o times degenerate and the system is in an arbitrary superposition of
states corresponding to that energy eigenvalue, then its wave function is given by

o

W(r,f) =) cg Vg, (r) exp(—iEt/h). (3.170)

r=1

Upon comparison with (3.164) we see that all the coefficients cg, vanish for E # E.
Hence, using (3.166) and (3.165) we have (E) = E, and a measurement of the total
energy will certainly give the value E.

Until now we have enclosed the system in a large box of volume V, so that the
entire energy spectrum is discrete. If we remove that constraint, the energy spectrum
will in general contain a discrete and a continuous part. The general solution of
the time-dependent Schrodinger equation for a time-independent potential will then
still be given by the expression (3.152) (or more explicitly by (3.164)), provided
the summation over the allowed energies E also includes an integration over the
continuous part of the energy spectrum. In what follows the summation symbol on E
will always be understood to have that meaning, when necessary. The normalisation
of general wave functions (3.152) (or (3.164)) which contain unbound states will be
discussed in Chapter 5.

The Schrodinger equation in momentum space

In Chapter 2 we defined the momentum space wave function ®(p,t) of a
particle as the Fourier transform of its configuration space wave function
W(r,t), and we saw that ®(p,7) plays in momentum space the role assigned
to the wave function W(r,¢) in configuration space. In particular, assuming
that ®(p, #) is normalised to unity, IT(p, f)dp = |®(p, 1)|’dp is the probability
of finding at time ¢ the momentum of the particle within the volume element
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dp = dp.dp,dp, about the point p in momentum space. In this section we shall
further pursue the analogy between the formulations of quantum mechanics in
configuration and momentum space.

Since the configuration space wave function W(r, t) satisfies the time-dependent
Schrédinger equation (3.19), we can readily obtain the corresponding time-dependent
Schrédinger equation for the momentum space wave function ®(p, #). Remembering
that H = p?/2m + V(r, t), we can transform (3.19) in momentum space by writing
first

9 .
ihg[(Znh)‘m / e Py (r, t)dr]

2
= k)3 / e-"”/"[;; +V(r, t)]\P(r,t)dr (3.171)
m
which, upon using (2.61), becomes
2 .
ih%cb(p, 1) = 2’;c1>(p, 1)+ k)32 / e PFhy (r, HW(r, 1)dr. (3.172)
m

The second term on the right-hand side can be transformed by using the convolution
theorem for Fourier transforms (see equations (A.53)—(A.54) of Appendix A). In this
way (3.172) becomes

) 2 - ,
ih—®(p,t) = p—cb(p, 1)+ / Vip—-p,0)®(p,t)dp (3.173)
ot 2m
where
Vip-p.1) =Qrh)~3 / e P P)F/hy (r pydr. (3.174)

Equation (3.173) is the time-dependent Schrodinger equation for the momen-
tum space wave function. Because of the integral on the right this equation is
generally more complicated than the corresponding time-dependent Schrédinger
equation (3.19) in configuration space. This explains why the configuration space
Schrodinger equation is used in most applications.

Expectation values

In Section 3.3 we used the momentum space wave function to obtain in a natural
way the expectation values of the momentum p (see (3.45)) and of arbitrary functions
g(p, t) of pandz (see (3.47)). We shall now generalise these results in order to be able
to calculate the expectation values of other dynamical variables in terms of ®(p, ¢).

Let us consider first the expectation value of x. Starting from (3.42a) and expressing
Y (r, t) and W*(r, ) in terms of ®(p, ) and ®*(p, ), we obtain by following an
argument similar to that used after (3.50) (Problem 3.13)

(x) = / *(p, ;)(m 32 )d>(p, 1)dp (3.175a)
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where the wave function W(r,t) — and hence ®(p,t) — is normalised to unity.
Similarly, we have

() = f o*(p, ,)(mi)cp(p, 1)dp (3.175b)
apy
and
(z) =/<l>*(p, t)(ih%)d)(p, t)dp. ’ (3.175¢)

The above equations imply that in momentum space the dynamical variables x, y
and z are represented respectively by the differential operators i%#9/9p,, i4d/dp,
and iAd/dp.. We remark that since the expectation values (x), (y) and (z) are real
these operators acting on ®(p, ¢) are Hermitian. The three equations (3.175) can be
summarised by writing

(r) = / ®*(p, 1)(ik V) ®(p, 1)dp (3.176)
so that in momentum space the dynamical variable r is represented by the operator
rop =iV, 3.177)

where the gradient must be taken with respect to p. On the other hand, it is clear
from (3.45) that the action of p on ®(p, ¢) consists of multiplying the wave function
®(p, t) by p. More generally, we see from (3.47) that the action of a function g(p, 1)
on ®(p, t) consists of multiplying ®(p, t) by g(p, ).

Following a reasoning similar to that used in Section 3.3 we can therefore formulate
the following rules for obtaining the expectation value of a dynamical variable in a
state specified by the momentum space wave function & (p, ¢) normalised to unity.

(1) One associates with the dynamical variable A = A(r, p, t) the linear operator
A@AVy, p, 1) 3.178)

obtained by performing the substitution r — 4V, wherever the position vector
r occurs. In addition, we must require that the operator A be Hermitian. A few
important Hermitian operators acting in momentum space are listed in Table 3.2,
together with the corresponding physical quantities. This Table should be
compared with Table 3.1, where this correspondence was given for operators
acting in configuration space.

(2) One then calculates the required expectation value from the expression
(A) = / &*(p, )A([AV p, p, )P (p, 1)dp. 3.179)

If the wave function ®(p, ¢) is not normalised to unity, the above expression
must be replaced by

_ [ @ (®.DAGRV,, p, P (p. )dp
J ©*(p, )P (p, 1)dp

(A) (3.180)
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Table 3.2 Physical quantities and corresponding operators acting in momentum space.

Physical quantity Operator
Position coordinate x ih%
Position vector r ihVp
x-component of momentum py Px
Momentum p ]

Kinetic energy T = %—2" %2"
Potential energy V(r, t) V(ihVp, t)
Total energy 5—2,, + VvVt H= % + V(ihVp, t)

Stationary states

If the potential energy V is time-independent, the time-dependent Schrédinger equa-
tion (3.173) admits particular solutions of the separable form

&(p, 1) = ¢(p) exp(—iEt/h) (3.181)

corresponding to precise values of the total energy E. The probability density in
momentum space corresponding to these states is

M(p) = lp(P)* = ¢*(P)o(P) (3.182)

and hence is constant in time. The separable solutions (3.181) are clearly the
Fourier transforms of the stationary states ¥ (r) exp(—iEt/h) given by (3.100), so
that the time-independent wave functions ¥ (r) and ¢ (p) are related by the Fourier
transformation

¢(p) = 2rh)7" / e Py (r)dr, (3.183a)
v = @an " [ o pap. (3.183b)
Upon substitution of (3.181) into the Schrédinger equation (3.173), we find that

the wave function ¢ (p) must satisfy the time-independent Schrodinger eigenvalue
equation

2 -~
2p—m¢(p) + / V(p—-p)e@)dp = E¢(p) (3.184)
where

Vip—p)=Qrh)3 f e PPy (p)dr. (3.185)
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Problems

The equation (3.184) is an integral equation, and hence is generally more difficult
to solve than the corresponding time-independent Schrédinger equation (3.98) in
configuration space.

3.1

In obtaining equations (3.33) and (3.39) we have assumed that the potential

V(r,t) is a real quantity.

(a)

(b)

3.2

Prove that if V(r, t) is complex the continuity equation (3.39) becomes
a 2
a—tP(r, 1)+ V.j(r,t) = E[Im Vir,HlP(r, 1)

so that the addition of an imaginary part of the potential describes the presence
of sources if Im V > 0 or sinks (absorbers) if Im V < 0. Show that if the wave
function W(r, ¢) is square integrable

3 / P(r, t)dr = g/[Im V(r, t)]P(r, t)dr.
ot h

Assuming that Im V is time-independent and that W (r, ¢) is normalised to unity
att = 0, prove that if P(r, t) is expanded about 1 = 0 as

P(r,t) = Py(r) + Pi(r)t +---
then

/P(r,t)dr=1+Ct+...

Find an expression for C in terms of Py(r) and Im V(r), and verify that if
Im V(r) < O the quantity f P(r, t)dr decreases with increasing time, so that
absorption occurs.

Prove that the operator p, = —i/d/dx is Hermitian.

(Hint: consider the expectation value

(Px) =/\1’*(l', t)[—ihi]\l!(r, rdr
ax

and integrate by parts.)

33

Starting from the expression

(p}) = / ®*(p, 1) py @ (p, 1)dp

where n is a positive integer, prove equation (3.58).

3.4

Prove equation (3.73).
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3.5 Show that the operator x* p! is not Hermitian (where k and [ are positive
integers), but that the combination (x* p. + p! x)/2 is Hermitian.

3.6 Show that, for a general one-dimensional free-particle wave packet

+00
W(x, 1) =Qrh)~"'? / expli(p.x — pit/2m)/h1p(p)dp,

—0C

(a) the expectation value (p,) of the momentum does not change with time, and
(b) the expectation value (x) of the position coordinate satisfies the equation

<px)(t — 1)
m

(x) = <x)t=lo +
in agreement with the correspondence principle.

(Hints: Part (a) may be proved by obtaining the result

+oc

(px) = O"(px) px®(px)dpx.

—00

For part (b), use the fact that

0 i .
3, SPlilpex = pli/2m)/h) = = (x = pot/m) expli(pyx — plt/2m)/h]

to show that

+00 ) a
(x) = ¢*(Px)[lha
o p

+ &t]ab(px)dpx.)
y m
3.7 Show that if W(r, t) is a square integrable wave function normalised to unity,
then

d , 1
d—t<x )= m[(xpx) + (pxx)]

where the expectation values are defined according to (3.67).
3.8 Prove that if a constant Vj is added to the potential energy V (r)

(a) the energy eigenvalues of the time-independent Schrodinger equation (3.98) are
shifted from E to E + Vp; and
(b) the corresponding eigenfunctions ¥ (r) remain unchanged.

3.9 Consider a one-dimensional system with bound-state energies placed in order
of increasing magnitude (E; < E; < E3 < ---) and let ¥, (x), ¥»(x), ¥3(x), ...,
be the corresponding energy eigenfunctions. Prove that between two consecutive
zeros of ¥, (x), the eigenfunction ¥, (x) must possess at least one zero. Note that
the bound states of one-dimensional systems are non-degenerate, and that the energy
eigenfunctions ¥, (x) can be taken to be real.
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(Hint: From the Wronskian theorem (p. 110) and the Schrodinger eigenvalue
equations satisfied by ¥, and v, obtain first the relationship

2 b
[wmﬁ—wﬁmm:gwm—aq/mmﬁu

Then complete the proof by taking a and b to be two consecutive zeros of ¥,.)

3.10 Let H = p?/2m + V(r) be a time-independent Hamiltonian. Prove that the
propagator K (r, t; I, tp) defined by (3.156) satisfies the time-dependent Schrédinger
equation

d
[ih— - H]K(r, L) =0
at
subject to the condition

K(r to,r', 1) =8(r—r').

3.11  Show that the general one-dimensional free-particle wave packet W (x, t) of
Problem 3.6 can be expressed in terms of its initial value W (x, ) as

+00
V(x,1) =/ K(x,t;x', o) W(x', to)dx’

[e ]

where the propagator K (x, t; x', to) is given by

K.t x'10) = m ]1/2 [im(x—-x’)z]
(. £ x fo) = 2rik(t — to) xp 2h(t — tg)

(Hint: Use the result (2.48), which also holds if « is purely imaginary, provided it is
regarded as a limit. That is, if « = a + ib, a > 0, it is the limit in whicha — 0.)

3.12 Let E, denote the bound-state energy eigenvalues of a one-dimensional
system and let ¥, (x) denote the corresponding energy eigenfunctions. Let W(x, t)
be the wave function of the system, normalised to unity, and suppose that at z = 0 it
is given by

1

ﬁwmm

1 1,
Yx,t=0) = ﬁe‘“'wn(x) + 7§-e'°’2¢2(x) +

where the ¢; are real constants.

(a) Write down the wave function W (x, ¢) at time ¢.

(b) Find the probability that at time ¢ a measurement of the energy of the system
gives the value E,.

(c) Does (x) vary with time? Does (p,) vary with time? Does E = (H) vary with
time?

3.13  Prove equations (3.175).
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3.14  Prove that the time-dependent Schrédinger equation (3.173) for the momen-
tum space wave function can be written in the form

a 2
ih—®(p.1) = L o(p, 1) + V(iaV,, )®(p. 1)
ot 2m

provided V (r, t) is an analytic function of x, y, z.
(Hint: Show first that

Vir,t) = exp(hip.r) V(ihVp, t) exp(—-hip.r).)
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In this chapter we shall study a few simple one-dimensional quantum mechanical
problems in order to acquire some practice in dealing with the Schrédinger equation,
and to analyse various interesting phenomena predicted by the quantum theory. One-
dimensional problems are of interest not only because several physical situations
are effectively one-dimensional, but also because a number of more complicated
problems can be reduced to the solution of equations similar to the one-dimensional
Schrodinger equation, as we shall see later in this book.

General formulae

We consider a particle of mass m moving on the x-axis in a time-independent
potential V(x). The time-dependent Schrodinger equation corresponding to this
one-dimensional motion is

at “2moax?
As we have shown in Chapter 3, the fact that the potential is time-independent implies
that we can look for stationary-state solutions of (4.1) having the form

W(x,t) =Y (x)exp(—iEt/h) 4.2)

where E is the energy of the stationary state. The general solution of (4.1) is an
arbitrary superposition of stationary states (4.2). The time-independent wave function

2 52
ihilll(x,t)=|: 2 +V(x)]\ll(x,t). 4.1)

133
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4.2

¥ (x) is a solution of the time-independent Schrodinger equation

LA 460
2m  dx?

which, in the present one-dimensional case, is just an ordinary differential equation.
It is this equation which we shall solve below for several particular forms of the
potential V (x).

We also recall that the position probability density associated with a wave function
W (x, 1) is given by

+ V)Y (x) = E¥(x) 4.3)

P(x,1) = |¥(x, ) @9
and that the corresponding probability current density (or probability flux) is

. __h_ . IV(x,t) B ov*(x,t)
jx,t) = Zim |:\Il (x,t)—ax lll(x,t)—ax ]

For stationary states (4.2) both P and j are, of course, time-independent. In particular,
since |W(x, 1)|> = |¥ (x)|?, the position probability density is given by

P(x) = |y (). (4.6)

Moreover, for one-dimensional stationary states (4.2) the equation (3.39) expressing
probability conservation reduces to d j/dx = 0, so that the probability current density

d d
= [llf() ¥ (x) llf(x)]
1m

-y
is also independent of x.

4.5)

@.7

The free particle

Let us start by considering the simplest case, namely that of a potential which is
constant: V(x) = Vp. The force acting on the particle, F(x) = —dV/dx, then
vanishes so that the particle is free. Without loss of generality we can take the
constant Vj to be zero, since the addition of a constant amount to the potential energy
merely shifts the energy eigenvalues of the Schrédinger equation (4.3) by that amount
and leaves the eigenfunctions ¥ (x) unchanged (see Problem 3.8).

We must therefore solve the time-independent Schrédinger equation

R? dy(x)
o dx? = Ey(x). 4.8)
Writing

) 12
k= (h—';' E) @.9)



4.2 The free particle W 135

we see that two linearly independent solutions of (4.8) are exp(ikx) and exp(—ikx)
or, equivalently, the pair of real solutions sinkx and coskx. The general solution
of (4.8) is therefore the linear combination

V¥ (x) = Ae** 4+ Be ik~ 4.10)

where A and B are arbitrary constants. It is clear that for a solution to be physically
acceptable the quantity k cannot have an imaginary part, because if it did ¢ (x) would
increase exponentially at one of the limits x = —oo or x = 400, and possibly at
both limits. Since E = h%k? /2m, we must therefore have E > 0, which confirms the
statement made in Section 3.6 that the energy cannot remain lower than the potential
(here V = 0) over the entire interval (—o00, +00). Because any non-negative value of
E is allowed, the energy spectrum is continuous, extending from E = Oto E = +00.
This, of course, is not surprising, since E is the kinetic energy of the free particle.
Note that each positive energy eigenvalue is doubly degenerate because there are two
linearly independent eigenfunctions, exp(ikx) and exp(—ikx), corresponding to the
same positive energy E = h2k?/2m. We also remark that the basic solutions of (4.8)
may be written in the form

Yk, (x) = C exp(ikyx) (4.11a)
or
Yp (x) = Cexplipyx/h) (4.11b)

where C is a constant, k, = +k and p, = fik, is the momentum of the particle, of
magnitude p = |p,| = hk.

Momentum eigenfunctions

The functions (4.11) are not only eigenfunctions of the free-particle Hamiltonian
p2,/2m = —(h*/2m)3?/3x? corresponding to the energy E = p?/2m = h*k*/2m,
they are also momentum eigenfunctions, that is eigenfunctions of the momentum
operator p,, = —ihd/dx. Indeed, the eigenvalue equation for the momentum
operator reads

)
—lha%‘ (x) = p;x Wp, (x) 4.12)

and we see immediately that the functions (4.11) are solutions of this equation. The
eigenvalues p, = Ak, must be real, so that the eigenfunctions (4.11) remain finite as
x tends to 400 or —oo. Since this is the only constraint on p,, the spectrum of the
operator pq, is continuous, extending from —oo to +o0c. Note that the two functions
exp(ikx) and exp(—ikx), which are eigenfunctions of the free-particle Hamiltonian
corresponding to the same energy E = h%k?/2m, are eigenfunctions of the momentum
operator p,, corresponding to the two different eigenvalues p, = fik and p, = —Fik,
respectively. Finally, we remark that according to the Fourier analysis of Section 2.4,
any physically admissible wave function W (x, #) can be expressed as a superposition
of the momentum eigenfunctions (4.11).
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Physical interpretation of the free-particle solutions

Let us now return to the general solution (4.10) of the free-particle Schrodinger
equation (4.8). Substituting (4.10) into (4.2), we find that a stationary state of energy
E > O for a free particle has the general form

‘y(x’t) — (Aeikx + Be—ik.\’)e—iEI/h
— Aei(kx—wt)+Be—i(kx+wt) (4.13)

where w = E /h is the angular frequency.

In order to interpret the wave function (4.13) physically, let us consider some
particular cases. If we set B = 0 in (4.13), the resulting wave function is the plane
wave

W(x,t) = Aelkx—on 4.19)

which, as we have seen in Chapter 2, is associated with a free particle of
mass m moving along the x-axis in the positive direction with a definite
momentum of magnitude p = Ak (so that p, = hk) and a corresponding energy
E = p?/2m = Hh*%?*/2m. This plane wave has an angular frequency
o = E/h = hk*/2m and a wave number k = p/h = 27 /A, where A is the de
Broglie wavelength of the particle. It represents a vibration travelling in the positive
x-direction with a phase velocity vy, = w/k = hk/2m. We recall that the particle
velocity v = p/m = hk/m is not equal to the phase velocity vy, but is equal to the
group velocity v, = dw/dk of the wave packet formed by superposing plane waves
of different wave numbers.
The position probability density corresponding to the plane wave (4.14) is

P =|¥(x, 10’ =|A% (4.15)

It is not only independent of time (as for any stationary state), but is also independent
of the variable x, so that the position of the particle on the x-axis is completely
unknown. This is in accordance with the Heisenberg uncertainty relation (2.70)
which implies that a particle moving along the x-axis with a perfectly well-defined
momentum (Ap, = 0) cannot be localised at all along this axis (Ax = 00). We may
thus think of the plane wave (4.14) as representing the idealised situation of a particle
of perfectly known momentum, moving somewhere in a beam of infinite length.

Using (4.7) with ¢ (x) = A exp(ikx), we find that the probability current density
corresponding to the plane wave (4.14) is given by

J = 5 (ATeT Aike™ — At A*(—ik)e ™)
m

hik
= ;|A|2=£|A|2=v|A|2 (4.16)

and is independent of x and 7, in agreement with the general result obtained at the end
of Section 4.1 for one-dimensional stationary states. It is also interesting to note that
by using (4.15) we can rewrite (4.16) in the form j = vP. This relation is the same



4.2 The free particle W 137

as the familiar one between flux, velocity and density in classical hydrodynamics. In
particular, if the position probability density P is equal to unity (i.e. to one particle
per unit length), the probability per unit time that the particle will cross the point x
in the direction of increasing x is equal to its velocity v, as we expect.

Another particular case of (4.13) is obtained by setting A = 0. This gives the plane
wave

W(x,t) = Be ikxton, 4.17)
The corresponding position probability density is
P =|V¥(x,1)|* =|B|? (4.18)
and the probability current density, obtained from (4.7) with ¥ (x) = Bexp(—ikx),
is
j=—" g2 = _Pipp = _yB2. 4.19)
m m

Thus the plane wave (4.17) corresponds to a vibration of wave number k = p/h and
angular frequency w = E/h = hk*/2m travelling in the negative x-direction with
a phase velocity vpn = w/k = hk/2m. It is associated with a free particle moving
along the x-axis in the negative direction with a well-defined momentum of magnitude
p = mv = hk (so that p, = —hk) and a given energy E = p®/2m = h’k?/2m, but
whose position on the x-axis is completely unknown.

Two other interesting particular cases of (4.13) are obtained by choosing A = B
or A = —B. If we first set A = B, so that we add two plane waves travelling in
opposite directions with equal amplitudes, the wave function (4.13) becomes

lp(x, t) — A(eik.\’ +e—ikX)e—iw!
= Ccos kxe ! (4.20)

where C = 2A. In contrast to the travelling waves (4.14) and (4.17), this is a standing
wave whose nodes are fixed in space at values

x,,=:i:(%+nn)/k, n=0,1,2, .. @.21)

for which cos kx vanishes. The position probability density associated with the wave
function (4.20) is

P(x) = |C|*cos® kx 4.22)
and from (4.7), with ¥ (x) = C cos kx, the corresponding probability flux is given by

h
j= E’;(—C* coskxCksinkx + C cos kxC*k sinkx)

=0. 4.23)
More generally, the probability flux (4.7) is seen to vanish for any function v (x) which
is real, apart from a multiplicative constant. In the present case, the result (4.23) is
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readily understood, since the probability flux v|A|? associated with the plane wave
Aexpli(kx — wt)] is cancelled by the probability flux —v|A)? corresponding to the
plane wave Aexp[—i(kx + wt)]; the net probability per unit time that the particle
will cross a point x is thus equal to zero. We can therefore associate the standing
wave (4.20) with a free particle moving along the x-axis with a momentum whose
magnitude p = fik is known precisely, but whose direction is unknown.

It is also worth noting that the position probability density (4.22) vanishes at the
points x, given by (4.21), so that a free particle in the state described by the wave
function (4.20) can never be found at these points. This is clearly an interference
effect between the two travelling plane waves from which the standing wave (4.20)
was constructed; it is entirely due to the wave properties associated with the particle.

If we set A = —B in (4.13), we obtain another standing wave, namely

‘y(x’ t) — A(eikx _ e—ik.\’)e—ia)l
= Dsinkxe™, D =2iA (4.29)
with properties similar to those discussed above for the standing wave (4.20). In

particular, the probability flux associated with the wave function (4.24) is equal to
zero, and its position probability density

P(x) = |D|*sin® kx (4.25)

vanishes at the values x, = +nn/k(n =0, 1,2, ...) for which sinkx = 0.

Let us now return to the general free-particle stationary state (4.13), which is
the superposition of two plane waves travelling in opposite directions along the
x-axis, both with phase velocity vp, = w/k = hk/2m and with amplitudes A
and B, respectively. The position probability density corresponding to the wave
function (4.13) is readily obtained by substituting (4.10) into (4.6); it is given by

P(x) =|A]* +|B|* + (AB*e"™ + A*Be™ ") (4.26)

and exhibits interference effects of the two plane waves. Using (4.7) and (4.10) we
also find that the probability current density associated with the wave function (4.13)
is given by

Jj =vlAP —|B*] @.27)

which, as we expect, is just the sum of the probability current densities (4.16)
and (4.19).

‘Normalisation’ of the free-particle wave function

Since the integral

+00 . .
I = / |Aei®* + Be **|2dx (4.28)

oo



4.2 The free particle W 139

is infinite for all values of A and B (except, of course A = B = 0) the free-particle
wave functions (4.10) and momentum eigenfunctions cannot be made to satisfy the
normalisation condition

+00
/ [ (x)|?dx = 1. 4.29)
—00

As we pointed out in Chapter 2, for wave functions of this kind which are not square
integrable we can only speak of relative probabilities. This will be sufficient for
treating applications in this chapter involving such eigenfunctions, corresponding to
continuous eigenvalues, which remain finite at great distances. Nevertheless, it is
often desirable to be able to treat these eigenfunctions on the same footing as the
square integrable eigenfunctions corresponding to discrete eigenvalues. There are
several ways of doing this. For example, we may recognise that the momentum
of a particle is never known exactly, and work with wave packets. However, this
approach is cumbersome, and would prevent us from using simple and convenient
wave functions such as the plane wave exp(ikx), which is the idealisation of a very
broad, square integrable wave packet.

An alternative way is to ‘normalise’ such wave functions in a sense different from
that of (4.29). In particular, we may enclose the particle in a box (in the present case
a ‘one-dimensional’ box of length L) at the walls of which the wave function of the
particle must obey boundary conditions. In order to illustrate this box normalisation
procedure, let us consider the momentum eigenfunctions (i.e. the plane waves) given
by (4.11a). In this case, it is convenient to require that these wave functions satisfy
periodic boundary conditions at the walls, so that ¥ (x + L) = ¥y (x). Because of
this periodicity condition, k, is no longer an arbitrary real quantity; it is restricted to
the values

ky = —n, n=0,%1,£2,.... (4.30)

As a result, the spectrum of energy eigenvalues of the Schrodinger equation (4.8)
becomes discrete:

_hE 2mth
T
each eigenvalue (except E = 0) being doubly degenerate. Note that as L increases,
the spacing of the successive energy levels decreases, so that for a macroscopic ‘box’
the spectrum is essentially continuous. The momentum eigenfunctions (4.11a) can
now be normalised by requiring that, in the basic ‘box’ (0, L) or (—L/2,+L/2) of
side L,

(4.31)

+L/2
/ ¥k, () 2dx = 1 4.32)

L2

so that |C|?> = L~'. Choosing the arbitrary phase of the normalisation constant C to
be zero, we have C = L~'/2, and the normalised momentum eigenfunctions (4.11a)
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are given by
Wi, (x) = L™ exp(ik,x). 4.33)

We note that these eigenfunctions are orthonormal since

+L/2 +L/2
/ Vi ()Y, (x)dx = L~ f expli(k, — k;)x]dx

L2 L2

Sk @4.34)

where we have used the periodicity condition expressed by (4.30). We also remark
that the momentum eigenfunctions (4.11) cannot be normalised by choosing a box
with impenetrable (rigid) walls, since these eigenfunctions never vanish anywhere,
and therefore cannot exist within such a box.

Instead of imposing a box normalisation with periodic boundary conditions, we
can also use the Dirac delta function (discussed in Appendix A) to set up a delta-
function normalisation similar to that given by (4.34), but which allows the momentum
eigenfunctions (4.11a) to retain their form over the entire x-axis, for all real values
of k.. Indeed, using equation (A.18) of Appendix A, we have

+o00
/ explitky — kj)x]dx = 278(k, — k). 4.35)

o

Taking the arbitrary phase of the normalisation constant C in (4.11a) to be zero, we
see that if we choose C = (2r)~!/2, the momentum eigenfunctions

Vi, (x) = (2m) "2 exp(ik,x) (4.36)

satisfy the orthonormality relation

+o00
11/,:‘; (xX) Y, (x)dx = 8(ky — k). 4.37)
-0
We also see with the help of (A.18) that the wave functions (4.36) satisfy the closure
relation
+00
Vi (P, (x)dk, = 8(x — x'). 4.38)
—00

A similar relation can also be established in the limit of large L for the momen-
tum eigenfunctions (4.33) satisfying the box normalisation with periodic boundary
conditions (Problem 4.1).

The normalisation condition expressed by (4.37) is often referred to as k-normali-
sation. Other delta-function normalisations for wave functions belonging to the
continuous spectrum may be used. For example, the momentum eigenfunctions

Yy (x) = 2h) "2 exp(ip,x/h) (4.39)
are such that
+00
Yy ()Y (x)dx = 8(px — py) (4.40)

—00
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V(x) 4 V(x) 4

________________________________

Vo

(@) (b)

Figure 4.1 (a) A smoothly varying, infinitely wide potential barrier V (x), tending to zero as one
goes to the left, and to the constant value Vo > 0 as one goes to the right. Two values of the
total energy of the particle are indicated by dashed lines, corresponding to the cases E < Vg
and £ > Vo. When E < Vj there is a classical turning point at x = xo, where £ = V(xp).

(b) The step potential (4.41).

and this normalisation is called p-normalisation. Another frequently used normali-
sation, called the energy normalisation, is the subject of Problem 4.2.

The potential step

Our next example is that of a particle moving in a potential V (x) which has the form of
an infinitely wide potential barrier (see Fig. 4.1(a)). As we go to the left, the potential
tends to the constant value zero, while as we go to the right it tends to the constant
value Vy > 0. We have also indicated in Fig. 4.1(a) two values of the total energy E
of the particle. According to classical mechanics a particle incident from the left with
an energy E < Vp would always be reflected at the turning point xo, where its kinetic
energy vanishes. The region to the right of x, is therefore classically forbidden for
the particle. On the other hand, following classical mechanics, a particle incident
from the left with an energy E > V; would never be reflected, but would always be
transmitted.

Let us now study this problem by using quantum mechanics. Since the poten-
tial is time-independent the motion of a particle of energy E is described by the
wave function W (x, t) = ¥ (x) exp(—iEt/h), where ¥ (x) is a solution of the time-
independent Schrodinger equation (4.3). To simplify our task we shall replace the
smoothly varying potential of Fig. 4.1(a) by the step potential shown in Fig. 4.1(b).
Note that we have chosen the turning point x, to be at the origin, so that

0, x<0O
Vix) = 4.41
(x) Vo, x> 0. ( )
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It is clear that this potential step is an idealisation of potentials of the form shown
in Fig. 4.1(a). It is the simplest example of a piecewise constant potential which
is pieced together from constant portions in adjacent ranges of the x-axis. Other
examples of piecewise constant potentials will be considered later in this chapter.

Before solving the time-independent Schrodinger equation (4.3) for the potential
step (4.41), we recall from our discussion of Section 3.6 that the total energy E can
never be lower than the absolute minimum of the potential. Thus for the potential
step (4.41) there is no acceptable solution of the Schrodinger equation (4.3) when
E < 0. In what follows we shall study successively the two cases 0 < E < Vj, and
E > V().

Case : 0 < E< V)

Since the step potential (4.41) is such that V(x) =0forx <Oand V(x) = Vy > E
for x > 0, the Schrodinger equation (4.3) becomes, in this case,

2 172
d dﬁ(;) + Ky (x) =0, k= (Zh_r;zE) , x <0 (4.42a)
and
2 12
d dx/;(zx) __K21/f(x) =0, K= [Zh_r;l(vo - E)] s x> 0. (4.42b)

Equation (4.42a), valid for x < 0, describes the motion of a free particle of wave
number k. Its general solution is

Y(x) = Ae"* + Be™,  x <0 (4.43a)

where A and B are arbitrary constants. The second equation (4.42b), valid for x > 0,
has the general solution

Y(x) = Ce”" + De™, x>0 (4.43b)

where C and D are arbitrary constants.

It follows from the discussion of Section 3.6 that in order to be an acceptable solution
of the Schrodinger equation (4.3) the eigenfunction ¥ (x) and its first derivative
dy (x)/dx must be finite and continuous for all values of x. Now, if C # 0 it is
clear that the eigenfunction ¥ (x) given by (4.43b) for x > 0 will not remain finite in
the limit x — +00, since exp(k x) diverges in that limit. To prevent this unacceptable
behaviour, we must choose the constant C = 0, so that for x > 0 the eigenfunction
¥ (x) is given by ¥ (x) = D exp(—«x). Thus we have

Ael** 4 Be ik x <0 4.44
Yy =1"" (4.44a)
De™**, x>0 (4.44b)

and we note that, since one of the two linearly independent solutions for x > 0 has
been excluded, the energy eigenvalues for 0 < E < Vj are non-degenerate.
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Next, let us consider the point of discontinuity of the potential at x = 0. We recall
from our discussion of Section 3.1 that the existence of discontinuities of the first
kind (i.e. finite jumps) in the potential does not modify the conditions of continuity
imposed on the function 1 (x) and on its first derivative dy(x)/dx. Indeed, at a
finite discontinuity of the potential it follows from the Schrodinger equation (4.3)
that the second derivative d*y(x)/dx? will exhibit a finite jump, but the integral of
d?y(x)/dx? remains continuous, so that dys(x)/dx, and hence ¥ (x), are continuous
everywhere. This means that at x = 0 the solutions (4.44a) and (4.44b) must join
‘smoothly’ in such a way that ¥ (x) and dy(x)/dx are continuous. The condition
that ¥ (x) be continuous at x = 0 gives the relation

A+B=D (4.45a)
while the requirement that dy(x)/dx be continuous at x = 0 yields
ik(A — B) = —« D. (4.45b)
From equations (4.45) we deduce that
1 +ix/k 1 —ix/k
A= —+;"/ D, B= —-—;"/ D (4.46)

so that the solution ¥(x) of the Schrodinger equation (4.42) is given by equa-
tions (4.44), with A and B obtained in terms of D from (4.46). Note that since the
oscillatory part (4.44a) of 1/ (x) can be joined smoothly to its exponential part (4.44b)
for all values of E between 0 and Vj, the spectrum is continuous. The remaining
constant D can be determined by ‘normalising’ the eigenfunction v (x), but this will
not be required in what follows. We also remark that since the quantity

B 1—ik/k 1-i(W/E-1"

- = = 447

A 1+ic/k  14+i(V/E -1/ @.47)
is of modulus one it may be written in the form

B . v 172

1= e, o= 2tan_‘[—(E0 - l) ] (4.48)
while

D 2 2 .

— = = =1 <, 4.49

AT Tk T+ivVgE—pr e .49
Hence the eigenfunction (4.44) can be rewritten in terms of the constant A as

Vo) = 2Ae®cos(kx — %), x <O (4.50a)

12462 cos Se™x, x>0 (4.50b)

and is seen to be real, apart from a multiplicative constant. As an example, the
eigenfunction (4.50) with A = 27! exp(—ia/2) is shown in Fig. 4.2 for the case
o = —mn /3, which corresponds to E = 0.75V).

We may readily interpret the solution y¥(x) as follows. Let us first consider the
region x < 0 and return to equation (4.44a). We have seen in Section 4.2 that
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Figure 4.2 The eigenfunction ¥ given by equations (4.50) with A = 271 exp(—ie/2), as a
function of the variable y = kx, for the case « = —x/3, corresponding to an incident particle
energy £ =0.75Vp.

the functions exp(ikx) and exp(—ikx), when multiplied by the factor exp(—iEt/h),
represent plane waves moving towards the right and towards the left, respectively.
Moreover, the probability current density corresponding to the wave function (4.44a)
is given (see (4.27)) by

j=vlAP—-|B*l, x<O (4.51)

where v = hk/m is the magnitude of the velocity of the particle. The first term
Aexp(ikx) of ¥(x) in the region x < O therefore corresponds to a plane wave
of amplitude A incident from the left on the potential step, while the second term
B exp(—ikx) corresponds to a reflected plane wave of amplitude B. The reflection
coefficient R is defined as the ratio of the intensity of the reflected probability current
density (v|B|?) to the intensity of the incident probability current density (v|A|?).
Thus

_vIB> _ B
CulAR AR

4.52)

and we see that the quantity R is also equal to the ratio of the intensity of the
reflected wave to that of the incident wave. Note that R is independent of the absolute
normalisation of the wave function ¥ (x). Now, from (4.48) we have |A|> = | B|?, so
that R = 1 and the reflection is toral. This result is in agreement with the prediction
of classical mechanics, according to which all particles with total energy E < Vj are
reflected by the potential step. However, we see from (4.6) and (4.50a) that to the left
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of the barrier the position probability density
P(x) = 4|Alzcosz(kx - ‘-’2-) x<0 4.53)

exhibits an oscillatory behaviour, which is a purely quantum mechanical interference
effect between the incident and reflected waves.

Since |A|?> = | B|?, the probability current density (4.51) vanishes for x < 0. By
substituting the expression of ¥ (x) given by (4.44b) on the right of equation (4.7), it
is also readily verified that j = O for x > 0. Hence there is no net current anywhere
and therefore no net momentum in the state (4.44). This result could have been
predicted directly by looking at the form (4.50) of the wave function. Indeed, as we
already remarked in Section 4.2, the probability current density (4.7) vanishes for any
function ¥ (x) which is real except for a multiplicative constant.

Let us now examine in more detail the eigenfunction ¥ (x) in the region x > 0, as
given by (4.44b). The interesting feature is that this function does not vanish in this
region. Thus, using (4.6) and (4.44b), we find that the position probability density is
given to the right of the potential step by

P(x) = |D*e™**,  x>0. 4.59)

Although this expression decreases rapidly with increasing x, there is a finite
probability of finding the particle in the classically inaccessible region x > 0. This
striking non-classical phenomenon of barrier penetration is of great importance in the
understanding of various phenomena in quantum physics, and will be illustrated in the
following sections. Inthe present case, however, the wave-like property of penetration
into the classically excluded region cannot be demonstrated experimentally. Indeed,
in order to observe the particle in the region x > 0, it must be localised within a
distance of order Ax ~ k!, for which the probability (4.54) is appreciable. As a
result, its momentum would be uncertain by an amount

h
Apy > — =~ hk = [2m(Vy — E)]'/? (4.55)
Ax
and its energy would be uncertain by a quantity
A 2
AE=8P) 5y g (4.56)
2m

so that it would no longer be possible to state with certainty that the total energy E
of the particle is less than V.

It is interesting to examine the limiting case of an infinitely high potential barrier,
so that Vo — oo (the energy E being kept constant). Then x — oo and we see
from (4.44b) that ¥ (x) — 0in the classically forbidden region x > 0. From (4.47)-
(4.49) we also deduce that

. B . D
lim — = -1, lim — =0 4.57)
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so that as V; — oo we have B = —A and D = 0. The wave function (4.44) therefore
becomes, in this case,
ikx —ikx
Yx) = AT — e, x <0 (4.58)
0, x> 0.

Thus, for an infinitely high barrier the wave function vanishes at the barrier (for x = 0)
and beyond it (for x > 0), in agreement with the discussion of Section 3.6. We also
remark that at the point x = 0, where the potential makes an infinite jump, the slope
of the wave function (4.58) changes suddenly from the finite value 2ikA to zero.
Note that this discontinuity of the slope is not in contradiction with the condition of
‘smooth’ joining (which requires both ¥ (x) and dy(x)/dx to be continuous) which
only holds when the potential is either continuous or exhibits finite jumps.

Case 2. E > V)

Let us now return to finite potential steps and consider the case for which the total
energy E exceeds Vj. The Schrodinger equation (4.3) then becomes

& 2 1/2
if)+ﬁwu)=o, k=(é§é) : x<0  (459)
2 2 1/2
d";(f) FE2Y(x) =0, K= [h—";(E - Vo)] , x>0 (4.59)
and is readily solved to give
o At £ Be ¥ x <0 (4.60a)
Ceik’x + De—ik’x’ x>0 (4.60b)

where A, B, C and D are integration constants. We see that in both regions x < 0
and x > 0 the wave function (4.60) has an oscillatory character. Moreover, it is
doubly degenerate since it consists of a linear combination of two linearly independent
solutions corresponding to the same energy.

In order to make progress in the interpretation of the wave function (4.60), we must
specify the physical situation which we want to study. Clearly, the particle can be
incident on the step either from the left or from the right. We shall consider here the
case when the particle is incident from the left. We must then discard the second term
D exp(—ik’x) on the right of (4.60b), since this term corresponds to a reflected wave
travelling in the direction of decreasing x in the region x > 0, and there is nothing
for x large and positive which can cause such a reflection. Hence we must set D = 0,
so that the wave function (4.60) becomes

Ae* + Be~kx x <0 (4.61a)
v = Ceik'x x> 0. (4.61b)

We see that it consists of an incident wave (of amplitude A) and a reflected wave
(of amplitude B), both of wave number £, in the region x < 0, and of a transmitted
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wave (of amplitude C) of wave number k' in the region x > 0. Thus, in contrast with
classical mechanics which says that a particle with energy E > Vj will always pass
the potential step, quantum mechanics predicts that the incident wave will be partly
transmitted and partly reflected.

The constants A, B and C in (4.61) can be related by joining ‘smoothly’ the
solutions (4.61a) and (4.61b), so that ¥ (x) and dy(x)/dx are continuous at x = 0.
Continuity of ¥ (x) at x = 0 requires that

A+B=C (4.62a)
and continuity of dy/(x)/dx at x = 0 yields the further condition

k(A—-B)=k'C. (4.62b)
These two equations are readily solved to give

B_k-k (4.63)

A k+k
and

€2 4.64)

A k+Kk

Since the two solutions (4.61a) and (4.61b) can be joined smoothly in this way for all
values of E > Vj, the spectrum is again continuous.

Let us now consider the probability current density j associated with the wave
function (4.61). Substituting this wave function in (4.7), we find that

j=vlA?=|B*l, x<0O (4.65a)
=v'|C)%, x>0 (4.65b)

where v = hik/m and v’ = hk’/m are the magnitudes of the particle velocity in the
regions x < 0 and x > O, respectively. Using (4.63) and (4.64) we have

B>  v'|CP?

A2 " v A2 469
so that v'|C|?> = v[|A|> — | B|?] and the probability current density j has the same
constant value everywhere, as it should for any one-dimensional stationary state.
Note, however, that in contrast to the case 0 < E < V| studied above, this constant
value is not zero in the present situation.

The reflection coefficient R has been defined in (4.52) to be the ratio of the intensity
of the reflected probability current density to that of the incident probability current
density. Using (4.63), we therefore have

_IBP (kK [1-(1-VW/E)'?
THAR T (k4 k)2 T (14 (1 = Vo/E)2

The reflection coefficient is plotted in Fig. 4.3 as a function of the ratio E/V,. We
have also included in this graph the case E/Vj < 1 studied above, for which R = 1.

E > V. (4.67)
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Figure 4.3 The reflection coefficient R for particles incident on the step potential (4.41), as a
function of the ratio E /Vp.

Note that R = 1 when E = V,,. As E/V, continues to increase beyond unity, R
decreases monotonically and tends to zero when E/ Vy — oo.

We can also define the transmission coefficient T as the ratio of the intensity of
the transmitted probability current density to that of the incident probability current
density. Thus T, like R, is independent of the absolute normalisation of the wave
function ¥ (x). Using (4.64) we obtain

_VICP  4kK 40 = Vo/E)'?
VAR T +k)? T L+ (- Vo/E)A

and we see that both R and T depend only on the ratio Vy/E. Moreover, we deduce
from (4.66) that

R+T=1. (4.69)

E>V (4.68)

We have seen above that the wave function describing the motion of the particle
is partially reflected and partially transmitted at the potential step. Similarly, the
probability flux incident upon the potential step is split into a reflected flux and a
transmitted flux, the total probability flux being conserved by virtue of (4.69). The
particle itself is of course not split at the potential step, since particles are always
observed as complete entities. In any particular event the particle will either be
reflected or transmitted, the probability of reflection being R and that of transmission
being T for a large number of events.

The fact that potential steps can reflect particles for which E > V, (i.e. having
enough energy to be classically transmitted) is clearly due to the wave-like properties
of particles embodied in the quantum mechanical formalism. It is therefore not
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surprising that this behaviour is analogous to a phenomenon occurring in classical
wave optics, namely the reflection of light at a boundary where the index of refraction
changes abruptly. Indeed, let us consider the regions to the left and to the right of
the potential step as two ‘optical media’. In the first medium (x < 0) the de Broglie
wavelength of the particle is A = 27 /k, and in the second medium (x > 0) it is
given by A’ = 2/ k’. The index of refraction n of medium 2 relative to medium 1 is
defined in the usual way as the ratio of the two wavelengths

A K Vo\ '/
"=—=;=(‘“EO> 4.70)

and in terms of this index of refraction we have

1—n\°
R = (1+n> 4.71)

which is precisely the result obtained in wave optics.

Until now we have analysed the situation for which the particle is incident from
the left, but it is also instructive to consider the case when the particle is incident
on the potential step from the right. We must then set A = 0 in the general wave
function (4.60), since the term A exp(ikx) now corresponds to a reflected wave in the
region x < 0, and there is no reflector for x — —oo. Following the method given
above, it is straightforward to obtain the reflection and transmission coefficients for
this case (Problem 4.3). It is found that they are the same as those given by (4.67)
and (4.68) for a particle incident from the left, a result which could have been
anticipated since both R and T remain unchanged if k and &’ are exchanged. This
clearly shows that partial reflection is not due to an increase of V (x) in the direction
of motion of the particle, but results from an abrupt change in the potential (and
hence in the de Broglie wavelength of the particle), just as optical reflection occurs at
a boundary where the index of refraction changes abruptly. Thus, if we return to the
smoothly varying potential shown in Fig. 4.1(a), we can predict that partial reflection
of particles with energy £ > Vj will only occur significantly if the potential V (x)
changes by an appreciable amount over a short distance. This can be proved by
solving explicitly the Schrédinger equation (4.3) for potentials of the form shown in
Fig. 4.1(a). It is found that partial reflection for £ > V}) occurs if the potential V (x)
varies significantly over a distance of the order of the de Broglie wavelength A of the
incident particle. On the other hand, reflection is negligible when the potential varies
slowly over that de Broglie wavelength. This, of course, is the case in the classical
limit for which any realistic potential V (x) of the form shownin Fig. 4.1(a) changes by
a negligible amount over the de Broglie wavelength, which tends to zero in that limit.
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Figure 4.4 A rectangular potential barrier of height Vo and thickness a.

The potential barrier

We now proceed to study the motion of a particle in a potential V (x) which has the
form of the rectangular barrier shown in Fig. 4.4. Thus

0, x<0
Vix)=3{Vy, O0<x<a 4.72)
0, x>a

with Vj > 0. According to classical mechanics, a particle of total energy E incident
upon this barrier would always be reflected if E < Vj and it would be transmitted
if E > Vy. In view of what we learned in the preceding section, we expect that
quantum mechanics will lead to a different prediction. Indeed, as we shall now see,
the quantum mechanical treatment of this problem leads to the conclusion that both
reflection and transmission happen with finite probability for most (positive) values
of the particle energy.

We begin by remarking that, as in the case of the potential step, there is no admissible
solution of the Schrodinger equation (4.3) for the potential (4.72) when E < 0. We
shall thus assume that £ > 0. Note that the problem we want to analyse belongs to
the category of one-dimensional scattering problems, in which a particle of energy
E > 0 interacts with a potential in a given interval, and is free outside this interval.
In the present case the particle interacts with the potential in the interval (0, a). In
the external regions x < 0 and x > a the particle is free, and the general solution of
the Schrodinger equation (4.3) is given by

Aet* + BeTkr x <0 (4.73a)

Yx) = Ce + De ™ x> a (4.73b)
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where A, B, C, D are constants and k = (2mE/h*)'/2. It is interesting to remark
that solutions of the form (4.73) are valid in the force-free regions that are external
to the interval in which any scattering potential acts.

The particle can obviously be incident upon the barrier either from the left or from
the right. We shall study here the case when it is incident on the barrier from the left.
Since there is nothing at large positive values of x to cause a reflection, we must set
D = 01in (4.73b). The wave function is therefore given in the external regions by

Aet* + Be T x <0 (4.74a)

Yx) = l Coikr, Y >a (4.74b)

We see that in the region x < 0 the wave function consists of an incident wave of
amplitude A and a reflected wave of amplitude B, both of wave number k. In the
region x > a it is a pure transmitted wave of amplitude C and wave number k. This
interpretation is readily checked by substituting the wave function (4.74) into (4.7).
The resulting probability current density (which is constant since we are dealing with
one-dimensional stationary states) is given by

v[|AP = B*], x<0 (4.75a)
v|CI?, X >a (4.75b)

where v = fik/m is the magnitude of the particle velocity. The quantities v|A|?, v| B|?
and v|C|? are, respectively, the intensities of the incident, reflected and transmitted
probability current densities. Following the definitions of Section 4.3, a reflection co-
efficient R and a transmission coefficient T can be introduced, which are independent
of the absolute normalisation of the wave function v (x). They are given by

_|B? _|cP?
AR AR

Note that in writing the expression for T we have used the fact that the velocity v of
the particle is the same in both regions x < 0 and x > a.

Until now we have studied the solution v (x) of the Schrédinger equation in the
external regions x < 0 and x > a. The nature of the solution in the internal region
0 < x < a depends on whether E < Vyor E > V,. We shall analyse these two cases
in succession.

4.76)

Case : E< VW

Remembering that V (x) = V; for 0 < x < a, and setting k = [2m(Vy — E)/h?]'/?
as in (4.42b), the solution of the Schrédinger equation in the internal region is given
by

Y (x) = Fe* 4+ Ge™ ", 0<x<a. 4.77)

The five constants A, B, C, F and G can be related by requiring that ¥ (x) and
dy(x)/dx be continuous at both points x = 0 and x = a where the potential is
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discontinuous. Thus at x = 0 we have, from (4.74a) and (4.77),

A+B=F+G (4.78a)
ik(A - B) = k(F - G) (4.78b)

while at x = a we find from (4.74b) and (4.77) that

Celka = Fe@ 4 Ge ™™ (4.79a)
ikCe*® = k(Fe* — Ge™9). (4.79b)

Eliminating F and G and solving for the ratios B/A and C/A, we obtain

B (kZ + KZ)(eZKu _ 1)

- = 4.80a
A ek +ik)? — (k —ik)? ( )
and
: —ika nxa
c _ 41k.xe e . (4.80b)
A ek +ik)? — (k — iKk)?
so that the reflection and transmission coefficients are given by
B|? 4k%? - 4E(Vo— E)]™
L [1 + i ] = [1 %] (4.81a)
|A|? (k%2 4+ ?)? sinh*(ka) Vg sinh®(ka)
and
e I _ - k% + k)2 sinh®(ka) ™" _T V2 sinh? (ka) “. @31h)
|A? 4k2k? 4E(Vo — E)
It is also readily verified that R + T = 1, which expresses conservation of the
probability flux.

The above equations lead to the remarkable prediction that a particle has a certain
probability of ‘leaking through’ a potential barrier which is completely ‘opaque’
from the point of view of classical mechanics. This phenomenon, which is one of
the most striking features of quantum mechanics, is known as barrier penetration or
the tunnel effect, and is quite common in atomic, nuclear and solid state physics. For
example, the tunnel effect is fundamental in explaining the emission of alpha particles
by radioactive nuclei, a process which we shall study in Chapter 8 after learning how
to calculate the transmission coefficient for more general potential barriers than the
rectangular one considered here. In Fig. 4.5 we illustrate schematically the tunnel
effect by showing the modulus square of the wave function, | (x)|?, for a rectangular
potential barrier (4.72) such that m Vya®/A* = 0.25 and an incident particle energy
E = 0.75Vy. Of particular interest is the fact that in the region x > a, one has
|¥ (x)|> = |C|?, which is non-zero. We also note the attenuation of |y (x)|? inside
the barrier, and the fact that since R < 1 we have | B| < | A|, so that the wave function
¥ (x) —and hence | (x)|? — never goes through zero in the region x < 0.
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Figure 4.5 The modulus square of the wave function, 1% (x)|2, for the case of a rectangular
barrier such that mVpa?/h? = 0.25. The incident particle energy is E = 0.75V,. The coefficient
A in (4.73a) has been taken to be A =1.

Going back to equation (4.81b), we see that T — 0 in the limit E — 0, and
that T is a monotonically increasing function of E. Also, when the particle energy
approaches the top of the barrier (from below), we have

mV0a2 -l
o,
i T ( T )

Note that the dimensionless number m Voa? /h? may be considered as a measure of
the ‘opacity’ of the barrier. In the classical limit this opacity becomes very large, and
the transmission coefficient T remains vanishingly small for all energies E such that
0 < E < Vp. Finally, if ka > 1 we can write sinh(ka) ~ 27! exp(ka), so that the
transmission coefficient is given approximately by

16E(Vy — E
T~ —( 02 )e'z""
Vo

(4.82)

(4.83)

and is very small.

The formula (4.83) has an important application in the scanning tunnelling micro-
scope. A sharp metal needle is brought very close to a metal. The energy of the
electrons within the needle and the surface is less than in the gap between them, so
that a potential barrier exists through which the electrons can tunnel. If an electrical
voltage is applied between the needle and the surface, a current will flow, whose
magnitude depends on the transmission coefficient (4.83), in which the width a of
the barrier is the height of the needle above the surface. Because of the exponential
dependence of the transmission coefficient T on a, the current is a sensitive measure
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Figure 4.6 A scanning tunnelling microscope image of the surface of a silicon crystal.

of the height of the needle above the surface. This height can be adjusted as the needle
scans the surface so that the current remains constant. In this way contour maps of
surfaces have been obtained with an accuracy better than 10~'! m in the direction
perpendicular to the surface and with aresolution of 0.5 x 10~ m in directions parallel
to the surface. In Fig. 4.6 a constant-current image of the surface of a silicon crystal
is shown. A periodic array is seen corresponding to surface unit cells. The black
area near the centre is caused by a small defect. Further applications of tunnelling
are discussed in Section 8.4.

Case 22 E> VW
The solution of the Schrédinger equation in the internal region is now given by
Yx)=Fe¥ 4+ Ge™**  0<x<a (4.89)

where k' = [2m(E — Vp)/k*]"/? as in (4.59b).

The conditions that v (x) and dy (x) /dx be continuous at the two points x = 0 and
x = a provide four relations between the five constants A, B, C, F and G. Thus, after
elimination of F and G, we can solve again for the ratios B/A and C/A. Actually, it
is easier to obtain these ratios directly by replacing « by ik’ in the equations (4.80).
We find in this way that the reflection and transmission coefficients are now given by

LI [1 4Kk ]" B [1 4E(E — Vp)
A2 (k2 — k?)?sin’(k'a) | V2 sin®(k'a)

|C|? | (k2 — K?)?sin(k'a) ]! | V2 sin’(k'a)
|A2 _[ 4k2k2 ] _[ 4E(E — Vp)
and we see again that R + T = 1. The most important point about these equations is
that the transmission coefficient 7 is in general less than unity, in contradiction to the
classical prediction that the particle should always pass the potential barrier when E >
Vo- In fact, we see from (4.85b) that we only have T = 1 when k'a = 7, 27, 37, . . .,
namely whenever the thickness a of the barrier is equal to a half-integral or integral

R =

-1
] (4.85a)

-1
] (4.85b)
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Figure 4.7 The transmission coefficient for a rectangular potential barrier such that mVoa?/h? =
10, as a function of the ratio E / V.

number of de Broglie wavelengths A’ = 27 /k’ in that region. This effect results from
destructive interference between reflections at the two points x = 0 and x = a. We
also remark that when E tends to Vj (this time from above), T joins smoothly to the
value given by (4.82), while T becomes asymptotically equal to unity when E is large
compared to Vp.

In Fig. 4.7 we show the transmission coefficient T', obtained from equations (4.81b)
and (4.85b), as a function of E/Vj, for a barrier such that m Vya® /h2 = 10. Note
that even when E is somewhat smaller than Vj the transmission coefficient T is not
negligible, which shows the importance of the tunnel effect in this case.

Since the phenomena of barrier penetration are characteristic of waves, we should
not be surprised that they have a classical analogue in wave optics. Consider for
example two optical media 1 and 2 (such as glass and air) having refractive indices
ny and ny, with n; > n,, and suppose that a plane wave is incident from the optical
medium 1 on the plane interface of the two media (see Fig. 4.8(a)). If the angle of
incidence 6 is larger than the critical angle 6., and if the optical medium 2 extends to
infinity below the interface, the wave will be rotally reflected, as shown in Fig. 4.8(a).
However, despite the fact that the wave does not propagate in the optical medium 2,
classical electromagnetic theory shows that the electric field does penetrate in that
medium, its amplitude decreasing exponentially as one goes further away from the
interface. This situation is therefore analogous to the potential step problem with
E < Vj, for which we saw in the previous section that the reflection is total (R = 1),
but the wave function ¥ (x) does penetrate in the classically forbidden region (x > 0)
and decreases exponentially in that region (see (4.44b)).

Consider now the situation depicted in Fig. 4.8(b), where the optical medium 2
is reduced to a thin layer separating two optical media of type 1. In this case, a
wave incident at an angle 6 > 6. will be partly reflected and partly transmitted.
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Figure 4.8 (a) lllustration of the total reflection of a plane electromagnetic wave at the plane
interface of two media having different refractive indices. (b) llustration of frustrated total
reflection.

This phenomenon, called frustrated total reflection, can be fully understood by using
classical electromagnetic theory, and is the analogue of the quantum mechanical
tunnel effect. Just as the reduction of the optical medium 2 to a layer allows the
transmission of the electromagnetic wave to occur, so does the reduction of a step
potential (having infinite thickness) to a barrier potential (of finite thickness) permit
the transmission of particles of energy E < Vj in the quantum mechanical problem.

The infinite square well

Thus far we have only considered examples for which the Schrodinger eigenvalue
equation (4.3) has solutions for every positive value of the energy, so that the energy
spectrum forms a continuum. This is the case whenever the classical motion is not
confined to a given region of space. We shall now study the opposite case of a particle
of mass m which is bound so that the corresponding classical motion is periodic. In
contrast with classical mechanics, solutions of the Schrodinger equation (4.3) then
exist only for certain discrete values of the energy, as we have seen in Section 3.6. In
this section we shall analyse a simple example such that the energy spectrum consists
only of discrete bound states. This is the infinite square well potential, corresponding
to the motion of a particle constrained by impenetrable walls to move in a region of
width L, where the potential energy is constant. Taking this constant to be zero, and
defining a = L /2, the potential energy for this problem is

Vi) = 0, —-a<x<a (4.86)
0o, |x|>a

where we have chosen the origin of the x-axis to be at the centre of the well. This
potential is illustrated in Fig. 4.9.
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Figure 4.9 The infinite square well potential.

As the potential energy is infinite at x = +a, the probability of finding the particle
outside the well is zero. The wave function 1 (x) must therefore vanish for |x| > a,
and we only need to solve the Schrodinger equation (4.3) inside the well. Moreover,
since the wave function must be continuous, ¥ (x) must vanish at the constraining
walls, namely

Y(x)=0 at Xx = *a. 4.87)

We shall see shortly that this boundary condition leads to the quantisation of the
energy. Note that the derivative of the wave function, dy(x)/dx, cannot vanish at
x = =a, since then the eigenfunction v (x) would be the trivial solution ¥y = 0. Thus
dy (x)/dx will be discontinuous at the points x = +a, where the potential makes infi-
nite jumps. As we have already remarked in Section 3.6, discontinuities of dy(x)/dx
are allowed at the points where the potential exhibits infinite discontinuities.

The Schrodinger equation for |x| < a is simply

h? &y (x)

2m dx?
Setting k = (2mE /h*)"/2, the general solution of (4.88) is a linear combination of
the two linearly independent solutions exp(ikx) and exp(—ikx) or, equivalently, of

the pair of real solutions sin kx and cos kx. In the present problem it is convenient to
use the real solutions, so that we shall write the general solution in the form

= Ey(x). (4.88)

2 1/2
¥(x) = Acoskx + Bsinkx, k= (%E) (4.89)
Let us now apply the boundary conditions (4.87). We find in this way that the
following two conditions must be obeyed

Acoska =0, Bsinka = 0. (4.90)
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It is clear that we cannot allow both A and B to vanish, since this would yield the
physically uninteresting trivial solution ¥ (x) = 0. Also, we cannot make both cos ka
and sin ka to vanish for a given value of k. Hence, there are two possible classes of
solutions. For the first class B = 0 and cos ka = 0, so that the only allowed values

of k are
nmw nm
n= 7" =" 4.91
2a L 4.91)
withn = 1,3,5,.... The corresponding eigenfunctions ¥, (x) = A, cosk,x can be
normalised so that
+a
Y () Yn(x)dx =1 4.92)

—a
from which the normalisation constants are found (within an arbitrary multiplicative
factor of modulus one) to be given by A, = a~!/2. The normalised eigenfunctions
of the first class can therefore be written as

1
l//,,(x)=ﬁcosgx, n=13,5,.... 4.93)

In the same way, we find that for the second class of solutions A = 0 and sinka = 0,
so that the allowed values of k are given by (4.91), with n = 2,4,6,.... The
normalised eigenfunctions of the second class are therefore

I
Yn() = = sin %x, n=2,46,.... 4.94)

For both classes of eigenfunctions it is unnecessary to consider negative values of n,
since these lead to solutions which are not linearly independent of those corresponding
to positive n.

Taking into account the two classes of solutions, we find that the values of k are
quantised, being given by k, = nw/L, withn = 1,2,3,.... The corresponding
de Broglie wavelengths are A, = 2n/k, = 2L /n, so that eigenfunctions are only
obtained if a half-integral or integral number of de Broglie wavelengths can fit into the
box. In contrast with the classical result, according to which a particle can move in
the potential (4.86) with any positive energy, we see that in the quantum mechanical
problem the energy is quantised, the energy eigenvalues being

h’k2  h* m*n? B nn?

E, = = = ,
" 2m 8m a? 2m L?

n=1,2,3,... (4.95)

so that the energy spectrum consists of an infinite number of discrete energy levels
corresponding to bound states. Note that there is just one eigenfunction for each level,
so that the energy levels are non-degenerate. We also see from (4.93) and (4.94) that
the nth eigenfunction has (n — 1) nodes within the potential, and that the (real)
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Figure 4.10 (a) The first four energy eigenvalues and (b) the corresponding eigenfunctions of the
infinite square well. In (b) the x-axis for the eigenfunction v, is drawn at a height corresponding
to the energy E .

eigenfunctions ¥, (x) and v, (x) corresponding to different eigenvalues E, and E,,
are orthogonal:
+a

Yo (x)Y,(x)dx =0, n#m. (4.96)
—da

All these results are in agreement with the discussion of Sections 3.6 and 3.7. The first
few energy eigenvalues and corresponding eigenfunctions are shown in Fig. 4.10. It
is worth noting that the lowest energy or zero-point energy is E,—, = h*n?/8ma®, so
that there is no state of zero energy. This is in agreement with the requirements of the
uncertainty principle. Indeed, the position uncertainty is roughly given by Ax >~ a.
The corresponding momentum uncertainty is therefore Ap, 2 h/a, leading to a
minimum kinetic energy of order 4%/ma?, in qualitative agreement with the value of
E,.

Parity

There is an important difference between the two classes of eigenfunction which
we have obtained. That is, the eigenfunctions (4.93) belonging to the first class
are such that ¥,(—x) = ¥,(x) and are therefore even functions of x, while the
eigenfunctions (4.94) of the second class are such that ¥, (—x) = —,,(x) and hence
are odd. This division of the eigenfunctions ¥,(x) into eigenfunctions having a
definite parity (even for the first class, odd for the second class) is a direct consequence
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of the fact that the potential is symmetric about x = 0, i.e. is an even function,
V(—x) = V(x), as we shall now show.

For this purpose let us study the behaviour of the Schrodinger eigenvalue equa-
tion (4.3) under the operation of reflection through the origin, x — —x, which
is also called the parity operation. If the potential is symmetric, the Hamiltonian
H = —(h?/2m)d?/dx? + V(x) does not change when x is replaced by —x: it
is invariant under the parity operation. Thus, if we change the sign of x in the
Schrodinger equation (4.3), we have

dy(=x)
2m  dx?

so that both ¥ (x) and ¥ (—x) are solutions of the same equation, with the same
eigenvalue E. Two cases may arise.

+ V)Y (—x) = E¥(—x) (4.97)

Case 1: The eigenvalue E is non-degenerate

The two eigenfunctions ¥ (x) and {¥(—x) can then differ only by a multiplicative
constant

Y(—x) =ay(x). (4.98)
Changing the sign of x in this equation yields
V(x) =ay(-x) (4.99)

and by combining these two equations we find that ¥ (x) = o?¥(x). Hence a? = 1
so that = 1 and

Y (—x) = £y (x) (4.100)

which shows that the eigenfunctions ¥ (x) have a definite parity, being either even or
odd for the parity operation x — —x.

In particular, since bound states in one dimension are non-degenerate, every one-
dimensional bound-state wave function in a symmetric potential must be either even or
odd. Moreover, even functions clearly have an even number (including zero) of nodes,
and odd functions have an odd number of nodes. As a consequence, if the energy
levels are ordered by increasing energy values, the corresponding eigenfunctions are
alternately even or odd, with the ground-state wave function being always an even
function. As seen from (4.93) and (4.94), the results we have obtained above for the
infinite square well are in agreement with these conclusions.

Case 2: The eigenvalue E is degenerate

In this case more than one linearly independent eigenfunction corresponds to the
eigenvalue E, and these eigenfunctions need not have a definite parity. However, it
is always possible to construct linear combinations of these eigenfunctions, such that
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each has definite parity. Indeed, let us assume that the eigenfunction ¥ (x) does not
have a definite parity. We may then write

Y(x) =9i(x) +¢¥-(x) (4.101)

where

Y (x) = Y ) + ¥ (—x)] (4.102a)

obviously has even parity, while
Y_(x) = 3[¥(x) — ¥ (—x)] (4.102b)

is odd. Substituting (4.101) into the Schrodinger equation (4.3) we have
2 g2

2 L x) E ¢+(x 2 ‘ (x) E lp—("r - 0

Changing x to —x and using the fact that V(—x) = V(x), ¥+ (—x) = ¥, (x) and

Y_(—x) = —y¥_(x), we find that
2 2
T 2mdx? " 2mdx?

K2 &2
[ +V(x)—E]¢+(x)—[ +V(x)—E]1/f-(x)=0.

(4.104)

Therefore, upon adding and subtracting (4.103) and (4.104), we see that ¥, (x) and
Y¥_(x) are separately solutions of the Schrodinger equation (4.3), corresponding to the
same eigenvalue E. This completes the proof that for a symmetric (even) potential the
eigenfunctions  (x) of the one-dimensional Schrodinger equation (4.3) can always
be chosen to have definite parity, without loss of generality.

The fact that eigenfunctions of the Schrédinger equation (4.3) can always be chosen
to be even or odd when V (—x) = V (x) often simplifies the calculations. In particular,
we only have to obtain these eigenfunctions for positive values of x, and we know
that odd functions vanish at the origin, while even functions must have zero slope
at x = 0. This is apparent in the case of the infinite square well, and will again
be illustrated below in our study of the finite square well and the linear harmonic
oscillator.

Wave function regeneration

The general solution of the time-dependent Schrodinger equation (4.1) for a particle
in the infinite square well (4.86) is given by

oC

W(x, 1) =Y cntin(x) exp(—iEnt /h) (4.105)

n=|

where the energy eigenvalues E, are given by (4.95), and the corresponding eigen-
functions are given by (4.93) for n odd and (4.94) for n even. The constants ¢, can be
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determined from the knowledge of the wave function W (x, ¢) at any particular time
to. Following the procedure leading to (3.154), and setting #p = 0, we have

+a

Cp = Yo ()W (x,t = 0)dx (4.106)

—a

where we have used the normalisation condition (4.92) and the orthogonality rela-
tion (4.96).

As the time passes, the form of the wave packet W(x, t) changes. However, we
shall now show that at the time t = T, where T = 2nh/E,, the wave packet is
regenerated, so that

Wix,t=T)=W(x,t=0). (4.107)

Indeed, from (4.105), and since E, = n?E, we have

> 2
Vi, t=T) =Y cnin ——'ZE—)
(x,t ) 2 lcdr(x)exp( in IEI

W (x) exp(—i2mn?). (4.108)

vl

n=|

Since 2n? is an even integer, it follows that exp(—i2mn?) = 1, and hence
o0
W, t=T)= ) ca¥alx) = ¥(x,t =0). (4.109)
n=1

By repeating this argument, we see that the wave function is completely regenerated
attimes sT, where s = 1,2, 3, ... is a positive integer.
Another interesting feature of the infinite square well wave function is that

Vx,t=02s - 1)T/2)= -V (—x,t=0) 4.110)
which means that the wave function at times (2s — 1)7/2 is a reflection of that at

t = 0 through the origin. To prove this, we note that

W, t= Q25— DT/2) =Y ca¥alx) exp[—imn(2s — D). @.111)

n=|

When 7 is odd, n? is odd and exp[—imrn?(2s — 1)] = —1. On the other hand, when
n is even, n? is even and exp[—imn?(2s — 1)] = 1. Thus

Wix,t=Q2s = DT/2) =Y cal=1)"Yn(x). 4.112)
n=1

Since ¥, (x) = ¥, (—x) when n is odd, and ¥, (x) = —¥,(—x) when n is even, the
result (4.110) follows.
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Figure 4.11 The one-dimensional square well potential (4.113) of depth Vp and range a.

The square well

Let us now consider the square (or rectangular) well potential such that

vay=] Vo Kl<a 4.113)
0, x| > a

where the positive constant Vj is the depth of the well and a is its range. This
potential is illustrated in Fig. 4.11. As in the case of the infinite square well studied in
the preceding section, we have chosen the origin of the x-axis at the centre of the well,
so that the potential is symmetric about x = 0. Two cases must be distinguished,
corresponding respectively to positive or negative values of the energy E. When
E > 0 the particle is unconfined; the corresponding scattering problem will be
analysed later. The case E < 0 corresponds to a particle which is confined and hence
is in a bound state; it is this situation which we shall study first.

Case1: E<O

Since the energy E cannot be lower than the absolute minimum of the potential, we
must have —Vp < E < 0. Inside the well the Schrodinger equation (4.3) reads

1/2

d2 2 172 2

dx2

x| <a (4.114a)
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and outside the well it can be written as

d2 2 2 2 2
d'l;(zx) - B (x)=0, B= <—$E) = (E’;IEI) o xl>a
(4.114b)

where we have introduced the binding energy |E| = —E of the particle.

The potential being an even function of x, we know that the solutions have definite
parity, and hence are determined by positive values of x. The even solutions of
equations (4.114) are given for x > 0, by

Y(x) = Acosax, O<x<a (4.115a)
and
Y(x) = Ce P, x > a. (4.115b)

In writing this last equation we have taken into account the fact that the wave function
cannot contain a term like D exp(Bx), which would become infinite when x — +00;
we must therefore set D = 0. The requirements that ¥ and di/dx be continuous at
x = a yield the two equations

Acosaa = Ce P (4.116a)

—aAsinaa = —fCe P4 (4.116b)
from which we deduce that

otanaa = B. 4.117)

Note that instead of requiring both ¥ and dy//dx to be continuous at x = a, we
may simply ask that the logarithmic derivative of the wave function, ¥ ~! (dy/dx),
be continuous at x = a. Indeed, this condition yields directly equation (4.117), since
the normalisation constants A and C disappear by taking the ratio ¥ ~! (dy/dx). The
requirement of continuity for the logarithmic derivative is therefore a simple way of
expressing the conditions of smooth joining.

The odd solutions of equations (4.114) are given for positive x by

¥(x) = Bsinax, O<x<a (4.118a)
and
Y(x) = Ce P, x> a. (4.118b)

By requiring that ¥ ~! (dy/dx) be continuous at x = a we obtain the equation
acotea = —B. 4.119)

The energy levels of the bound states are found by solving the transcendental
equations (4.117) and (4.119), either numerically or graphically. We shall use here
a simple graphical procedure to obtain the allowed values of the energy. We first
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introduce the dimensionless quantities £ = @a and n = fa, so that the equations to
be solved are

EtanE =1 (for even states) (4.120a)
Ecoté = —np (for odd states). (4.120b)

Note that both £ and 7 must be positive, and such that
242 =2 (4.121)

where y = (2mVya®/h*)'/2. The energy levels may therefore be found by deter-
mining the points of intersection of the circle £2 4+ n*> = y?2, of known radius y,
with the curve n = & tan§ (for even states), or with the curve n = —§ cot& (for odd
states). This is illustrated in Fig. 4.12(a) for even states and in Fig. 4.12(b) for odd
states. Several conclusions can be deduced from these figures by inspection. First,
the bound-state energy levels are seen to be non-degenerate, as expected since we are
dealing with a one-dimensional problem. Second, their number is finite and depends
on the dimensionless parameter y, which may be called the ‘strength parameter’ of
the potential. Note that for a fixed value of the mass m of the particle, y depends
on the parameters of the square well through the combination Vpa?. In particular,
we see from Fig. 4.12(a) that if 0 < y < = there is one even bound state, while
if 7 < y < 2m there are two such bound states. More generally, it is clear that
there will be N, even-parity bound states if (Ne — 1)7 < ¥ < New. On the other
hand, we note from Fig. 4.12(b) that if 0 < y < m/2, there is no bound state
of odd parity, while if 7/2 < y < 3m/2, there is one such bound state. More
generally, there are Ny odd parity bound states if (No — 1/2)m < y < (No + 1/2)m.
This brings us to our third conclusion, namely that as the strength parameter y
increases, energy levels corresponding respectively to even and odd solutions appear
successively (see Fig. 4.13), the total number of bound states being equal to N, if
(N — r/2 < y < Nr/2. Hence the bound-state spectrum consists of alternating
even and odd states, the ground state being always even, the next state odd, and so
on.

Having solved the equations (4.120) to determine the bound-state energy levels,
we can readily obtain explicitly the corresponding normalised eigenfunctions from
equations (4.115) (for even states) and (4.118) (for odd states). As an example,
we illustrate in Fig. 4.14 the four energy eigenfunctions of a square well for which
y = 5. The corresponding eigenenergies are found to be given respectively by
E, = -0.93Vy, E, = —0.73Vy, E3 = —0.41V,) and E4 = —0.04V},. The eigenfunc-
tions ¥ (x) and ¥3(x) are seen to be even, while y¥;(x) and ¥4 (x) are odd, as expected
from the foregoing discussion. Moreover, the nth eigenfunction has (n — 1) nodes,
in agreement with the oscillation theorem (see Section 3.7). It is worth stressing
that the eigenfunctions extend into the classically forbidden region |x| > a. In fact,
we see from (4.115b) and (4.118b) that in this region the eigenfunctions fall off like
exp(—B|x|), so that they extend to a distance given roughly by 8=! = r/(2m|E|)!/?
which increases as the binding energy | E| of the particle decreases.



166 M One-dimensional examples

nl
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Figure 4.12 Graphical determination of the energy levels for a one-dimensional square well
potential (a) for even states and (b) for odd states. The energy levels are obtained by finding the
points of intersection of the circle £2 + n2 = y2, of known radius y = (2mVpa?/h?)1/2 with the
curve n = & tan & (for even states), or with the curve n = —& cot £ (for odd states). The graphical
solution of equations (4.120) is illustrated for three values of y. When y =1 there is one (even)
bound state, when y = 3 there are two bound states (one even, one odd) and when y = 5 there

are four bound states (two even, two odd). The asymptotes are indicated by vertical dashed
lines.
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Figure 4.13 The energy level spectra for one-dimensional square wells of various depths Vo.
The value of the strength parameter y = (2mVoa?/h?)1/2 corresponding to each energy level

spectrum is indicated. The energy levels £1 and E3 correspond to even solutions, while £, and
E4 correspond to odd solutions.
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Figure 4.14 The four energy eigenfunctions of a one-dimensional square well potential such that
y =5.

Finally, let us examine the limiting case of an infinitely deep square well, for which
Vo — o0 (so that y — 00). In order to make contact with the results of Section 4.5,
itis convenient to start from a slightly different finite square well, such that V (x) = 0
for |x| < a and V(x) = V; for |x| > a. This corresponds to making an upward
shift of the zero of the energies by an amount V. As we know (Problem 3.8), such
a shift has the effect of adding the constant Vj to all the energy eigenvalues, and
leaves the corresponding eigenfunctions unchanged. Thus the bound states occur
for 0 < E < Vjp; they are still determined by the transcendental equations (4.117)
(for even states) and (4.119) (for odd states), where now o = (2mE/i*)'/? and
B = [2m(Vy — E)/h*]"/2. When V, — 00, it is apparent that the roots of equa-
tions (4.120) will be given by

f;‘,,=n%, n=1,2,... 4.122)

and since § = aa = (2mE /h?)"/?a, the corresponding energy eigenvalues are

hZ 7.[2’12
n= g—
8m a?

(4.123)

in agreement with the result (4.95). Moreover, since 8 — oo when Vy — 00, the
eigenfunctions (4.115) and (4.118) then vanish for |x| > a, as we found in Section 4.5
for the infinite square well.
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Case2. E >0

Let us return to the square well (4.113), and consider the case of positive energies,
so that the particle is not bound. Assuming that the particle is incident upon the well
from the left, the solution of the Schrodinger equation (4.3) in the external regions
x < —a and x > a is given by

Ae** 4 Be K x < —qa (4.124a)
V=] cee, x>a (4.124b)
where k = 2mE /hz)‘/z, A, B, C are constants, and we have used the fact that
there is no reflector at large positive values of x (so that there is no term of the form
exp(—ikx) in (4.124b)). In the region x < —a the wave function is seen to consist
of an incident wave of amplitude A and a reflected wave of amplitude B, while in
the region x > a it is a pure transmitted wave of amplitude C. In the internal region
—a < x < a, the solution of the Schrodinger equation is

V¥ (x) = Fel** + Ge™* (4.125)

where a = [2m(Vy + E)/h?]'/2.

Looking back at equations (4.74) and (4.84), we see that the present problem of
scattering by a square well is closely related to the scattering by a potential barrier
(with E > Vj) which was studied in Section 4.4. We shall therefore only outline the
solution here, leaving the details of the calculations as an exercise (Problem 4.9). It is
worth noting that in one-dimensional scattering problems there is a lack of symmetry
between the external regions to the left and to the right of the potential, since the
particle is assumed to be incident on the potential in a given direction. Hence in this
case there is no advantage in dealing with solutions having a definite parity.

The five constants A, B, C, F and G appearing in (4.124) and (4.125) can be
related by requiring that the wave function ¥ (x) and its derivative dyr(x)/dx be
continuous at x = +a. This smooth joining of the external and internal solutions can
be done for any positive value of E, so that the spectrum is continuous for E > 0.
After eliminating F and G, one can solve for the ratios B/A and C/A and obtain
the reflection coefficient R = |B/A|* and the transmission coefficient T = |C/A|*.
These are given by

ak2a? O 4EMV+ B
R=|1+ =1+ =—2"= 4.126
[ (k% — a2)? sinz(aL)] 7 sinz(aL)] ( a)
and
(K2 —a®)?sin*(@L)]™ [, VZsin’(aL)]”
T=1|1 =14+ 4.126
[ + 4k2a? 4E(Vo + E) ( b)

where we have written L = 2a. We have, of course, R + T = 1. We also remark
that the above results may be obtained from the corresponding ones given in (4.85)
for the potential barrier by making the obvious substitutions Vo — —Vp, kK’ — « and
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Figure 4.15 The transmission coefficient for a square well potential such that y = 10, as a
function of the ratio E/ Vp.
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Figure 4.16 The transmission coefficient for a strong square well potential such that y = 100,
as a function of the ratio E/ V.

a — L (we recall that the thickness of the potential barrier considered in Section 4.4
was denoted by a, while here the corresponding quantity is called L).

An important point about the results (4.126) is again that the transmission co-
efficient T is in general less than unity, in contradiction to the classical prediction
according to which the particle should always be transmitted. The behaviour of T
as a function of the energy E is readily deduced from (4.126b). We see that T = 0
when E = 0. As E increases, T rises and then fluctuates between its maximum value
(T = 1)reached whenaL = nn(n=1,2,...)and minimanearaL = (2n+1)7/2.
Note that, as in the case of the potential barrier, perfect transmission occurs when the
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4.7

thickness L is equal to an integral or half-integral number of de Broglie wavelengths
(27 /) in the internal region. Finally, when E is large compared with Vj, the
transmission coefficient becomes asymptotically equal to unity. This is illustrated
in Fig. 4.15, where T is plotted as a function of E/V;, for a square well whose
strength parameter is y = 10.

The case of a particle of low energy scattered by a very strong well is of particular
interest. Using (4.126b) we see that the transmission coefficient is then small almost
everywhere, except for a series of sharp maxima (where T = 1), which are reached
when the condition « L = nm is obeyed. Such pronounced peaks in the transmission
coefficient are said to represent resonances; they are clearly typical of the wave-like
behaviour of the particle, and are illustrated in Fig. 4.16 for a square well such that
y = 100.

The linear harmonic oscillator

We shall now study the one-dimensional motion of a particle of mass m which is
attracted to a fixed centre by a force proportional to the displacement from that
centre. Thus, choosing the origin as the centre of force, the restoring force is given
by F = —kx (Hooke’s law), where k is the force constant. This force can thus be
represented by the potential energy

V(x) = $kx? (4.127)

which is shown in Fig. 4.17(a). Such a parabolic potential is of great importance in
quantum physics as well as in classical physics, since it can be used to approximate an
arbitrary continuous potential W (x) in the vicinity of a stable equilibrium position at
x = a (see Fig. 4.17(b)). Indeed, if we expand W (x) in a Taylor series about x = a,
we have

Wx)= W)+ (x—a)W )+ 5(x —a)’*W’ @) +--- (4.128a)
with
’ dW(x) 1 d2W(x)
Wi@a) = ( . )x=a, W'(a) = ( a2 )x=a. (4.128b)

Because W (x) has a minimum at x = a we have W/(a) = 0 and W"(a) > 0.
Choosing a as the origin of coordinates and W (a) as the origin of the energy scale,
we see that the harmonic oscillator potential (4.127) (with k = W"(a)) is the first
approximation to W (x). The linear harmonic oscillator is therefore the prototype
for systems in which there exist small vibrations about a point of stable equilibrium.
This will be illustrated in Chapter 10 for the case of the vibrational motion of nuclei
in molecules.
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Figure 4.17 (a) The parabolic potential well V(x) = %kxz. This is the potential of the linear
harmonic oscillator. Also shown are the first few energy eigenvalues (4.151). (b) A continuous
potential well W(x), represented by the solid line can be approximated in the vicinity of a stable
equilibrium position at x = a by a linear harmonic oscillator potential, shown as the dashed line.

As the potential energy for a linear harmonic oscillator is given by (4.127), the
corresponding Hamiltonian operator is

n d: 1
H=——— 4 -kx* 4.1
mad T2 @129
and the Schrodinger eigenvalue equation reads
e 1,
o dx? + Ekx Y (x) = E¥(x). (4.130)

Clearly, all eigenfunctions correspond to bound states of positive energy. It is
convenient to rewrite (4.130) in terms of dimensionless quantities. To this end we
first introduce the dimensionless eigenvalues

2E
A_

= (4.131)
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where
1/2
w= (ﬁ) (4.132)
m

is the angular frequency of the corresponding classical oscillator. We shall also use
the dimensionless variable

E=ax (4.133)
where
mk\ /4 mo\'?
o= (1) () @139
The Schrodinger equation (4.130) then becomes
d2
;’;(f) + (- EHYE) =0. (4.135)

Let us first analyse the behaviour of ¥ in the asymptotic region |§| — oo. For any
finite value of the total energy E the quantity A becomes negligible with respect to
£2 in the limit |£| — 00, so that in this limit equation (4.135) reduces to

d? 2
- _ =0. 4.136
( 3 )vf@ (4.136)
For large enough |&] it is readily verified that the functions
Y(E) = EPe*t (4.137)

satisfy the equation (4.136) so far as the leading terms (which are of order £2y)
are concerned, when p has any finite value. Because the wave function ¥ must
be bounded everywhere, including at § = +o00, the physically acceptable solution
must contain only the minus sign in the exponent. The asymptotic analysis therefore
suggests looking for solutions to equation (4.135) which are valid for all £ having the
form

V() =e ¥ 2HE) (4.138)

where H(§) are functions which must not affect the asymptotic behaviour of .
Substituting (4.138) into (4.135) we obtain for H (§) the differential equation
¢H ZdH A-—1DH=0 4.139
g2 g tO-DH= (4.139)
which is called the Hermite equation.

In order to solve this equation, let us expand H (§) in a power series in §. Since
the harmonic oscillator potential (4.127) is such that V(—x) = V(x), we know
from our discussion of Section 4.5 that the eigenfunctions v (x) of the Schrodinger
equation (4.130) must have a definite parity. We shall therefore consider separately
the even and odd states.
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Even states

For these states we have ¥ (—§) = ¥ (&) and also, therefore, H(—§) = H (§), so that
we can write for H (§) the power series

o0

HE) =) a&®*  c#0 (4.140)

k=0

which contains only even powers of §. Substituting (4.140) into the Hermite equa-
tion (4.139), we find that

[2k(2k — D £2% D + (A — 1 — 4k)c %1 =0 (4.141)
k=0
or
[2(k + )2k 4+ Dyt + (A — 1 — dk)e )% = 0. (4.142)
k=0

This equation will be satisfied provided the coefficient of each power of § separately
vanishes, so that we obtain the recursion relation
dk+1—-1
2k DK+ )~
Thus, given ¢o # 0, all the coefficients ¢; can be determined successively by using
the above equation. We have therefore obtained a series representation of the even
solution (4.140) of the Hermite equation.
If this series does not terminate, we see from (4.143) that for large &

Cost = (4.143)

Cvt 1

. 4.144
@k ( )

This ratio is the same as that of the series for £27 exp(£?2), where p has a finite value.
Using (4.138), we then find that the wave function  (§) has an asymptotic behaviour
of the form

YE) ~ Eret ) (4.145)

|]—=>00

which is obviously unacceptable. The only way to avoid this divergence of ¥ (&)
at large |&| is to require that the series (4.140) terminates, which means that H (§)
must be a polynomial in the variable £2. Let the highest power of &2 appearing in
this polynomial be £2V, where N = 0, 1,2, ..., is a positive integer or zero. Thus
in (4.140) we have cy # 0, while the coefficient ¢y, must vanish. Using the
recursion relation (4.143) we see that this will happen if and only if A takes on the
discrete values

A=4N +1, N=012,.... (4.146)

To each value N = 0, 1,2, ..., of N will then correspond an even function H (§)
which is a polynomial of order 2N in §, and an even, physically acceptable, wave
function v (§) which is given by (4.138).
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0Odd states

In this case we have ¥ (—&) = —y(§), and hence H(—§) = —H (). Thus we begin
by writing for H (¢) the power series

HE) =) d&™',  do#0 (4.147)
k=0

which contains only odd powers of &. Substituting (4.147) into the Hermite equa-
tion (4.139), we obtain for the coefficients dj the recursion relation
4k +3 -2
2+ Dk +3)~
For large k we have dy,i/di ~ k~!, so that the wave function ¥ (£), given
by (4.138), will again diverge at large |£ | unless the series (4.147) for H (§) terminates.
Let the highest power of £ in (4.147)be £2¥*!, where N = 0, 1,2, .. .. Sincedy # 0,

while dy is required to vanish, we see from the recursion relation (4.148) that A
must take one of the discrete values

A=4N +3, N=012.... (4.149)

dis1 = (4.148)

To each value N = 0,1, 2, ..., of N will then correspond an odd function H (&)
which is a polynomial of order 2N + 1 in £, and an odd, physically acceptable wave
function v (&) given by (4.138).

Energy levels

Putting together the results which we have obtained for the even and odd cases, we
see from (4.146) and (4.149) that the eigenvalue A must take on one of the discrete
values

A=2n+1, n=0,1,2,... (4.150)

where the quantum number # is a positive integer or zero. Using (4.131) we therefore
find that the energy spectrum of the linear harmonic oscillator is given by

E, = (n+ )how = (n+1)hv,
n=0,12,... 4.151)

where v = w/27 is the frequency of the corresponding classical oscillator.

In contrast with classical mechanics, which predicts that the energy E of a linear har-
monic oscillator can have any value, we see from (4.151) that its quantum mechanical
energy spectrum consists of an infinite sequence of discrete levels (see Fig. 4.17(a)).
For any finite eigenvalue (4.151) the particle is bound. The energy levels (4.151)
are equally spaced and are similar to those discovered in 1900 by Planck for the
radiation field modes (see Section 1.1). This is due to the fact that a decomposition
of the electromagnetic field into normal modes is essentially a decomposition into
uncoupled harmonic oscillators. We notice, however, that according to (4.151) the
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linear harmonic oscillator even in its lowest state (n = 0), has the energy Aw/2.
The finite value fw/2 of the ground-state energy level, which is called the zero-point
energy of the linear harmonic oscillator, is clearly also a quantum phenomenon. As
in the case of the infinite square well discussed in Section 4.5, the existence of this
zero-point energy is directly related to the uncertainty principle (see Problem 4.12).
In classical mechanics the lowest possible energy of the oscillator would of course
be zero, corresponding to the particle being at rest at the origin, but in quantum
mechanics this is forbidden by the uncertainty relation (2.70). We also remark that the
eigenvalues (4.151) are non-degenerate, since for each value of the quantum number
n there exists only one eigenfunction (apart from an arbitrary multiplicative constant);
this is in agreement with the observation, already made, that one-dimensional bound
states are non-degenerate.

Hermite polynomials

Let us now return to the wave functions ¥ (§). Using (4.138) and collecting our
results for both even and odd cases, we see that the physically acceptable solutions
of equation (4.135), corresponding to the eigenvalues (4.150), are given by

Yn(€) = e 52 H, (6) (4.152)

where the functions H,(§) are polynomials of order n. Both v,,(§) and H,(§) have
the parity of n. Moreover, the polynomials H, (§) satisfy the Hermite equation (4.139)
with A = 2n + 1, namely
d’H, dH,
— " _26—" 4 2nH,=0. 4.153
@ gt (4.153)
The polynomials H, (&) are called Hermite polynomials. It is clear from the fore-
going discussion that they are uniquely defined, except for an arbitrary multiplicative
constant. This constant is traditionally chosen so that the highest power of £ appears
with the coefficient 2" in H,(§). This is consistent with the following definition of
the Hermite polynomials:

n £ d"e‘sz

H,(§) = (=1)"e (4.154a)

dén
=P (€ - i)"«3‘52/2. (4.154b)
d§
The first few Hermite polynomials, obtained from (4.154), are

Hy(§) =1

H(§) = 2§

Hy(§) = 4£° -2

Hy(§) = 88 — 12¢ (4.155)

Hy(E) = 16E* — 4852 4+ 12
Hs(&) = 3287 — 16087 + 120¢.
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Note that the definition (4.154) implies that H,(§) has n real zeros.
Another definition of the Hermite polynomials H, (§), whichis equivalent to (4.154)
involves the use of a generating function G(§, s). That is

G(&,s) = e =+t (4.156a)
-y H_(f)s (4.156b)
n—0 n

These relations mean that if the function exp(—s2 +2s£) is expanded in a power series
in s, the coefficients of successive powers of s are just 1/x! times the Hermite poly-
nomials H,(§). Using equations (4.156) it is straightforward to prove (Problem 4.13)
that the Hermite polynomials satisfy the recursion relations

Hyp1(§) —25H,(§) +2nH,—1(§) =0 (4.157)
and
dHa(6)
d =2nH,_(§). (4.158)

The lowest-order differential equation for H, which can be constructed from these
two recursion relations is then readily seen to be the equation (4.153) satisfied by
the Hermite polynomials. Moreover, the equivalence of the two definitions (4.154)
and (4.156) of the Hermite polynomials can be proved by using both expressions for
G (&, s) given in (4.156), differentiating n times with respect to s, and then letting s
tend to zero (Problem 4.14).

The wave functions for the linear harmonic oscillator

Using (4.152), we see that to each of the discrete values E, of the energy, given
by (4.151), there corresponds one, and only one, physically acceptable eigenfunction,
namely

Yn(x) = Npe 2 H (ax) (4.159)

where we have returned to our original variable x. Both H,(«x) and ¥, (x) have the
parity of n and have n real zeros. The quantity N,, written on the right of (4.159) is a
constant which (apart from an arbitrary phase factor) can be determined by requiring
that the wave function (4.159) be normalised to unity. That is

400 5 'N"’Z +o00 .
/ [¥n (0 dr = = / et HI(E)dE = 1. (4.160)

oo

In order to evaluate the integral on the right of (4.160), we consider the generating
function G (&, s) given by (4.156) as well as the second generating function

G(S,t) _ e—12+212;'
= Z fin (g) : (4.161)

m=
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Using (4.156) and (4.161), we may then write

+00 (S n.m +00 )
/ e ¥ GE HGENE=D D" fl,,’n, f ™ Ha(§)Hn(§)d§. (4.162)
ed n=0m=0""" Y~
Since
+00 )
/ eV dx =1 (4.163)

the integral on the left-hand side of (4.162) is simply

oo 2 2 2 oo 2
/ e—$ es +252;‘e—! +212;'d§ — eZS!/ e—(E—s—t) d(g — 5 — t)

o0 o

-y & @.164)

Equating the coefficients of equal powers of s and ¢ on the right-hand sides of (4.162)
and (4.164), we find that

+00
/ e~ H2(§)ds = /T2"n! (4.165)
and
+00 R
/ e H,(§)H,(§)dt =0, n#m. (4.166)

From (4.160) and (4.165) we see that apart from an arbitrary complex multiplicative
factor of modulus one the normalisation constant N, is given by

o 1/2
Ny=|——— 4.167
( Jr2mn! ) ( )
so that the normalised linear harmonic oscillator eigenfunctions are given by
o 172 2,272
Yn(x) = ( ﬁznn!) e */2H,(ax). (4.168)
Moreover, the result (4.166) implies that
+00
Vo) Ym(x)dx =0,  n#m (4.169)
—o0

so that the (real) harmonic oscillator wave functions ¥, (x) and v, (x) are orthogonal
if n # m, in agreement with the fact that they correspond to non-degenerate energy
eigenvalues. We may of course summarise equations (4.160) and (4.169) by writing
that the set of normalised eigenfunctions (4.168) satisfies the relations

+00

Y ()Y (X)dX = 8 (4.170)

—00
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and hence is orthonormal.

It is worth noting at this point that other integrals involving harmonic oscillator
wave functions can also be evaluated by using the generating function (4.156) of the
Hermite polynomials. For example, let us consider the integral

+oc NnNm +00 )
ton = [ Wi xpmod =22 [ Cen, @m0 @)

e )

which we shall need further in this book. Using again the two generating functions
G(§&,s) and G(&, t), we now look at the quantity

+00 , X 00 . ngm +00 5
[ etseeocEnie =Y Y S0 [ e Cemn @@
om0 @.172)

Using the result (4.163), one finds that the integral on the left-hand side is given by

+00 2 2
/ e—5~§6—32+255€—1-+215d§ — ﬁ(s+t)e2”

o0

00 2n
=Jr Z —’(s"""t" + 5", 4.173)
=0 n.

Upon comparison of the coefficients of equal powers of s and ¢ on the right-hand
sides of (4.172) and (4.173), and using (4.167), we see that

0, m#n=xl
_ .1_<”+])|/2 m=n+1 4.174
Xnm = o 2 ’ - (- )
] n 1/2
;(5) N m=n-—1.

This result may also be obtained (Problem 4.15) by using the recurrence
relation (4.157) together with the orthonormality relation (4.170) and the
result (4.167). We remark in particular that for any harmonic oscillator wave
function ¥, the expectation value of x vanishes:

+00
(X) = xpn = ¥, (X)x P, (x)dx = 0. (4.175)
—00

This could have been anticipated on general symmetry grounds. Indeed, the harmonic

oscillator wave functions have a definite parity (even when n is even, odd when n is

odd), so that |i/,(x)|? is an even function of x. The integrand x|y, (x)|? appearing

in (4.175) is therefore an odd function of x, so that its integral taken from —oo to
400 vanishes.
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Comparison with classical theory

The eigenfunctions ¥, (x) of the linear harmonic oscillator corresponding to the four
lowest eigenvalues (n = O to 3) are plotted on the left of Fig. 4.18. On the right
are displayed the corresponding position probability densities |y, |2, together with
the limits of motion for a classical oscillator having the corresponding energy E,,
and the classical probability density P, for such an oscillator. According to classical
mechanics, the position of the particle is given by x = x¢sinwt (where xj is the
amplitude of oscillation), its speed is v = wxg cos wt, and its energy is E = mw?x3/2.
The classical motion takes place between the turning points, such that E = V (x),
located at +xy = +(2E/mw?)"/%. The probability P.(x)dx that the classical particle
will be found in the interval dx in a random observation is equal to the fraction of the
total time spent by the particle in that interval. If T = 27 /w denotes the period of
oscillation, we therefore have

1 2dx dx
Px)dx = - — = ————. 4.176

As expected, the classical probability density P(x) is largest in the vicinity
of the turning points +x,, where the speed of the classical particle vanishes. In
terms of the reduced variable § = ax the classical turning points are located at
+& = +axg = *A'/? (where we recall that A = 2E/hw), and the classical
probability density is

P.(§) = ! @.177)
7(

It is clear from Fig. 4.18 that for low values of the quantum number 7 the quantum
mechanical position probability densities |y, |? are very different from the correspond-
ing densities P for the classical oscillator. For example, in the case of the ground
state (n = 0), the quantum mechanical probability density |1/|? has its maximum at
x = 0, while classically the particle is most likely to be found at the end-points of its
motion, as we have seen above. As predicted on general grounds (see Section 3.6)
the wave functions v, curve towards the axis and have n zeros in the classically
allowed region of motion. Outside that region the wave functions curve away from
the axis and decrease rapidly, but there is nevertheless a finite probability of finding
the particle outside the classically permitted region. As n increases the agreement
between the classical and quantum mechanical probability densities improves. This
is in accordance with Bohr’s correspondence principle, and is further illustrated
in Fig. 4.19, where the quantum mechanical position probability density |y,|? for
n = 20 is plotted together with the probability density P. of the corresponding
classical oscillator, having a total energy E,—»0 = (41/2)hw. Apart from the rapid
fluctuations of the quantum mechanical curve, the general agreement between the
classical and quantum results is seen to be quite good.
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Figure 4.18 The first four energy eigenfunctions y,(£), n = 0,1, 2, 3, of the linear harmonic
oscillator are plotted on the left. On the right are shown the corresponding position probability
densities |yn(&)|? (solid curves), together with the limits of motion for a classical oscillator having
the energy [, and the classical probability density Pc(&) for such an oscillator (dashed curve).
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Figure 4.19 Comparison of the quantum mechanical position probability density for
the state n = 20 of a linear harmonic oscillator (solid curve) with the probability
density of the corresponding classical oscillator (dashed curve), having a total energy

Ep—20 = (41/2)how.

It is also interesting to evaluate the expectation value of the potential energy in the
state ¥,, namely

+00 1

(V) = Y () Sy (x)dx

= %kgz) (4.178)
where
+oc
(x%) = Y (0)x 2, (x)dx. (4.179)

The integral on the right of this equation can be evaluated by using the generating
function (4.156), or by making use of the recursion relation (4.157) in conjunction
with the orthonormality relation (4.170). The result is (Problem 4.16)

2n + 1 I\ &
2y — = - | —
(x°) = 2o (n + 2) o (4.180)

so that, using (4.132), (4.178) and (4.151), we have

(V) = 3(n+ 3)ho = 3E,. (4.181)
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4.8

From this result we can also deduce the average value of the kinetic energy operator
T = p?/2m = —(h*/2m)d? /dx? in the state ¥,. That is

(T)=E,— (V) = 3Ep. (4.182)

Thus, for any harmonic oscillator eigenstate ¥, the average potential and kinetic
energies are each equal to one-half of the total energy, as in the case of the classical
oscillator.

We have seen above that (x) = O for any harmonic oscillator eigenfunction ,.
By using the relation (4.158) together with the orthonormality relation (4.170), it is
readily proved (Problem 4.16) that

d
(px) = / Vf,T(X)(—ih Ex-)%(x)dx =0 (4.183)
and from (4.182) we also deduce that

(p2) =2m(T) = mE, = (n + })mho. (4.184)

The periodic potential

As our final example of one-dimensional problems, we shall consider the motion of
a particle in a periodic potential of period /, so that

Vix+1)=V(x). (4.185)

As an illustration we show in Fig. 4.20 a periodic potential with rectangular sections,
called the Kronig—Penney potential, which can be used as a model of the interaction
to which an electron is subjected in a crystal lattice consisting of a regular array of
single atoms separated by the distance /.

Bloch waves

We shall first deduce some general consequences due to the periodicity of the poten-
tial (4.185). Although a real crystal is of course of finite length, we shall assume, as
a useful idealisation, that equation (4.185) is true for all values of x, over the entire
x-axis. Thus, if ¥ (x) is a solution of the Schrodinger equation (4.3), corresponding to
the energy E, so also is ¥ (x +). In addition, because the Schrédinger equation (4.3)
is a second-order linear equation, any solution v (x) may be represented as a linear
combination of two linearly independent solutions ¥ (x) and ¥ (x)

Y (x) = c1¥1(x) + 22 (x). (4.186)

Now ¥ (x +1) and Y, (x +1) are also solutions of (4.3), and hence may be represented
as linear combinations of ¥, (x) and ¥, (x)
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Figure 4.20 A periodic potential with rectangular sections, called the Kronig—Penney potential.
The period has length /. The wells represent schematically the attraction exerted by the atoms
(ions) of the crystal lattice on the electrons.

Yi(x +1) = anyi(x) + anya(x)

Ya(x + 1) = a1 (x) + anyr(x). (4.187)
Thus, using (4.186), (4.187) and the fact that ¥ (x + /) is also a solution, we may
write

Y(x +1) = (cqan + a)y(x) + (a2 + c2a22)2(x)

= di1(x) + dapa(x). (4.188)

The relation between the coefficients (¢}, ¢z) and (d, d;) clearly involves the matrix
multiplication

d\\ _ (an an) (a1
(d2) B (alz 022) (Cz)’ (4.189)

Let us see what happens if we diagonalise the 2 x 2 matrix in this equation. We
must then solve the equation

ay; — A ay
a2 ap — A

‘ =0 (4.190)

which is a quadratic equation for A, having two solutions A, and A,. If (¢y, ¢3) is
an eigenvector corresponding to one of the eigenvalues A = A;(i = 1, 2), we have
dy, = Acy and d; = Ac,. Thus, among the solutions, v (x), there are two having the
property

Yx+1)=r24(x) (4.191)

where A is a constant factor. This result is known as Floquet’s theorem. Of course,
we see immediately from (4.191) that

Y(x +nl) =A"Y(x), n=0,=xI,%2,.... (4.192)
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Now, let ¥, and v, be two solutions of the Schrodinger equation (4.3) corresponding
to the energy E, which satisfy (4.191) and correspond respectively to the eigenvalues
A1 and A; of equation (4.190). Let ¥;  and ;, denote their respective derivatives. If

Vi, ¥
w=|" e (4.193)
Vi, ¥y,
denotes the Wronskian determinant of ¥, and ¥,, we have from (4.191)
W(x + l) = )»])»2 W(x) (4.194)

Since the Wronskian of two solutions of the Schrodinger equation (4.3) corresponding
to the same energy eigenvalue E is a constant (see footnote® of Chapter 3, p. 110) it
follows that

AAp = 1. (4.195)

Let us now return to (4.191). If |A| > 1, it is clear from (4.192) that ¥ will
grow above all limits when x — +00, and decrease below all limits if x — —oo.
The opposite will happen if |A| < 1. Hence, physically admissible solutions of the
Schrodinger equation exist only if || = 1. Taking into account the result (4.195),
we may therefore write the two quantities A; and A; in the form

= ek, Ay = e K (4.196)

where K is a real number. Since exp(i27n) = 1, it is clear that a complete set of
wave functions can be obtained by restricting the values of K to the interval

-7 <K < 7 (4.197)
Therefore, all physically admissible solutions must satisfy the relation

V(x4 nl) = "8y (x), n=0 %142, ... (4.198)
which is known as the Bloch condition. If we write the solution 1 (x) in the form

¥ (x) = e*ug(x) (4.199)
it follows from (4.198) that

ug(x +10) =ugx). (4.200)
This result is known as Bloch’s theorem. We see that the Bloch wave function (4.199)

represents a travelling wave of wavelength 2/ K, whose amplitude u ¢ (x) is periodic,
with the same period / as that of the crystal lattice.
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Energy bands

Let us now discuss the energy spectrum. For simplicity, we shall focus our attention
on the Kronig—Penney potential (see Fig. 4.20) which exhibits the basic features of the
interaction felt by an electron in a crystal and leads to a readily solvable problem. We
choose the zero of the energy scale to coincide with the top of the wells, and consider
successively the two cases for which the electron energy E issuchthat —Vp < E < 0
and E > 0.

Casel: —Vp<E<O

The Schrodinger equation is

2
d dﬁ(zx) +a?P(x)=0 inside the wells (4.201a)
and
2
d d";(zx) —By(x)=0  between the wells (4.201b)
where (see (4.114))
2m 172 2m 72

Let us solve the equations (4.201) for a given ‘cell’, for example that extending
from b — [ to b. We have

Y(x) = Ae* + Be 7™ b—l<x<0 (4.203a)
¥ (x) = CeP* + De P, 0<x<b. (4.203b)

Now, according to the Bloch theorem, the solution ¥ (x) of the Schrédinger equation
for a periodic potential has the general form (4.199), where the amplitude u x (x) has
the same period / as that of the crystal lattice. In other words, the electron does not
‘belong’ to any one atom (ion) of the lattice, but has an equal probability of being
found in the neighbourhood of any of them. Using (4.199) and (4.203), we find in
the ‘cell’ (b — 1, b)

ug(x) = Ael@Kx 4 pe-ita+kix b—1l<x<0 (4.204a)
ug(x) = CeB-iKx 4 pe=(B+ik)x O<x<b (4.204b)

and since u g (x) is periodic, the equations (4.204) determine u k (x) — and hence also
¥ (x) — for all values of x. For example, if we want to write the function u (x) in
the region b < x < [ we use the fact that ug (x) = ug (x —I), and upon replacing x
by x — [ in (4.204a), we have

ug(x) = Ael@ Kb 4 pe-ite+K)tx=h b<x<l. (4.205)

In order to be a physically acceptable solution of the Schrodinger equation, the wave
function 1 (x) and its first derivative dy (x)/dx — and hence ug (x) and dug (x)/dx
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— must be continuous at both edges of each potential well. The periodicity of u x (x)
guarantees that if u ¢ (x) and du g (x)/dx are continuous at the edges of just one well,
they will be continuous at the edges of every well. Now, from (4.204) we see that by
requiring u g (x) and du g (x) /dx to be continuous at x = O we obtain the two relations

A+B =C+D, (4.206a)
i(la — K)A—i(a+ K)B = (B8 —iK)C — (B+iK)D (4.206b)

while the continuity conditions applied at x = b to the functions (4.204b) and (4.205)
yield the two equations

Ae—i(a—K)c + Bei(a+K)c - Ce(ﬂ—iK)b + De—(ﬂ+i1()b (4-206(!)
i(a@ — K)Ae @K _j@ 4 K)Bel@+K)c = (g — iK)Cel~iK)®
—(B+iK)De”#+5?  (4.206d)

where c =1 — b.

The equations (4.206) constitute a system of four homogeneous equations for the
four unknown quantities A, B, C and D. In order for this system to have a non-trivial
solution the determinant of the coefficients of A, B, C and D must vanish. This
results in the condition
2 2

cosac cosh Bb — il sinac sinh Bb = cos K1 4.207)

which is an implicit equation for the energy E.

Case 2. E >0

The modifications required to treat the case E > 0 are very simple. We see
from (4.202) that when the energy E is positive the quantity 8 becomes imaginary.
We shall therefore set 8 = ik, with k = (2mE /h?)'/2. Since no assumption about the
reality of B has been made in deriving (4.207), we may at once rewrite this equation
for the case E > 0 as

a? + k?

cosaccoskb — sinacsinkb = cos K1 (4.208)

o

and we see that this is again an implicit equation for the energy E.
We can summarise both equations (4.207) and (4.208) by writing

F(E) =cos Kl (4.209)

where the function F(E) represents the left-hand sides of (4.207) and (4.208). In
writing the equation (4.209) we have used the fact that the two left-hand sides join
smoothly at £ = 0, so that only one function F ( E) is required for the full energy range
E > —Vp. The function F(E) is shown in Fig. 4.21 for typical values of b, [ and V.
The remarkable feature which emerges from this graph is that the equation (4.209)
cannot be satisfied for certain ranges of values of E. Indeed, since K is real, we have
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F(E)4

Figure 4.21 Plot of F (E), which represents the left-hand sides of equations (4.207) and (4.208),
as a function of the energy E. The heavy lines on the abscissa show the allowed values of E,
corresponding to conduction bands; they are separated by forbidden energy gaps.

| cos KI| < 1, so that the values of E for which |F(E)| > 1 are inaccessible. As a
result, the allowed values of E fall into bands satisfying the condition |F(E)| < 1,
which are indicated by heavy lines in Fig. 4.21. These bands are known as the
conduction bands of the lattice; they are separated by forbidden energy gaps.

It can be proved (Problem 4.20) that if the periodic distance [ is increased without
changing ¢ or Vp (i.e. if the separation between the wells is increased) the energy
bands for —Vy < E < 0 become narrower, and contract in the limit / — o0 into
the discrete energy levels of an isolated potential well. This behaviour, which is
illustrated in Fig. 4.22, is easy to understand. Indeed, as the spacing / between atoms
is increased, the motion of an electron in one of the atoms of the crystal will be less
and less affected by the presence of the other atoms, so that each atom will behave
as if it were isolated. We also see from Fig. 4.21 that the bands corresponding to the
lowest-lying levels are the narrowest; this is due to the fact that the electrons which
are most tightly bound to the atoms are less likely to be perturbed by the presence of
the other atoms. Note that the electrons in the low-lying bands (with energies E < 0)
can only go from one atom to the other by ‘tunnelling’ through the potential barriers
between the wells.

Until now we have not discussed the boundary conditions which must be satisfied
by the wave function {(x) at each end of the linear chain of atoms (i.e. at the
‘surface’ of the one-dimensional crystal we are considering). We could obviously
ask that ¢ = 0 at both ends of the chain so that the electrons cannot escape from
the crystal. Unfortunately, this requirement, which leads to standing wave solutions
of the Schrédinger equation, is not easy to implement. In particular, we see that
the Bloch wave functions (4.199), which are travelling waves, do not satisfy such
boundary conditions, so that superpositions of Bloch waves would be necessary to
construct the required standing waves. For this reason, we shall disregard the (small)
surface effects and adopt periodic boundary conditions, such that the wave function
¥ is required to take the same value at both ends of the chain. This means that an
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Figure 4.22 When the separation between the wells is increased, the energy bands for
—Vo < E < 0 shrink and in the limit /| — oo contract into the discrete energy levels of an
isolated potential well.

electron leaving the crystal at one end simultaneously re-enters it at the corresponding
point on the opposite face with its momentum unchanged.

An equivalent way of formulating the periodic boundary conditions is to consider
that the one-dimensional lattice has the form of a closed loop containing N atoms
(where N =~ 102 is of the order of Avogadro’s number). In order for the wave
function to be single-valued, we must therefore have

Y(x+N)=y(kx) (4.210)
and from (4.198) we see that this requirement is equivalent to the condition
VKl _ 1 4.211)

As aresult, the possible values of K are discrete and are given by

K=2n—n, n=0%1,%2,..., (4.212)
NI

Moreover, we see from (4.199), (4.207) and (4.208) that the wave function ¥ (x), as
well as the corresponding energy E, are unchanged if K is increased or decreased
by an integral multiple of 27 //. We may therefore, without any loss of generality,
assume that K is confined within a given interval of length 2 /[, for example the
interval (4.197). From (4.197) and (4.212) we immediately deduce that there are N
allowed values of K. As K takes on each of these possible values, the energy is
equal to every one of its corresponding allowed values in each band. Hence every
conduction band contains N allowed energy levels. This result is readily explained if
one remembers that in the limit/ — oo each band contracts into a single level which
is N-fold degenerate, since the electron can be bound to any one of the N atoms. For
finite values of / this degeneracy is removed and each discrete atomic level spreads
into a band of N energy levels.



Problems

Problems W 189

4.1 Show that the momentum eigenfunctions
i, (x) = L™ exp(ik,.x)

satisfying the periodic boundary conditions k, = 27n/L(n = 0, 1, +2, ...) obey
in the limit L — oo the closure relation
+00

Vi ), () dk, = 8(x — x').

(Hint: Convert the sum Y *>° _to the integral

n=—00
+00 +00
/ dn = (L/2n)/ dk,.)
—00 —00
4.2 Consider the momentum eigenfunctions

VE(x) = c(E) exp(ikx).

Determine c(E) so that ¥£(x) is ‘normalised’ on the energy scale according to

+00

Vi (Ve dx = 8(E — E').

—00

(Hint: Use equation (A.32) of Appendix A to obtain the relation
S(WE —VE') =2VESE - E'), E #0)

4.3 Consider a particle incident from the right on the potential step (4.41). Prove
that the reflection and transmission coefficients are the same as when the particle is
incident on the potential step from the left.

4.4 Consider an electron of energy E incident on the potential step (4.41), where
Vo = 10 eV. Calculate the reflection coefficient R and the transmission coefficient T
(a) when E = 5eV, (b) when E = 15eV and (c) when E = 10 eV.

4.5 Determine the reflection coefficient R and transmission coefficient T

(a) ofanelectron of energy E = 1 eV for a rectangular barrier potential (4.72) such
that Vo =2eVanda =1 /-?\; and

(b) of a proton of the same energy for the same potential barrier.

4.6 Consider a particle of mass m moving in one dimension in an infinite square

well of width L, such that the origin 0 has been chosen to be the left corner of the
well. Show that the energy eigenvalues are given by (4.95), while the corresponding
normalised eigenfunctions are

2 1/2
1[/,,(x)=(z) sin(%x), n=123, ...

and compare these eigenfunctions with those obtained in the text (see (4.93)
and (4.94)).
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4.7 A particle of mass m moves in one dimension in the infinite square well (4.86).
Suppose that at time ¢ = 0 its wave function is

W(x,1 =0) = A(a® — x?)
where A is a normalisation constant.

(a) Find the probability P, of obtaining the value E, of the particle energy, where
E, is one of the energy eigenvalues.
(b) Determine the expectation value (E) of the energy.

4.8 Solve numerically the equations (4.120) to obtain the energy levels and
corresponding normalised eigenfunctions of a one-dimensional square well (4.113)
such that y = 2mVya?/h*)'/? = 5.

4.9 Derive the results (4.126) for the reflection and transmission coefficients
corresponding to a one-dimensional square well.

4.10  Consider a particle of mass m moving in one dimension in the potential well

0, 0<|x|<a
Vix)=1Vo, a<|x|<b
oo, |x|>b

where Vj, a and b are positive quantities and b > a. The energy E of the particle is
suchthat0 < E < V.

(a) The eigenfunctions of the Schrodinger equation (4.3) for this potential can be
assumed to be either even or odd. Why?

(b) Determine the normalised even eigenfunctions v} (x) and write down an ex-
pression allowing the corresponding energy eigenvalues E; to be obtained.

(c) Repeat the calculation of (b) for the normalised odd eigenfunctions v, (x) and
the corresponding energy levels E,, .

(d) Show that when a = b one retrieves the eigenfunctions and energy eigenvalues
of a particle in the infinite square well (4.86).

4.11 Consider the one-dimensional motion of a particle of mass m in the double
potential well
Voo 0 |x] <b
Vix) =10, b<|x|<c
00, x| > ¢

where Vy, b and c are positive quantities and b < ¢. The energy E of the particle is
suchthat0 < E < V.
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(@ Lety}(x)and ¥, (x) denote respectively the normalised even and odd eigen-
functions of the Schrodinger equation (4.3) for this potential, and let E;' and
E, be the corresponding energy eigenvalues. Determine the functions ¥} (x)
and ¥, (x) and write down the energy quantisation conditions giving E; and
E,.

(b) Show that for each doublet (E;f, E, ) the lowest energy level is E;}.

(c) Prove that when V; — 00 (so that an infinite barrier separates the two wells),
each doublet (E;}, E;’) merges into a single (twofold degenerate) energy level
E,, the energy values E, = (h*/2m)(m*n?/L?),n = 1,2,3, ..., being those
of the infinite square well (see (4.95)) with L = ¢ — b.

4.12 By using the uncertainty relation (2.70) obtain an estimate of the zero-point
energy of a linear harmonic oscillator.

413 Prove equations (4.157) and (4.158) by using the generating function (4.156)
of the Hermite polynomials.

4.14  Prove that the definition (4.154a) of the Hermite polynomials is equivalent
to the definition by means of the generating function given in equations (4.156).

415 Obtain the result (4.174) for x,, by using the recurrence relation (4.157) of
the Hermite polynomials, the orthonormality relation (4.170), and the result (4.167).

4.16 Prove equations (4.180) and (4.183).

417  Show that f(&) = £exp(£2/2) is an eigenfunction of the linear harmonic
oscillator equation (4.135) corresponding to the eigenvalue A = —3. Is this eigen-
function physically acceptable? Explain.

4.18  Consider the motion of a particle of mass m in a one-dimensional potential
V(x) = Ad(x), where §(x) is the Dirac delta function.

(a) Assuming that A > 0, obtain the reflection coefficient R and the transmission
coefficient T.
(Hint: For a potential of the form V(x) = Ad8(x), the integration of the
Schrodinger eigenvalue equation (4.3) from —e¢ to +¢ gives

dy|  dy
dx dx

+e
= 2_m)\f S(x)Y(x)dx

2
x=+¢ x=—¢ h 3

2
= h—'fh/f(x =0).)

(b) Consider now the case for which A < 0. Show that there is only one bound state
and find its energy as a function of |A|. Using (4.120), verify that your result
agrees with that obtained for the square well in the limit Vy — oo, a — 0, in
such a way that 2a 'V}, is held fixed and equal to |A|.
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4.19  Consider the motion of a particle of mass m in the one-dimensional periodic

potential
V() +oc
Vi = ";msu —nl)

where § denotes the Dirac delta function and [ is the periodic distance. Prove that for
such a potential equation (4.209) reads

mV sinkl

kl —_—
coskl + PR,

=cos Kl

where k = (2mE/h?)"/2, and show that the band edges occur when KI = n,
n=0,%1,+2,....

4.20  Prove that, in the Kronig—Penney model, if the distance / is increased without
changing c or Vp, the energy bands for —Vy < E < 0 become narrower, and contract
in the limit / — oo into the discrete energy levels of an isolated potential well.
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The basic ideas of quantum mechanics were introduced in Chapters 2 and 3 by using
a formulation of the theory known as wave mechanics. These ideas were applied in
Chapter 4 to some simple one-dimensional problems. In this chapter we shall present
the principles of quantum mechanics in a more general way, as a set of postulates
justified by the experimental verification of their consequences. In particular, we
shall see that there exist alternative ways of formulating quantum mechanics which
are equivalent to wave mechanics. We shall also in the course of this chapter develop
the mathematical tools necessary to make progress in the theory.

The state of a system

In classical physics, the dynamical state of a system is determined at each instant
of time by the knowledge of the physical quantities—dynamical variables—such as
the position vectors and the momenta of the particles which constitute the system.
It is postulated that all the dynamical variables associated with the system may, in
principle, be measured simultaneously with infinite precision.

The situation is very different in quantum physics, because of the central role played

193
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by the measurement process. Indeed, when a given dynamical variable is measured,
the dynamical state of the system is in general modified in an unpredictable way, and
we have seen in Chapter 2 that according to the Heisenberg uncertainty relations this
sets a limit to the precision with which ‘complementary’ dynamical variables can be
measured simultaneously. One is therefore led to abandon the classical assumption
that all the dynamical variables of a system have well-defined values at every instant.
Instead, quantum mechanics only predicts the number n of times that a particular
result will be obtained when a large number N of identical, independent, identically
prepared physical systems (called a statistical ensemble or, for short, an ensemble)
are subjected to a measurement process. In other words, quantum mechanics predicts
the statistical frequency n/N or probability of an event. In order to make these
predictions, a set of postulates are required, which we shall now formulate.

Postulate 1

To an ensemble of physical systems one can, in certain cases, associate a wave
function or state function which contains all the information that can be known
about the ensemble. This function is in general complex; it may be multiplied by
an arbitrary complex number without altering its physical significance.

Let us make the following two remarks about this first postulate:

(1) The words ‘in certain cases’ mean that some ensembles cannot be described by a
single state function (determined apart from a complex multiplicative constant).
Such ensembles will not be considered here; they will be discussed in Chapter 14.

(2) Although in principle one should always use ensembles, it is common practice
to speak of the wave function associated with a particular system, and we shall
often do so for convenience. However, as stated in Section 2.2, it should always
be understood that this is shorthand for the wave function associated with an
ensemble.

Let us first consider a physical system consisting of a single particle in a given
potential V(r,¢). We assume that the particle is structureless, i.e. has no internal
degrees of freedom such as spin'!. Expressed in configuration space, the state function
associated with an ensemble of such systems is a wave function ¥ (r, t) depending
on the position vector r of the particle and on the time 7. As we saw in Section 2.2, a
wave function W(r, t) is said to be square integrable if its normalisation integral

I=f|\11(r, 1)|*dr (5.1

is finite, where the integration is over all space. Since, according to Postulate 1,
two wave functions ¥ and cW¥ which differ by an arbitrary complex multiplicative

! The case of particles with spin will be discussed in Chapter 6.
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constant ¢ represent the same state, it is convenient when working with square
integrable functions to choose this constant so that the wave function is normalised
to unity:

/w(r, H)*dr = 1. (5.2)
The quantity
P(r, 1) = |¥(r, 1)|? (5.3)

can then be interpreted as a position probability density, as explained in Section 2.2.
We note that the wave functions W and exp(ia) ¥ which differ by the phase factor
exp(ia)-where « is a real number—not only describe the same state, but also have the
same normalisation. We also recall that some wave functions, such as plane waves,
are not square integrable, in which case other ‘normalisation’ procedures can be used,
for example enclosing the system in a large box, or using the Dirac delta function
‘normalisation’.

The generalisation of these considerations to the case of a physical system contain-
ing N structureless particles is straightforward. The state function associated with
an ensemble of such systems, expressed in configuration space, is a wave function
W(ry, ... ,ry,t) which depends on the position vectors ry, ... , ry of the particles
and on the time . This wave function is said to be square integrable if the normalisation
integral

I =/|\I!(r|,... Iy, D|3dry .. .dry (5.9

is finite. Again, since ¥ and cW¥ (where c¢ is a complex multiplicative constant)
describe the same state, we can choose ¢ so that the wave function is normalised to
unity:

/w(r.,... ey, D|%dry .. .dry =1 (5.5)

in which case a constant phase factor of the form exp(ix) is still left undetermined.
When the wave function is normalised to unity, the quantity

P(ri,... N, 0) = |W(ry, ... e0, D) (5.6)

can be interpreted as a position probability density, in the sense that
P(r), ..., ry,t)dr;...dry is the probability of finding at time ¢ particle 1 in the
volume element dr; about r;, particle 2 in the volume element dr, about r;, and so
on. We remark that

Pi(r;, 1) E/P(rl,rz,... ,ry, 1)dry ... dry 5.7

is the position probability density of particle 1 at the point r; at time ¢, independently
of the positions of the other particles. Similar position probability densities can clearly
be introduced for the other particles.
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Postulate 2
The superposition principle.

According to the superposition principle, which we have already discussed in
Chapters 2 and 3, the dynamical states of a quantum system are linearly superposable.
Thus, if the state function W, is associated with one possible state of a statistical
ensemble of physical systems, and the state function W, with another state of this
ensemble, then any linear combination

¥ =c ¥, + ¥, (5.8)

where ¢; and ¢, are complex constants, is also a state function associated with a
possible state of the ensemble. As we already stressed in Section 2.2, the relative
phase of W, and ¥, in (5.8) is important, since it does affect the physical quantity
|W|? (see (2.10)).

Momentum space wave functions

Instead of using the configuration space wave function W (r, ¢) to describe the state
of an ensemble of one-particle systems, we could as well use the corresponding
momentum space wave function ®(p, ¢), which is the Fourier transform of W(r, )
(see (2.61)). We saw in Section 2.4 that if the configuration space wave function
W(r, t) is normalised to unity, the corresponding momentum space wave function
@ (p, t) will also be normalised to unity in momentum space:

f |®(p, 1)|*dp = 1 (5.9)
so that the quantity
M(p, 1) = |d(p, 1) (5.10)

can be interpreted as the probability density in momentum space for finding the mo-
mentum of the particle in the volume element dp about p. Likewise the state function
associated with an ensemble of N-particle physical systems can be ‘represented’ by
a momentum space wave function ®(py, ..., py,t) which is the Fourier transform
of the configuration space wave function W (ry, ... ,ry,t):

i
(1, ... ,.PN. 1) = (27th)‘3N/2fexp[—E(p|.r| + - +pN.rN)]

xW(ry,...,ry, t)dr;...dry. (5.11)

If (ry, ..., ry,t)is normalised to unity according to (5.5), then by a direct gener-
alisation of the Parseval theorem discussed in Appendix A, we have in momentum
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space

/ldD(pl,... Py D%dp; .. .dpy =1 (5.12)
so that the quantity

n,...,pn:t) = 9P, ..., pn, I (5.13)

is the probability density in momentum space for finding the momentum of particle 1
in the volume element dp; about p;, the momentum of particle 2 in the volume
element dp, about p,, and so on.

The fact that both the wave function W in configuration space and the wave function
& in momentum space ‘represent’ the same state suggests that a more abstract quantity
can be introduced of which W and ® are two explicit representations. We shall return
to this point in Section 5.6.

Dirac bracket notation

A very convenient notation, due to Dirac, will now be introduced. The scalar product
of two square integrable functions W, (r) and W,(r) is denoted by the symbol (W, |W¥,),
namely

(W1 W) = / W (n)Wa(r)dr (5.14a)

and the generalisation to functions W, (ry, ... ,ry) and W,(r, ... , ry) is straight-
forward. That is,

(U |Wy) = f ‘I-‘;k(l'], e, EN)W(ry, ..., Ty)dry .. dry. (5.14b)

The symbol |W,) is known as a ket while (V| is known as a bra. From the
definition (5.14) we have

(W) |W2) = (W, W)™, (5.15a)

Moreover, if ¢ is a complex number and W3 a third function, we also have

(W1lcW¥r) = c(¥|¥,), (5.15b)
(cWi[W) = ™ (W), (5.15¢)
(W3|W) + Wy) = (Ws3|Wy) + (V3| W2). (5.15d)

Two functions W, and W, are said to be orthogonal if their scalar product vanishes:
(W|W¥,) = 0. (5.16)

Using the Dirac bracket notation, we see that the normalisation condition (5.5) can
be written compactly as

(V|w) = 1. (5.17)
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5.2

We remark that this notation can be used just as well for momentum space wave
functions. For example, the normalisation condition (5.12) can be written as
(®|D) = 1.

Dynamical variables and operators

We have seen in Chapter 2 and 3 that with each dynamical variable is associated an
operator acting on the wave function. Following this idea, one can formulate the next
postulate as follows.

Postulate 3
With every dynamical variable is associated a linear operator.

We recall that an operator A is linear if it has the property (see (3.62))
AV + W) = ¢ 1(AW)) + 2 (AW,) (5.18)

where W, and W, are two functions and ¢; and ¢, are complex constants.

The rules for associating a linear operator with a dynamical variable have already
been discussed in Sections 3.3 and 3.9 for the case of one-particle systems. The
generalisation of these rules to systems of N particles is as follows. If the dynamical
state of the system is described by a wave function W (ry, ... , ry, t) in configuration
space, one associates with the dynamical variable A = A(ry, ... ,rn,P1, ..., Pn, 1)
the linear operator

A(ry,...,ry, =18V, ..., —iAV N, 1) (5.19)
obtained by performing the substitution p; — —iAiV,;(i = 1,2,..., N) whenever
the momentum p; occurs. If, on the other hand, the dynamical state of the system is
described by a wave function ®(p,, ... , pn, !) in momentum space, one associates
with the dynamical variable A = A(ry, ... ,ry,Pi, ..., Pn,t) the linear operator

AGhVy, ... ihV,  p1, ..., PN, 1) (5.20)
obtained by performing the substitutionr; — ihVy (i = 1,2, ..., N) whenever the

position vector r; occurs.

It is worth noting that these substitution rules only apply to dynamical variables
expressed in Cartesian coordinates. We shall also see in Chapter 6 that quantum
mechanics uses operators such as the spin which have no classical analogue, and
which therefore cannot be obtained from the substitution rules.
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Eigenvalues and eigenfunctions

We have seen in Section 3.5 that a function ¥, is said to be an eigenfunction of an
operator A if the result of operating on v, with A is to multiply ¥, by a number a,
called an eigenvalue:

Ay, = an¥y. (5.21)

Postulate 4
The only result of a precise measurement of the dynamical variable A is one of
the eigenvalues a, of the linear operator A associated with A.

The totality of the eigenvalues of an operator A is called the spectrum of A. Since
the results of measurements are real numbers it follows that the spectrum of any
operator representing a dynamical variable must be real. In some cases the spectrum
of an operator consists only of discrete eigenvalues, in others it consists of a continuous
range of eigenvalues, or a mixture of both.

Hermitian operators

We shall now discuss the consequences of the requirement that the allowed class of
linear operators representing dynamical variables must have real eigenvalues. The
operators required are called Hermitian operators, and are defined by the condition

X|(AW)) = ((AX)| V) (5.22)
where W and X are square-integrable functions. We note that if ¥ = X,
(VI(AD)) = ((AW)| W) (5.23)

which for a one-particle system is identical to (3.69). Although it appears that (5.22)
is a more general definition of Hermiticity than (5.23), the two definitions are in fact
equivalent (see Problem 5.2). The matrix element (X|(AW)) is usually written in the
Dirac notation as

(X[(AW)) = (X|A|W¥) (5.29)

and from (5.23) we see that if A is Hermitian the matrix element (W|A|W) is real.
If ¥, is an eigenfunction of the operator A corresponding to the eigenvalue a,, then
from (5.21) we have

(YnlAlYn) = an(Ynl¥n). (5.25)

In addition, since

AV =ay ¥, (5.26)
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we also have

((AY)|¥n) = ay(Yul¥n). (5.27)

If A is Hermitian, the left-hand sides of (5.25) and (5.27) are equal, and hence
a, = a;. Therefore a sufficient (but not a necessary) condition for an operator to
have real eigenvalues is for it to be Hermitian. From now on the linear operator A
associated with a dynamical variable .4 will be taken to be Hermitian. If the operator
A obtained by using the substitution rules (5.19) and (5.20) is not Hermitian, the
Hermitisation procedure discussed in Section 3.3 must be carried out.

If the wave function of a system is one of the eigenfunctions v, of the operator A,
corresponding to the eigenvalue a,, then a measurement of the dynamical variable .4
will certainly produce the result a,. In this case we shall say that the system is in an
eigenstate of A characterised by the eigenvalue a,. On the other hand, if the wave
function is not an eigenfunction of A, then in a measurement of A any one of the
results a;, ay, ..., can be obtained. Which result will be obtained is impossible to
predict. However, as we shall see later, the probability of obtaining a particular result
a, can be obtained.

Postulate 5

If a series of measurements is made of the dynamical variable A on an ensemble
of systems?, described by the wave function W, the expectation or average value
of this dynamical variable is

(WlA|Y)

A) = .
w (W]w)

(5.28)

Since A is a Hermitian operator it follows that (A) is real. If the wave function W
is normalised to unity, we have (W |¥) = 1 and

(A) = (V]|A|W). (5.29)

It is important to stress that (A) does not represent the average of a classical sta-
tistical distribution of the dynamical variable A between the systems being mea-
sured. Each systems is identical and is in the same state described by the wave
function W. The actual value of A obtained in an experiment on a single system
is inherently unpredictable (unless W is an eigenfunction of A). Since ¥ contains
the maximum possible information about the system, there is no way of specify-
ing the state more completely in a way which would allow the value of A to be
predicted.

Some measurements are not immediately repeatable, for example if the energy
of a particle is measured by noting the length of the track it makes while slowing
down in a photographic plate. In contrast, measurements of the component in a
certain direction of the magnetic moment of an atom in a Stern—-Gerlach experiment
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(see Chapter 1) can be repeated immediately by passing the beam through a second
apparatus. In such a case, it is reasonable to expect that if a particular result a, is
obtained in the first measurement, the same result will be obtained if the measurement
is repeated immediately. Since the result of the second measurement can be predicted
with certainty, we deduce that after the first measurement the state of the system is
described by the eigenfunction v, of A belonging to the eigenvalue a,. Hence, in
this case the act of measurement has a ‘filtering’ effect so that whatever the state of
the system before the measurement, it is certainly in an eigenstate of the measured
quantity immediately afterwards.

Adjoint operator

It is useful to introduce an operator A", called the adjoint or Hermitian conjugate of
a linear operator A by the relation

(X|AT|W) = ((AX)|¥)
= (W]A|X)* (5.30)

where W and X are any pair of square-integrable functions.
If we define a bra (®| by the relation

(@] = (X|AT (5.31)

where the operator A" acts to the left on the bra (X|, then it follows from (5.30) that
the kets |®) and |X) are related by

|®) = A|X) (5.32)
A linear operator A satisfying
A=A (5.33)

is said to be self-adjoint, and from (5.22) we see that a self-adjoint operator is Hermi-
tian. The adjoint of an operator is the operator generalisation of the complex conjugate
of a complex number, and a self-adjoint operator is the operator generalisation of a
real number. It is important to note that the operator A' is not, in general, equal to
the operator A* (obtained by replacing every i appearing in A by —i). For example,
the configuration space operator p, = —i/d/dx is Hermitian, so that p; = p,, while
p: =1hd/dx = —p,. Hence p! # pr.
Three important properties of the adjoint operator (see Problem 5.4) are

(cA) =c*A' (5.34)
where ¢ is a complex number,

(A+B) =A"+ B (5.35)
and

(AB)' = B7A". (5.36)
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Functions of operators

If a function f(z) can be expanded in a power series,
f@) = i ciz' (5.37)
i=0
then the operator function f(A) can be defined as
fa) = i ciA'. (5.38)
i=0

Consequently, if ¥, is one of the eigenfunctions of A, corresponding to the eigenvalue
an, AV, = (a,)'¥, and thus

F(A)YYy, = f(an)¥n. (5.39)

The adjoint operator to f(A) can be obtained as follows. Using (5.34)—(5.36)
and (5.38), we see that

[F() =) @) =) crA’y
i=0 i=0

= f*Ah. (5.40)
In particular, if A is a self-adjoint operator, we have
[F(A]' = f*(A). (5.41)

Inverse and unitary operators

The unit operator [ is the operator that leaves any function ¥ unchanged

IV =Wy, (5.42)
If, given an operator A, there exists another operator B such that

BA=AB=1 (5.43)
then B is said to be the inverse of A and one writes

B=A"" (5.44)

A linear operator U is said to be unitary if

Ut =U' (5.45a)
or

Uut=U'U =1I. (5.45b)

Such an operator can be expressed in the form

U =e¢4 (5.46)
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where A is a Hermitian operator. Indeed, using (5.41), we see that
Ut = (M =e (5.47)

from which (5.45b) follows.

Projection operators

An operator A is said to be idempotent if
A*=A. (5.48)

If, in addition, A is Hermitian, it is called a projection operator.
Any function W can be expressed in terms of two orthogonal functions ¢ and X
by means of a projection operator. This can be seen as follows. We first write

v=0d+X (5.49)
with ® = AV and X = (/ — A)¥V. Now

(@IX) = (A¥|(I — A)V)
= (V|A — A?|W)
-0 (5.50)

where in the second line we have used the fact that A is Hermitian and in the third
line we have used (5.48). Note that I — A is also a projection operator, since it is
Hermitian, and

I —2A+ A2
=1-A. (5.51)

(I — A)?

Expansions in eigenfunctions

We shall now study in more detail the properties of the solutions of eigenvalue
equations such as (5.21), generalising the discussion of Section 3.7. We assume
that in (5.21) the operator A is a linear, Hermitian operator representing a dynamical
variable, so that the eigenvalues a, are real. We first consider the case where all the
eigenfunctions v, are square integrable and hence can be taken to be normalised to
unity:

(Ynln) = 1. (5.52)
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Orthogonality

If ¥; and ¥; are two eigenfunctions of A corresponding to different eigenvalues a;
and a;, then

AYi = aiy; (5.53a)
and

Ay =a;y;. (5.53b)
Hence

(@i —ap)(Yily;) = (aivily;) — (Yila;jy;)
= ((AY)I|Y;) — (Wil(AY;))

=0 (5.54)

where we have used the fact that A is Hermitian. Since a; # a; it follows from (5.54)
that

(Yily;) =0, i #J (5.55)

so that eigenfunctions belonging to different eigenvalues are orthogonal.

Degeneracy

We have seen in Section 3.5 that an eigenvalue a, is said to be degenerate if there is
more than one linearly independent eigenfunction belonging to that eigenvalue, the
degree of degeneracy being the number of such linearly independent eigenfunctions.
Suppose that « is the degree of degeneracy of the eigenvalue a,, so that the
corresponding eigenfunctions can be labelled ¥, (withr = 1,2, ... , @), and

AVpr = @u¥nr,  r=12,... . 0. (5.56)

By using the Schmidt orthogonalisation procedure discussed in Section 3.7, it is
always possible to arrange that all the eigenfunctions ,,, are mutually orthogonal
and each of them can be normalised to unity. Since the eigenfunctions belonging to
different eigenvalues are mutually orthogonal, there is no loss of generality in writing
that all the eigenfunctions satisfy the orthonormality relations

(Wirl¥js) = 8ijbrs (5.57)
where §,,,, is the Kronecker delta symbol such that

I, m=n

amn=
0, m#n.

(5.58)
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To avoid cumbersome subscripts, unless it is necessary to distinguish the eigenfunc-
tions belonging to a degenerate eigenvalue explicitly, we shall label all the orthonormal
eigenfunctions of the operator A by a single index and write

Postulate 6

A wave function representing any dynamical state can be expressed as a linear
combination of the eigenfunctions of A, where A is the operator associated with a
dynamical variable.

For the case of purely discrete eigenvalues, which we shall consider first, we have

V=Y cptn (5.60)

The number of eigenfunctions in the set {y,} is in some cases finite, and in others
infinite. Since all wave functions can be expanded in the set of eigenfunctions {,},
the set is said to be complete. The completeness of the set of eigenfunctions of some
operators can be proved, but in general it must be postulated, as stated above. It should
be noted that not all Hermitian operators possess a complete set of eigenfunctions;
those that do are called observables.

The coefficients of the expansion (5.60) can be found by using the orthonormality
relation (5.59). Taking the scalar product (see (5.14)) of both sides of (5.60) with the
eigenfunction ,,, we obtain

(YmlW) =D ca(W¥ml V)

n
= E Cnbmn
n

= ¢ (5.61)

More explicitly, for the case of a one-particle system, we have

Y(r.1) = Z[ f Y, t)dr’]vf,,(r)

= / [Z Yo (£)Yn (r)]\l'(r’. t)dr’ (5.62)
and hence

DV )W) = 8(r 1) (5.63a)
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where we have used the property (A.51) of the Dirac delta function. The rela-
tion (5.63a) is called the closure relation; it expresses the completeness of the set
of functions {y,}. The obvious generalisation of this relation for systems of N
particles is

Z Ua(ry, ... By, ..., ry) =8(r) — 1)) ... 8(rN — Iy). (5.63b)

Using the closure relation (5.63a) we can write the scalar product of two wave
functions as

X|¥) = fX*(r, HW(r, t)dr

= fX*(r, NS —r)W(r, t)drdr

= Z f X*(r, )Y, (r)dr / Y)W, 1)dr
=) (XIYn) (Y ¥) (5.64)

where we have considered the one-particle case for ease of notation. We see
from (5.64) that in the Dirac notation the closure relation can be written in the
compact form

D )Wl =1 (5.65)

where [ is the unit operator.

Probability amplitudes

In the state described by a wave function W, normalised to unity, the expectation value
of an observable A is given by (5.29). Expanding W in the complete orthonormal
set of eigenfunctions {,} of A according to (5.60), and expanding W* similarly, we
have

(A) = (V|A|Y)

=D > cnen(¥mlAlYn)
=YD Cnln(Ym|Vn)

= Z |cn |2a,, (5.66)
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where the orthonormality relation (5.59) has been used to obtain the last line. Since
W is normalised to unity, (¥ |¥) = 1, we also have

Y leal? =1. (5.67)

In view of the fact that the possible results of measurements of A are the eigenvalues
a,, and since the average value obtained in series of measurements of a large number
of identically prepared systems, all in the same state described by W, is the expectation
value (A), it is reasonable, following M. Born, to interpret the quantity

P, = |cal* = [(¥a| W) (5.68)

as the probability that in a given measurement the particular value a, will be ob-
tained. The condition (5.67) is thus seen to express the fact that the probability of
obtaining some result is unity. The coefficients ¢, = (,|WV) are called probability
amplitudes.

In obtaining the above results we have implicitly included the degeneracy in-
dex in the summations. If a particular eigenvalue a, is o times degenerate, and
Yur(r = 1,...,a) are the corresponding orthonormal eigenfunctions, we have
instead of (5.60) the explicit expansion

V= Z i Cnr Wnr (5'69)

n r=1
with
Cnr = (Ynr|W). (5.70)

A simple reworking of (5.66) then yields

[*4

(A) = Z |Cnr |2an (5.71)
1

n r=

so that the probability of obtaining upon measurement of A the degenerate eigenvalue
a, is

P, = le lcnr|? = le [ Wr 19 2. (5.72)

After a measurement leading to the value a,, the system is described by the (unnor-
malised) wave function

Wy =" CarVinr (5.73)
r=1

and if the measurement is immediately repeated the value a, will be obtained with
certainty.
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The continuous spectrum

So far in this chapter, observables which possess only a spectrum of discrete eigenval-
ues have been considered. Our discussion is therefore not sufficiently general, as we
have already encountered observables for which the spectrum is purely continuous,
or for which the spectrum possesses both a discrete and a continuum part. For
example, the momentum operator p, belongs to the former category (see Section 4.2)
and the Hamiltonian operator for a particle in an attractive one-dimensional square
well belongs to the latter category (see Section 4.6). Thus, in general, in order
to expand an arbitrary wave function in the complete set of eigenfunctions of an
operator, eigenfunctions corresponding to continuous as well as discrete eigenvalues
are required. As we have seen in Chapters 3 and 4, the eigenfunctions corresponding
to the continuous spectrum are not normalisable in the usual sense. One way of
avoiding this difficulty is to render the spectrum purely discrete by enclosing the
system in a large box with walls which are either impenetrable, or where periodic
boundary conditions are imposed. In that case, the various expansion and closure
formulae remain the same as for the discrete case. The physical results obtained from
the theory are independent of the size of the normalisation box, provided that it is
large enough. The alternative is to ‘normalise’ the eigenfunctions corresponding to
the continuous eigenvalues in terms of the Dirac delta functions, as we did for the
plane waves in Section 4.2.

Consider an observable A with a spectrum containing both discrete eigenvalues a,
and a continuous range of eigenvalues which we denote by a. The corresponding
eigenfunctions are , and ,, respectively. For the sake of simplicity we shall not
display the degeneracy indices. Thus we have

Ay, = apyn, Ay, = ay,. (5.74)

The continuous eigenvalues must clearly be real, as are the discrete ones. The discrete
eigenfunctions will be taken to be orthonormal, as before.

According to the ‘expansion’ Postulate 6, an arbitray wave function ¥ must be
expandable in the complete set {v/,,, ¥, },

V= chw,, + f c(a)¥.da (5.75)

where the integral runs over the whole range of values of a. Taking the case in
which ¥ is normalised to unity, the expectation value of the observable A is given
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from (5.29) and (5.75) by
(A) = (VI|A|Y)

= S Y cianmlan) + ¥ [ dacie@wmiai)

+ 3 [ e @ratpalawn + [ da [ e @ic@alai.

= S X chentnlbalti) + 3 [ dacse@atimiva)

+Z[da c*(@")cnan (Yo |¥n)

+fda/da’c*(a')C(a)a(%'I%) (5.76)

where in writing the last two lines we have used (5.74).

Now, in order to maintain the interpretation of the coefficients ¢, and c(a) as
probability amplitudes, we demand that the generalisation of the basic results (5.66)
should be, in the present case,

) = Y leafa, + [ le@Fada 5.77)

n

Comparing (5.76) with (5.77) and recollecting that (¥, |¥,) = 8,.n, we deduce the
following:

(1) Allthe eigenfunctions belonging to the continuum spectrum must be orthogonal
to all those belonging to the discrete spectrum:

(¥ml¥a) = 0. (5.78)

(2) The eigenfunctions belonging to the continuum spectrum must satisfy the or-
thonormality condition

(Ya'l¥a) = 8(a —a). (5.79)

Using these results, together with (5.75), we then find that the coefficients ¢, and c(a)
are given, respectively, by

cn = (Yl W), c(a) = (Va|¥). (5.80)

The closure relation (5.63a) for a one-particle system now reads

3 ) + / Y20 )Wa(t)da = 5 — 1) (5.81a)
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and the corresponding result for a N-particle system is

ZW:(r’,,... LI Va(r, ... ,rN)+/w;(r],... LIV (ry, ... ry)da

=38(r; —r))...8(ry —ry). (5.81b)

If the box normalisation is employed (so that the entire spectrum becomes discrete)
and we denote by ¥; the normalised eigenfunction corresponding to the discrete
eigenvalue g;(i = 1,2, ...), the connection between the eigenfunction y; and the
continuum eigenfunction i, can be established as follows. Assuming the normal-
isation box to be very large, the eigenvalues a; corresponding to the continuous
spectrum are densely distributed, and for these eigenvalues the index i can be treated
as a continuous variable. Hence, setting i = i(a) and introducing a density of states

di
pla) = — (5.82)
da
which is equal to the number of discrete states within a unit range of a, we have
v~ [awdi = [ p@civida (583)
Requiring that
[ p@rcivida = [ c@vada (5.84)
and also (from the closure relation and with ), — f p(a)da)
/ p(@)¥; (r)yi(r)da = / Vo (X)Ya(r)da (5.85)
one can make the identifications
Yo = [p@)]"?y; (5.86a)
and
c(@) = [p@]"%¢; (5.86b)

which allow one to ‘translate’ formulae written using the ‘box normalisation’ into
those written using the delta function ‘normalisation’.

Commuting observables, compatibility and the Heisenberg
uncertainty relations

We saw in Chapter 3 that the commutator of two operators A and B is defined as

[A, B] = AB — BA. (5.87)
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If the commutator vanishes when acting on any wave function, the two operators A
and B are said to commute, AB = BA. The operators representing the ‘canonically
conjugate’ position and momentum variables of a particle satisfy the fundamental
commutation relations (see (3.77))

[x. px) =y, pyl =z, p:] = ih (5.88)

with all other pairs of operators (for example y and p,) commuting. If a system
contains several particles with position vectors r; and momentap; (i = 1,2,... , N),
it is clear that all operators referring to one particle commute with all those refer-
ring to another. The only pairs out of the operators (x, y1, 21), (x2, y2,22), -,
and (pi«, Piv, P1z), (P2x, P2y, P22), - - -, Which do not commute are the canonically
conjugate pairs (x;, pix), (i, piy) and (z;, pi;) for which, in conformity with (5.88)

[xi. pix] = i, piy) = [zi, piz] = ik i=12,...,N). (5.89)

Commuting observables

Let us suppose that A and B are two observables. If there exists a complete set of
functions ¥, such that each function is simultaneously an eigenfunction of A and of
B, the observables A and B are said to be compatible. If the eigenvalues of A and B
corresponding to the eigenfunction v, are denoted by a, and b,, respectively, then

Avfn = ay Wn s B'//n = bn '//n . (5.90)

In a state described by ¥/,,, a measurement of A must produce the precise result a,
and a measurement of B the precise result b,, with no limit on the precision with which
A and B can be measured simultaneously. Examples of such compatible observables
are the Cartesian components x, y and z of the position vector r of a particle, and
others are the Cartesian components p,, p, and p, of its momentum p. In contrast, x
and p, are not compatible, since, by the uncertainty relations, both of these quantities
cannot be measured simultaneously to arbitrary precision. More generally, several
observables A, B, C, ..., are said to be compatible if they possess a common set of
eigenfunctions. In this case, all these observables can be measured simultaneously
to arbitrary precision.

If A and B are two compatible observables, and ¥, is a common eigenfunction,
we have

AB'//n = anann
= bpapyin
= BAY,. (5.91)
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Since any wave function W can be expanded in the complete set of eigenfunctions v,
according to (5.60)%, we find, using (5.91),

(AB — BAW = Zc,,(AB — BA)Y, =0 (5.92)
so that
[A,B]=0 (5.93)

and two compatible observables commute.

The converse of this result, that two operators which commute possess a complete
set of common eigenfunctions, will now be proved. First, consider the case for which
A has non-degenerate eigenvalues a,. Then if A and B commute,

A(BY,) = BAY, = a,(By,) (5.94)

and therefore (By,) is an eigenfunction of A belonging to the eigenvalue a,. Since
a, is non-degenerate, (By,) can only differ from v, by a multiplicative constant
which we call b,

By = by (5.95)

Thus we see that v, is simultaneously an eigenfunction of the operators A and B
belonging to the eigenvalues a, and b, respectively.

Now consider the case in which a, is a degenerate eigenvalue of A, of degree «,
with corresponding linearly independent eigenfunctions y,,,(r = 1,2, ... , ). Since
A and B commute, (By,,) is an eigenfunction of A belonging to the degenerate
eigenvalue a,. It follows that (By,,) can be expanded in terms of the « linearly

independent functions ¥/, ¥n2, - - . , ¥na
4
Bwnr = Z Crs '//n: (5.96)
s=1

where ¢, are the expansion coefficients. Let us form a linear combination of the
functions v, with « constants d,, so that

4 4 o
B Z d, Ynr = Z dycrg '//ns' (5.97)
r=1 r=1 s=1
Therefore, Y, d, ¥, is an eigenfunction of B belonging to an eigenvalue b, provided
that
Y dics=budi,  s=12,....0 (5.98)
r=1

3 For notational simplicity we only treat here the case of a discrete spectrum.
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This is a system of ¢ homogeneous linear equations for the o constants d,. This
system has a non-trivial solution if

det|c,s — byérsl =0 (5.99)

where det means the determinant. This is an equation of order « for b,, having o
roots. Corresponding to each root, b, = b®), where k = 1,2, ... , @, is a solution
d™® of (5.98) and we see by construction that

P =Y " dPy,, (5.100)
r=1

is simultaneously an eigenfunction of A, belonging to the eigenvalue a,, and of B,
belonging to the eigenvalue b{*’. The eigenvalue a, together with the eigenvalue b¥’
completely specify a particular simultaneous eigenfunction ¢’ of A and B, so that
when both operators are considered together the degeneracy is removed.

The foregoing analysis can be extended to show that if A, B,C, ..., are a set
of commuting observables, then a complete set of simultaneous eigenfunctions of
these observables exists. The largest set of commuting observables which can be
found (for a given system) is called a complete set of commuting observables. In this
case the eigenvalues ay,, by, ¢, . . ., completely specify a simultaneous eigenfunction
Y, of A, B, C, ... (apart from a multiplicative constant), so that the degeneracy is
completely removed.

Commutator algebra

The following relations satisfied by commutators are useful and are readily proved
(see Problem 5.6)

[A, B] = —[B, A] (5.101a)
[A,B+Cl=[A,B]+[A,C] (5.101b)

[A, BC] =[A, B]C + B[A, C] (5.101¢)
[A,[B,Cl1+[B,[C, A1 +[C,[A,B]]=0 (5.101d)

The Heisenberg uncertainty relations

In Section 2.5 we discussed the Heisenberg uncertainty principle, and found the
‘order of magnitude’ uncertainty relations (2.71) for the position and momentum
of a particle. We shall now obtain a precise form of these uncertainty relations by
adopting an accurate definition of the uncertainties Ax, Ap,, ..., which appear in
these relations. At the same time, we shall derive a more general expression of
the Heisenberg uncertainty relations, which is valid for two canonically conjugate
observables A and B, such that [A, B] = iA.

Let us consider two observables A and B. Let (A) = (W|A|W) be the expectation
value of A in a given state W (normalised to unity) and let (B) = (¥|B|W¥) be the
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expectation value of B in the state W. We define the uncertainty A A to be

AA = [((A— (A)H)'V? (5.102)
so that
(AA) = ((A — (A)?) = (AD) — (A)? (5.103)

is the mean-square deviation about the expectation value (A). Similarly, we define
the uncertainty A B to be

AB =[((B - (B)H)]'%. (5.104)

We shall now prove that

AAAB > %l([A, BY)|. (5.105)
To this end, we first introduce the linear Hermitian operators

A=A—(A), B =B —(B) (5.106)
which are such that their expectation values vanish. In terms of these operators, we
have

(AA)? = (A?), (AB)? = (B?) (5.107)

and we also note that

[A, B] =[A — (A), B— (B)] = [A, B]. (5.108)
Next, we consider the linear (but not Hermitian) operator

C=A+irB (5.109)

where A is a real constant. The adjoint of C is the operator C' = A —iAB and we
note that the expectation value of CC * is real and non-negative, since

(cchy = (w|cchiwv) = (ctwictw) > 0. (5.110)
From (5.109) and (5.110) it follows that the expectation value
((A+1irAB)(A —iAB)) = (A* + A2B% —iA[A, B)) (5.111)
is real and non-negative. Using (5.111), (5.107) and (5.108), we see that the function
fQ) = (A% +2%(B%) —iA([A, B])
= (AA)’ +1%(AB)? —ir([A, B)) (5.112)

is also real and non-negative, which implies that ([A, B]) is purely imaginary. Now,
the function f(X) has a minimum for
_i{A B
°~ 27 (aBY

(5.113)
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and the value of f(X) at the minimum is

114, B1)?

o) = (AA)? 5.114
fQo) = (AA)" + 4 (ABY (5.114)
Since this value is non-negative, we must have
1
(AA (AB)* > -7 (1A, B)))? (5.115)

and the property (5.105) follows by remembering that ([A, B]) is purely imaginary.
For two observables which are canonically conjugate, so that [A, B] = i/ we have
([A, B]) = ifi and we therefore deduce from (5.115) that

h
AAAB > 3 (5.116)
In particular, for the pairs of canonically conjugate variables (x, p.), (v, py) and

(z, p;), we can state the position-momentum uncertainty relations in the precise
form

h h h
AxAp, > > AyAp, = 3 AzAp. > 3 (5.117)
with
Ax =[((x — D2 Ape = [{(px — (p)D]'? (5.118)

and similar definitions for Ay, Ap,, Az and Ap..

The minimum uncertainty wave packet

It is clear that the equality sign in (5.105), giving the minimum uncertainty product,
holds when A = Ag and C*W = 0 (see (5.110) and (5.114)) so that

(A —irgB)W = 0. (5.119)

This equation can be used to find the wave function W such that the product AAAB
takes its minimum value.

As an example, let us consider the motion of a particle in one dimension. Setting
A = x and B = p,, the minimum value of the uncertainty product AxAp, at a
definite instant of time (say ¢ = 0) is given by

AxAp, = (5.120)

NS

Writing ¥ (x) = W(x, t = 0), and using (5.119) with A = x — (x), B = p, — (ps)
and Ao = i([x, p:])/[2(Ap:)*) = —h/[2(Apx)?), we find that

2i(Apy)?

p x — (NP (x). (5.121)

(—ihd% - (Px)>1/f(X) =
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5.5

This first order differential equation is readily integrated to give the minimum uncer-
tainty wave function

= (5.122)

where C is a normalisation constant. This wave function is seen to be a Gaussian
wave packet.

: .
v =c¢ exP(,—;(px)X> exp[_w]

Unitary transformations

We shall now show that by acting with a unitary operator on the wave function
describing a state of a system, one obtains a new wave function which provides a
completely equivalent description of this state. The application of a unitary operator
to every wave function associated with a system is called a unitary transformation.
Let ¥ and X be two functions and let A be a linear, Hermitian operator such that

AV = X. (5.123)

Let us apply the unitary transformation U, so that

v =UVY, X' =UX. (5.124)
Writing

AV =X (5.125)
we have

AUV =UX=UAY (5.126)
so that

A'U=UA. (5.127)

Since UU™ = UTU = I (see (5.45b)), it follows at once from (5.127) that
A =UAU', A=U'AU. (5.128)
A number of results will now be proved.

(1) If A is Hermitian, then A’ is also Hermitian.
From (5.128) we have

AT =WUAUYY =UAU? (5.129)
and since A = A", we find that

AT =vAUt = A (5.130)
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Operator equations remain unchanged in form.
Consider for example the operator equation

A=cB+cCD (5.131)

where ¢ and ¢, are complex constants and B, C, D are operators. Using again
the fact that UU' = UTU = I, we have

UAU" =c,UBU" + qUCU'UDU" (5.132)
or
A =c¢ B +cC'D (5.133)

where A’, B’, C' and D’ are the transforms of A, B, C and D, respectively.
We also note that if A and B are two operators such that [A, B] = ¢, where c is
a complex number, and A’ and B’ are their transforms, then

[A,B]=[A",B]=c. (5.134)
It follows that the fundamental commutation relations (5.88) remain unchanged

under unitary transformations.

The eigenvalues of A’ are the same as those of A.
Indeed, we can rewrite the eigenvalue equation (5.21) as

AU UY, = a,UTUY,. (5.135)
Operating from the left throughout with U, we obtain

(UAUNYUYn) = an(UU YU n) (5.136)
so that

A = any, (5.137)

with ¢, = Uy,. Hence A’ = UAU" has the same eigenvalues as A.

The quantities (X|A|W) are unchanged by a unitary transformation.
The proof is as follows:

(X|A|¥) = (X|UTUAUTU|W)
= (UX)|UAUT|(UW))
= (X'|A'|¥") (5.138)

where in the second line we have used (5.30). A corollary of (5.138) is that
expectation values remain unchanged under unitary transformations:

(WIA|W) = (W'|A'|W'). (5.139)
By choosing A = [ in (5.138), we also see that
(X|w) = (X'|¥') (5.140)
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so that the scalar product is invariant under unitary transformations. Conse-
quently, the normalisation is also preserved in such transformations, since

(VW) = (W'|¥). (5.141)

From the above results we see that physical quantities such as eigenvalues and
expectation values can be equally well calculated from the transformed wave functions
W' X', ..., and operators A’, B’, ..., as from the original ones. This raises the
possibility that a dynamical problem may be easier to solve by finding a suitable
unitary transformation leading to a new set of wave functions and operators. It is
also worth noting that each different unitary transformation leads to a new form or
‘representation’ of the operators associated with the basic dynamical variables x, y, z
and py, py, p., while the fundamental commutation relations (5.88) remain invariant.
This suggests that an alternative formulation of quantum mechanics can be developed
by considering the commutation relations (5.88) as one of the basic postulates of the
theory*.

As an example, consider a particle moving in one dimension, for which the
wave function in the position representation is W (x, t), the position and momentum
operators being given in that representation by xop = x and (p.)op = —i#d/0x,
respectively. The Fourier transform (2.43) of W (x, ) defines the momentum space
wave function ®(p,, ), and this transformation is unitary. Indeed, we can write

P(p,t) = UW¥(x,1)

+00 .
= Q2mh)~\? / e P Ay(x, pydx, (5.142)

e )

the inverse transformation (2.42) being

Vx,t) = U 'd(ps, 1)

+o00
Qrh)~'? / e Mo (py, )dp,

= U'®(p,.1). (5.143)
Thus
U'UW(x, 1) = U d(p,, 1) = W(x, 1) (5.144a)
and also
UU ®(pe, 1) = UW(x, 1) = ®(py, 1) (5.144b)

4 See Dirac (1958).
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from which we see that UTU = UU' = I, so that the integral operator U defined
by (5.142) is unitary. By Parseval’s theorem (see equation (A.43) of Appendix A)

+00 +00
f W (x, 1)|*dx = f |D(pr, 1)|%dp, (5.145)

—00

which is just a particular case of (5.141).

As we saw in Table 3.2, in the momentum representation the position and mo-
mentum operators are given by xop, = i%3/3p, and (pr)op = Ppx, respectively. It is
straightforward to verify that in both the position and momentum representations the
commutation relation [xqp, (px)op] = i# is satisfied, which illustrates the invariance
of the basic commutation relations (5.88) under unitary transformations.

Infinitesimal unitary transformations

If the unitary operator U is very close to the unit operator /, the unitary transformation
is said to be infinitesimal. We may then write

U=1+ieF (5.146)

where ¢ is a real, arbitrary small parameter, and F is an operator which must be
Hermitian. Indeed, from (5.45) and (5.146) we deduce that to first order in &

I=U'U=(-ieFHY(I +ieF)~1 —ieF' +ieF (5.147)
from which e(F — F') = 0 and
F=F" (5.148)

The operator F is called the generator of the infinitesimal unitary transformation. We
remark that if an infinitesimal unitary transformation is performed, the transformed
wave functions are given by

WV =W48¥=+1eFV¥Y (5.149)
so that
SV =ieFV¥ (5.150)

while from (5.128), (5.146) and (5.148) the transformed operators are

A'=A+68A = (+ieF)A(l —ieF)
= A+ieFA—ieAF + O(e%)
= A +ie[F, Al + O (5.151)

and therefore, to first order in ¢,

8A = ie[F, Al. (5.152)
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5.6

Matrix representations of wave functions and operators

Let us consider a complete set of orthonormal functions {1, }. To simplify the notation
we shall assume that the index n is discrete. Any physical wave function W can be
expanded in terms of this set according to equation (5.60), where the coefficients ¢,
are determined by ¢, = (¥,|V) (see (5.61)). For a given set of functions {y,}, the
numbers ¢, specify the wave function ¥ completely. The coefficients ¢, are said to
represent V in the basis (or representation) {ir,}. We can think of the set of functions
{¥,} as being analogous to a set of orthogonal axes and the numbers ¢, as being
analogous to the components of a ‘vector’ W along each of these axes.

The action of a linear and Hermitian operator A on a wave function produces
another wave function

X =AW (5.153)
The wave function X can also be expanded in terms of the basis {{,,} as

X = Z A Vm (5.154)

where the coefficients of the expansion are given by d,, = (¥, |X). Using (5.153)
and (5.60), we have

dn = (YmlX)
= (YmlA|V)

=D (WnlAlYn)cn. (5.155)

The quantities

Amn = (Ym|AlYn) (5.156)

are called the matrix elements of the operator A in the basis {1/,,}. The equation (5.155)
can thus be written as

dm =Y AmnCa. (5.157)

It relates the coefficients ¢, which uniquely define W to the coefficients d,, which
uniquely define X, and is completely equivalent to the operator equation (5.153).
Thus the set of matrix elements A,,, completely specifies the operator A within the
basis {1/, }. We remark that equation (5.157) can be written as a matrix equation

d=Ac (5.158)
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or
d| A|| A|2 Cy
| |An An ... || (5.159)

where d and ¢ are column vectors and A is a square matrix. If the basis {1,,} contains
a finite number of functions, the matrix A is of finite dimension; otherwise A is
of infinite dimension. Clearly there are as many different representations of wave
functions and operators as there are basis sets of functions {1, }.

Using (5.64) and the fact that ¢, = (¥,|¥) and d} = (X|v,), the scalar product
(X|W¥) can be expressed as

X|W) =Y dicy =d'.c (5.160)
n
where c is a column vector with elements ¢, and d* is a row vector with elements d.
Thus (5.160) can be displayed as

Ci
Xy =@ d;..)|e|. (5.161)

Matrix properties and definitions

Two matrices A and B can be added when they have the same number of rows and
the same number of columns. Addition is commutative

A+B=B+A (5.162)
and if C = A + B is the matrix sum, then

Coun = Amn + Bmn. (5.163)

If C = AB denotes the product of two matrices A and B, then

Con =) Amk Bin (5.164)

k

which requires that the number of rows of B must be equal to the number of columns
of A. It follows from (5.163) and (5.164) that multiplications is distributive

AB+C)=AB+ AC (5.165)
and associative

A(BC) = (AB)C. (5.166)

It is also apparent from (5.164) that, in general, AB is not equal to BA. If AB = BA,
the two matrices A and B are said to commute.
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The inverse A~' of a matrix A is such that
AAT'=ATTA=1 (5.167)

where 1 is the unit matrix, having elements /,,, = §,,,. A matrix which possesses an
inverse is said to be non-singular.
The matrix AT is the transpose of A if

(ADn = Apm (5.168)
and A" is the adjoint of A if

(ADmn = A, (5.169)

A matrix is Hermitian if it is equal to its adjoint:

A=A" (5.170)
so that

Apn = Al (5.171)

If the inverse of a matrix is equal to its adjoint, this matrix is said to be unitary.
Hence, for a unitary matrix U,

U'=0' (5.172a)
or

UU'=U'U=1 (5.172b)

The trace of a matrix is the sum of its diagonal elements:

TA =) Anm. (5.173)

Using these definitions, it is easy to prove (see Problem 5.10) that a Hermitian
operator is represented by a Hermitian matrix, a unitary operator by a unitary matrix,
the operator sum A + B by the matrix sum A + B, and the operator product C = AB
by the matrix product C = AB, so that the algebraic properties of operators are

mirrored by their matrix representations. For example, consider the operator product
C = AB. We have

Cnn = (Ym|AB|Yn)

= D (¥ml AlY) (V| BIYn)
k

=Y AmiBin (5.174)
k

where in the second line the closure relation (5.65) has been used. Looking back
at (5.164), it follows that the matrix C is equal to the matrix product of A and B.
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A square matrix A is said to be diagonal if it has non-vanishing elements A,,, only
whenm = n. If the complete set of orthonormal eigenfunctions {1, } of an observable
A is used as a basis, then the matrix A representing A in this basis is diagonal, the
diagonal elements being the eigenvalues a, of A. Indeed, since Ay, = a,¥,, the
matrix elements of A in the basis {1, } are

Amn = (]//mIAh[fn)
= an(Ym|V¥n)
= a,8mn. (5.175)

Let A be the matrix representing the observable A in a given basis. The eigenvalue
equation Ay, = a,y, for the operator A becomes, in that representation, the matrix
eigenvalue equation

Au, = a,u, (5.176)

where u,, is called an eigenvector of the matrix A, belonging to the eigenvalue a,.
It is often convenient to use the Dirac ket notation and to write the eigenvector u,
belonging to the eigenvalue a, as the eigenket |a,). Correspondingly, the row vector
u’ will be written as the bra (a,|. More generally, a simultaneous eigenvector of the
matrices A, B, C, ..., corresponding to eigenvalues a,, by, cj, ..., will be denoted
by lay, b, cj, ...).

The eigenvalues a, of the matrix equation (5.176) are real since A is Hermitian;
they are solutions of the ‘secular’ equation

det |A — a,I| = 0. (5.177)

The properties of the eigenfunctions v, of A are mirrored by those of the eigenvectors
u, of A. In particular, two eigenvectors belonging to different eigenvalues are
orthogonal (see (5.55)). Also, by using the Schmidt orthogonalisation procedure, it is
possible to ensure that linearly independent eigenvectors u;, belonging to degenerate
eigenvalues g; are mutually orthogonal. All eigenvectors can also be normalised to
unity. Thus we have (compare with (5.57))

u =686, (5.178)
where the indices r and s refer to the degeneracy. Finally, we remark that in the
basis {y,} of the eigenfunctions of A, in which the matrix A assumes the diagonal
form (5.175), all the elements of the normalised eigenvector u,, are equal to zero,
except the nth element, which is unity.

Change of representation and unitary transformations

We have already shown that different representations of quantum mechanical op-
erators and wave functions can be obtained through unitary transformations. In
the particular case of transformations between different matrix representations, the
transforming operators are unitary matrices, as we shall now see. Suppose that {1}
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and {¢,,} are two different orthonormal bases. Each member of the set {,} can be
expanded in the basis {¢,,} as

Un = Unn®m (5.179)

where the expansion coefficients U,,, are obtained by taking the scalar product of
both sides of (5.179) with ¢,,, and are given by

Unn = (dm|¥n). (5.180)
We shall now prove that the set of numbers U,,, are the elements of a unitary matrix.
Indeed,

WUy =D Uk (Ui
k
=D UnUy;
k

=) (bl Vi) (Weldn)
k

= (Pm|®n) = Smn (5.181a)
where we have used the closure relation (5.65). Similarly
U0 mn = 8mn (5.181b)

so that UU" = U'U =1, and U is a unitary matrix.

Suppose now that a wave function W is represented in the basis {i,} by the
coefficients ¢, (forming a column vector ¢) and in the basis {¢,,} by the coefficients
¢, (forming a column vector ¢’). That is

V=Y c¥n=)  Chbm (5.182a)
with

= (Yal¥), ¢, = (Pnl¥). (5.182b)
Using the closure relation (5.65) and equation (5.180), we have

Cn = (Dm|¥)

=) (Gnl V) (Yl W)

=3 Upen. (5.183)

a result which can be written in matrix form as

¢ = Uc. (5.184)
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Similarly, if A is a matrix representing the operator A in the basis {{,} and A’ the
matrix representing that operator in the basis {¢,,}, then

A = (Sl Aldn)
= YD (SmlVR) Y Al (V1 bn)
ko1

=Y UmAuU " (5.185)
k !

so that
A’ = VAU’ and A=U'AU. (5.186)

We saw earlier that if two Hermitian operators are connected by a unitary trans-
formation they have the same eigenvalues. This property is mirrored for Hermitian
matrices, so that the problem of solving the matrix eigenvalue equationn (5.176) can be
viewed as that of finding a unitary transformation which converts the Hermitian matrix
A into a matrix A’ = UAU" which is diagonal. It is a fundamental theorem of matrix
algebra that any Hermitian matrix can be diagonalised by a unitary transformation.
Another important theorem states that in order that two Hermitian matrices A and B
can be diagonalised by the same unitary transformation, it is necessary and sufficient
that they commute (AB = BA).

Finally, an important property of unitary transformations is that they leave the trace
of a matrix unaltered. Indeed, if the matrices A and A’ are connected by a unitary
transformation, so that A’ = UAU", we have

A =) A,
SRRt
=;Z;W%MW

Z A = TrA. (5.187)
k

It follows from (5.187), and the fundamental diagonalisation theorem, that the trace
of a Hermitian matrix is equal to the sum of its eigenvalues.

The state vector

By now we have seen that the wave functions and operators which appear in quantum
mechanics can be represented in many ways, all connected by unitary transformations.
This fact led Dirac to suggest that the state of a system could be described by
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a more abstract quantity called a state vector, denoted by a ket |W). With each
state vector is associated a conjugate quantity or bra (¥| such that (W|W¥) is a
real number representing the square of the ‘length’ or norm of |¥). The various
representations we have studied correspond to specifying the ‘components’ of |W)
along different directions in the abstract space, just as ordinary three-dimensional
vectors can be represented by components along any three independent directions.
The linear Hermitian operators, corresponding to dynamical variables, act on the
abstract state vectors, converting one into another. In Dirac’s formulation of quantum
theory the fundamental commutation relations play a central role, since these are
independent of the choice of basis. Indeed, the superposition principle, together with
the commutation relations for the basic operators (x, y, z) and (px, p,, p;) can be
used to determine the physical quantities, such as expectation values or eigenvalues,
without introducing a specific basis. In what follows we shall illustrate Dirac’s
approach by obtaining the energy levels of a linear harmonic oscillator.

The linear harmonic oscillator revisited

Let us consider a one-dimensional harmonic oscillator, the Hamiltonian of which is

2o 2
— & + _kxz = & + _mw2x2 (5.188)

H
2m 2 2m 2

with w = (k/m)'/?. In Section 4.7 we obtained the eigenvalues and eigenfunctions
of this Hamiltonian by working in the position representation. We shall now find the
eigenvalues of H by using a method due to Dirac, which does not make reference to
any particular representation.

Let us introduce the operators

1 mw 172 . Px
ay = ﬁ[(?) X F lw] (5.189)

Since x and p, are Hermitian operators, a, and a_ are adjoints of each other: a, = a’
anda_ = afr. Using the basic commutation relation [x, p,] = i4, itis readily verified
(Problem 5.12) that a, and a_ satisfy the commutation relation

[a_,a ] =1. (5.190)
In terms of the operators a, and a_, the Hamiltonian (5.188) can be rewritten in either
of the forms
H—h—‘” + =h -D=n + 1) =ho(N + .
= (a_ay +aya) = w(a_a+ 5) = w(a+a_ 5) = w( + 5)
(5.191)
where

N =aja_. (5.192)
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Furthermore, we have (Problem 5.12)
[H,as) = thoway. (5.193)
If | E) is an eigenvector (eigenket) of H belonging to the eigenvalue E, so that
H|E) = E|E) (5.194)
we have from (5.193) that
Hayi|E) = (a1 H + hway)|E)
= (E + hw)a4|E). (5.195)

It follows that the kets a4 | E') are also eigenvectors of H, belonging to the eigenvalues
E+hw. Asa, raises and a_ lowers the value of E, the operators a, and a_ are called
raising and lowering operators, respectively. Since H only contains the squares of
the operators p, and x, the expectation value of H in any state cannot be negative,
and hence the eigenvalues of H must be non-negative. Let Eq be the smallest of these
eigenvalues, and | E) be the corresponding eigenket. We must have

a_|Eg) =0 (5.196)

for otherwise a_| Ep) would be an eigenket corresponding to the eigenvalue Ey — Aw,
contrary to the hypothesis that Ej is the lowest eigenvalue. Operating on (5.196) with
hAwa,, and using (5.191) and (5.192), we have

hwa,a_|Eo) = hoN|Eo) = (H — 1hw)|Eg) = 0 (5.197)

from which we deduce that the lowest eigenvalue Ej is given by Ey = hw/2.
Using (5.195) we see that by operating repeatedly with a, on the eigenket |Ep),
we obtain the sequence of (unnormalised) eigenkets

|Eo), a+|Eo), a4 | Eo), ... , (5.198)
the eigenket a’} | Eo) corresponding to the eigenvalue
E,=(n+3)ho, n=0,1,2,... (5.199)

Let | E,) be the normalised eigenket corresponding to the eigenvalue E, and | E, )
be that corresponding to the eigenvalue E, ;. From (5.198), we have

|Ent1) = Cpy1a4|Ep) (5.200)

where C,4 is a normalisation coefficient. Since (E,4|E,+)) = 1 anda_ = ai, we
find that

|Cos11*(Enla_ay|E,) = 1. (5.201)

Now, since a_a, = (H/hw) +1/2,and H|E,) = E,|E,), with E, = (n + 1/2)hw,
and remembering that (E,|E,) = 1, we have

Cop1 = (n+ 1712 (5.202)
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where we have taken C,,; to be real. From (5.200) and (5.201) we see that
ay|Ep) = (n+ 1)'2|Epyy). (5.203)

By starting from n = 0 and using repeatedly the relation (5.203), all the eigenvectors
|E,) can be obtained from | Ep):

|En) = (n!)~"2as | Eo) (5.204)

Let |E,—;) be the normalised eigenket corresponding to the eigenvalue E,_;.
From (5.200) and (5.202), we have

|En) = Cnay|En-) (5.205)
with C, = n~!/2. Operating on both sides of this equation with a_, we find that

a_|Ey) =n""*a_a,|E,_;) (5.206)
Sincea_a, = (H/hw) +1/2and H|E,_|) = (n — 1/2)hiw|E,_,), we obtain

a_|Eq) = n'|Eqy) (5:207)

The operators a, and a_ can be used to calculate any property of the system. As
an example, let us evaluate the expectation value of x* in the ground state | Ep) of the
linear harmonic oscillator. From (5.189), we have

172
x = (——) (ay +a) (5.208)
2mw

and therefore
2

4m2e?

+a+a_ai +aja_aja_ + a+a2_a+ + a+a3

2 2

(Eolx*|Eg) = (Eola} +ala_ +a’a_ay +ala>

+a_afr + a_aia_ +a_aja_a; + a_a+a2_

+a’a? +a*aya_ +aa, +a*|Ep). (5.209)
We now observe that since a_|Eg) = 0, and also (Eglay = (Eolai = (a_Ey| =0,
(5.209) reduces to
2
(Eolx*|Eo) = ——(Eola_a> + a_a,a_a, + a*a® +ala,|Ep).  (5.210)
4m2w? * *

Since we are evaluating a diagonal matrix element, we must also exclude all terms in
which the number of operators a. is not equal to the number of operators a_. Hence

2

Eolx*|Eg) = ——
(Eolx"|Eo) -y

(Eola_aia_ay + a*a’|Ep). (5.211)
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Using the relations (5.203) and (5.207), we have
a_aya_a|Ey) = a_a,a_|E,)
= a_ay|Eo)
= a_|E))
= |Ep). (5.212)
Similarly,

a*a’|Ey) = a’a,|E))

= a*V2|Ey)
= a 2|E))
= 2| Eo) (5.213)
and hence
(Eolx*| Eo) = MLZ; (5:214)
Matrix representation in the {|E,)} basis
In terms of the orthonormal set {| E,)} withn = 0, 1, 2, ..., the matrix representation

of H is a diagonal matrix with elements E, = (n + 1/2)hw, and that of the operator
N is a diagonal matrix with elements n. That is

100... 000...
030.. 010...
H=/lw 00% , N=1]002 . (5.215)

From (5.200) and the orthogonality of eigenvectors corresponding to different
eigenvalues, we have

(EklEn+l) = Cpy1{Erlas|Eyn) = Skt (5.216)

where the indices k and n can take the values O, 1, 2, . ... Hence, the matrix elements
of a, in the {| E,)} representation are, using (5.202),

@in = (n+ D28 04 (5.217)

and we see that a, is a real matrix whose only non-zero elements are those of the
diagonal immediately below the main diagonal. Moreover, since a_ = a) and a, is
a real matrix, we find that the matrix elements of a_ are

@ )in = k+ D281 (5.218)
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so that a_ is a real matrix whose only non-zero elements lie on the diagonal imme-
diately above the main diagonal. Explicitly,

0 0 O

VI 0o 0 ... 0VI 0 0
/30 00 +v20 ..
a, = 0 o, a- = 00 O \/§ . (5.219)

The matrix elements of x and p, can be found immediately by using (5.189) (see
Problem 5.14).

Transition from the {|E,)} to the position representation

We shall now show how the linear harmonic oscillator eigenfunctions, given
by (4.168) in the position representation, can be found by using the operators a., and
a_. We first recall that in the position representation the operator x is represented by
ordinary multiplication by x, while the operator p, is represented by —i%d/dx (with
d/0x = d/dx in the present case). Hence, the operators a. introduced in (5.189)

become
1 [(mw)'? 1 d
- (== - - 5.22
o fz[( A ) *F (mhw)l/zdx] (5220
or, in terms of the variable £ = (mw/h)"’x = ax
1 d
ay = — — ). (5.221
=75 (E F df;') )
Thus, in the position representation, the equation (5.196) becomes
d
(E + E>WO(€) =0. (5.222)
This equation has the solution
Yo(€) = Noe /2 (5.223)
where Nj is a constant. Hence
Yolx) = Noe @ ¥72, (5.224)
If Ny is chosen to be real and such that y(x) is normalised to unity, we have
a \'2
No=|—= .
o ( ﬁ) (5.225)

All the other eigenfunctions can be found by using equation (5.204), which in the
position representation becomes

1 d n
V(&) = (n!)-'/z[ﬁ@ - E)] Yo(€) (5.226)
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Using (4.154b), (5.223) and (5.225), we obtain

1/2
V() = ( ) e €2H, (&) (5.227)

/72N
where H, (&) is the Hermite polynomial of order n. Upon returning to the variable x,
we see that (5.227) is identical to (4.168).

The Schrodinger equation and the time evolution of a system

The next postulate of quantum mechanics concerns the time evolution of a quantum
system and may be formulated as follows.

Postulate 7

“The time evolution of the wave function of a system is determined by the time-
dependent Schrodinger equation

ihg;\l'(t) =HWY(¢) (5.228)

where H is the Hamiltonian, or total energy operator of the system.

Assuming that the system has a classical analogue, its Hamiltonian operator can
be obtained by applying the substitution rule (5.19) in the position representation,
or (5.20) in the momentum representation, and carrying out the Hermitisation proce-
dure described in Section 3.3, if necessary.

As a first example, let us consider a system of N spinless particles having
masses m;, position coordinates r;, momenta p;, and such that its potential
energy V(ry,...,ry,t) depends only on the positions r; and the time ¢. The
(non-relativistic) Hamiltonian operator of this system is given by

N 2
H=;2p—n’1i+V(r.,...,rN,t) (5.229)

where p; = —i/iV; if one is working in the position representation.

As a second example, consider a particle of mass m and charge ¢ moving in an
electromagnetic field described by a vector potential A(r, 7) and a scalar potential
¢(r, t). Its (non-relativistic) classical Hamiltonian can be obtained (Goldstein 1980)
by starting from the field free expression E = p?/2m between the energy and the
momentum of the particle, and making in it the substitutions

E—> E—q¢, p—p-4gA. (5.230)
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The resulting Hamiltonian

1
H= (- qA)? + q¢ (5.231a)
m

becomes the (non-relativistic) quantum mechanical Hamiltonian operator by
replacing the generalised momentum p by the corresponding momentum operator
(pop = =iAV in the position representation). Applying the ‘Hermitisation’
procedure discussed in Section 3.3 to the term —(g/m)A.p, this Hamiltonian
operator can be written in the form

P g

2
H=2 _ L ap+pa)+ T a’1q¢ (5.231b)
2m  2m 2m

where we have omitted the subscript on the momentum operator in order to simplify
the notation.

The evolution operator

Since the Schrodinger equation (5.228) is a first-order differential equation in time,
the state vector W(¢) is determined for all 7 once it is specified at any given time fo.
We may therefore introduce an evolution operator U (1, tp) such that

V() =U(t, o)W (1) (5.232)
with

Ulto, t0) = 1. (5.233)
Applying twice the definition (5.232), we also have

Ut 1) = Ut 1HU(t', o) (5.234)
and

U='(t,10) = Uto, 1) (5.235)

so that the evolution operator exhibits the group property.
Substituting (5.232) into the Schrédinger equation (5.228), we see that the evolution
operator U (¢, t;) satisfies the equation

a
ih 3_1 U(t,10) = HU(t, to) (5.236)

subject to the initial condition (5.233).  We remark that the differential
equation (5.236) together with the initial condition (5.233) can be replaced by the
integral equation

st
Utt.to) =1 — % f HU(', 10)dr'. (5.237)
ty

Conservation of probability requires that

(WOIW (1)) = (W (1) W (10))- (5.238)
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However, from (5.232)
(WO (@) = (U@, 10)¥ (1)U (1, 10) W (10))
= (W(1)|U" (1, 00)U (2, 10)| W (10)) (5.239)
from which
Ut 00)U(t, 10) = I. (5.240a)
Likewise, starting from (W (7p)| W (#)), we obtain
U, t))U'(t,10) =1 (5.240b)

so that from these two equations we conclude that U (¢, ) is a unitary operator.
The unitary character of the evolution operator is clearly connected to the Hermitic-

ity of the Hamiltonian. We can display the connection by studying the change in the

evolution operator induced after an arbitrary small time §¢. We first have from (5.236)

iA[U (tg + 8t, t9) — U (1, to)] = HU (19 + 6t, 1p)ét. (5.241)

Hence, to first order in 8¢, and using the initial condition (5.233), we have
Ulto+68t,10) = I — %Hat. (5.242)

The Hamiltonian H is therefore the generator of an infinitesimal unitary transfor-
mation (see (5.146)) — in fact, an infinitesimal time translation — described by the
evolution operator U (fy + 61, tp).

Let us consider the particular case for which the Hamiltonian H is
time-independent. A solution of (5.236) satisfying the initial condition (5.233) is
then given by

U, o) = exp[—;le(t - to)] (5.243)

as is readily checked by recollecting that a function of an operator can be defined by
its series expansion (see (5.38)) so that

exp[—%H(t - to)] = Z %(—%) H"(t — 1)". (5.244)
n=0 """

Thus a formal solution of the time-dependent Schrodinger equation for a time-
independent Hamiltonian H is given by

W(r) = exp[—%H([ - zo)]wo). (5.245)

As an example, suppose that we are dealing with the motion of a structureless
particle in a time-independent potential V (r). From (5.245) we may write the wave
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function W(r, t) as

Y(r,t) = exp[—%H(t - to)]\I!(r, to)

- f exp[—% H( - to)]a(r —)U(r, 1o)dr. (5.246)
Now, according to the closure relation satisfied by the energy eigenfunctions, we have

; VEE)WE() =8 — 1) (5.247)
so that we can recast (5.246) in the form

W(r, 1) = XE: / exp[—% H(@ - to)] YEE)YE@W(T, fo)dr. (5.248)
Since Hy g = EyE, it follows that

W(r, 1) = ZE:[ / Y)W (T, to)dr'] exp[—iE(t — to)/R1Ye(r) (5.249)
in agreement with the result (3.155) obtained in Chapter 3.

Time variation of expectation values

Let us consider an observable A. The expectation value (A) of this observable in
the state W, normalised to unity, is given by (WV|A|W¥). The rate of change of this
expectation value is therefore

d d
3 A = vIA)

(o) e le)+ (g

—(ih) " (HYU|A|V) + <w’5‘w> + (ih) " (W|AH|W) (5.250)

where in writing the last line we have used the Schrédinger equation (5.228) and
its complex conjugate. Since H is Hermitian, the first matrix element on the right
of (5.250) may be written as (V|H A|W) so that

—<A)—(1h) (A, H]) + <%/:> (5.251)
where

([A, H]) = (V|[A, H]|V) = (V|AH — HA|Y) (5.252)
and

<8A>_<w dA w) 5253

o) =\ ) (5:253)
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In particular, if the operator A does not depend explicitly on time (that is, if
dA/dt = 0) equation (5.251) reduces to

%(A) = (in)~'([A, H)). (5.254)

Hence, if A /9t = 0 and the operator A commutes with H, its expectation value does
not vary in time, and we can say that the observable A is a constant of the motion.

Time-independent Hamiltonian

As an example of the preceding discussion, consider a system for which the Hamil-
tonian is time-independent (0 H /9t = 0). Using (5.254) with A = H, we see that

%(H) = (ih)"([H,H]) =0 (5.255)

so that the total energy is a constant of the motion. This is the analogue of energy
conservation for conservative system in classical mechanics.

Let Y be an eigenfunction of the time-independent Hamiltonian H
corresponding to the eigenenergy E. For a stationary state Vg = g exp(—iEt/h)
and a time-independent operator A it is clear that the expectation value
(VE|A|WE) = (Ye|A|YE) does not depend on the time. Hence in this case (5.254)
reduces to

(VellA, H]lYg) = 0. (5.256)

The virial theorem

We now apply the above result to the particular case of a particle of mass m moving
in a potential V (r), so that the corresponding Hamiltonian is
p>
H=_—+V(I. (5.257)
2m

Moreover, we choose A to be the time-independent operator r.p. We then have
from (5.256)

(Vellr.p, HllYe) = 0. (5.258)
Using the algebraic properties (5.101) of the commutators, together with the
fundamental commutation relations (5.88) and the fact that p = —i4'V in the position

representation, we find that

1
[r.p, H] = [(xpx + Py + 2 S (pr Py + P+ VXY, z)]

ih, 2 2 . Vv av Vv
= —(pi+p,+p)—iilx—+y—+z2—
m ’ < ax ay az

= 21T — iA(r.VV) (5.259)
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where T = p?/2m = —(h?/2m)V? is the kinetic energy operator. From (5.258)
and (5.259) we therefore deduce that, for a stationary state

2T) = (r.VV) (5.260)

which is known as the virial theorem®. We remark that the result (5.260) may also be
obtained by choosing the operator A to be p.r instead of r.p. Indeed, the difference
between r.p and p.r is a constant, and hence commutes with H. We also note that if
the interaction potential V' is spherically symmetric and proportional to r*, one has
for a stationary state

(5)

= s(V). (5.261)

2(T)

The generalisation of the virial theorem (5.260) to a system of N particles is the
subject of Problem 5.16.

The Schrodinger equation for a two-body system

As an example of the time evolution of a system we shall consider the case of two
particles, of masses m | and m,, interacting via a time-independent potential V (r; —r;)
which depends only upon the relative coordinate r; — r,. The classical Hamiltonian
of the system is therefore given by

P P
=L+ 2 4V —-n). (5.262)
2m| 2m2
Making the substitutions p; — —i#V,, and p, — —iAV,,, we obtain the quantum
mechanical Hamiltonian operator, and the corresponding time-dependent Schrodinger
equation reads in configuration space
h_z V2 h

2
- —V.+ V(@ - 1'2)]‘1’ (ry,ra, 1), (5.263)
v

d
h—W(r),r,t) =~
iho (ri,12,1) [ 2 T m

3 In classical mechanics the virial of a particle is defined as the quantity —(1/2)F.r, where F is the force
acting on the particle and the bar denotes a time average. If the motion is periodic (or even if the motion is
not periodic, but the coordinates and velocity of the particle remain finite) and 7' denotes the time average
of the kinetic energy of the particle, one has

1—

i = —EF.I'

and this relation is known as the virial theorem. If the force is derivable from a potential V the virial
theorem becomes

2T =r.VV

which is the classical analogue of (5.260).
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This is a seven-dimensional partial-differential equation. However, just as in clas-
sical mechanics, the problem can be reduced by introducing the relative coordinate

r=r —n (5.264)

and the vector
R = mir; + mars (5.265)
my +mj
which determines the position of the centre of mass (CM) of the system. Changing
variables from the coordinates (r;, r;) to the new coordinates (r, R), we find after a
straightforward calculation (Problem 5.18) that

L R, R,

IR T AL P 260
where
M=m +m (5.267)
is the rotal mass of the system and
w= % (5.268)

is the reduced mass of the two particles. The Schrédinger equation (5.263) therefore
becomes
in L wR 1) il Vi il VI+ V@) (YR 1) (5.269)
— ,Lt)=|——=Vg— — L, 1). .
ar M R 2
This equation can also be obtained by introducing the relative momentum
p= mpi — mip2 (5.270)
my +mj
together with the total momentum

P=p +p2 (5.271)
Since

BB PP

= — 5.272
2my 2m, 2M  2u ( )
the classical Hamiltonian (5.262) can be written as
P2 p2
H= M + 2— + V(r). (5.273)

Performing the substitutions P — —iAVg and p — —iAV; in (5.273), we then
obtain the quantum mechanical Hamiltonian operator
h? h?

=——Vi-—V? .
H MR 2 Vi +V(r) (5.274)

leading to the Schrodinger equation (5.269).
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5.8

Two separations of the equation (5.269) can now be made. The time dependence
can first be separated as in Section 3.5 since the potential V (r) is independent of
time. Second, the spatial part of the wave function W (R, r, ¢) can be separated into a
product of functions of the centre of mass coordinate R and of the relative coordinate
r. Thus the Schrodinger equation (5.269) admits solutions of the form

V(R,r,t) = ®(R)Y(r)exp[—i(Ecm + E)t/H] (5.275)
where the functions ®(R) and ¥ (r) satisfy, respectively, the equations
h2
—=—VR®[R) = Ecu®(R 5.27
AL (R) = Ecm®(R) (5.276)
and
h2
[—ZVE + V(r)]n//(r) = EY (). (5.277)

We see that the equation (5.276) is a time-independent Schrodinger equation describ-
ing the centre of mass as a free particle of mass M and energy Ecm. The second
time-independent Schrodinger equation (5.277) describes the relative motion of the
two particles; it is the same as the equation corresponding to the motion of a particle
having the reduced mass u in the potential V(r). The total energy of the system is
clearly

Eoq=Ecm+ E. (5.278)

We have therefore ‘decoupled’ the original two-body problem into two one-body
problems: that of a free particle (the centre of mass) and that of a single particle
of reduced mass u in the potential V (r). We remark that if we elect to work in the
centre-of-mass system of the two particles, we need not be concerned with the motion
of the centre of mass, the coordinates of which are eliminated.

The Schrodinger and Heisenberg pictures

Although there are many representations of wave functions and observables connected
by unitary transformations, it is useful to distinguish certain classes of representations,
called pictures, which differ in the way the time evolution of the system is treated.
The Schrédinger picture, which we have used until now, is one in which the
operators (either in differential or matrix form) representing the position and mo-
mentum variables r; and p;, are time-independent. The time evolution of a system
is determined in this picture by a time-dependent wave function W (¢) satisfying the
Schrédinger equation (5.228). According to (5.232), the wave function W (¢) is related
to its value at time #o by performing the unitary transformation W (t) = U (¢, to) ¥ (fp),
where U (¢, tp) is the evolution operator. The time dependence of the expectation
values of the basic time-independent operators r; and p; is given by (5.254). On
the other hand, the rate of change of the expectation value of an operator which
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depends explicitly on time (such as a time-dependent potential V (r, t)) is determined
by equation (5.251).

The Heisenberg picture is obtained from the Schrodinger picture by applying to
the Schrodinger wave function W (¢) the unitary operator U (t, to) = U (to, t). The
resulting wave function is the Heisenberg wave function (or state function) Wy such
that

Yy = U“(t, )W (@) =U(ty, HW (@) = V(). (5.279)

Hence, in the Heisenberg picture, the wave function Wy is time-independent and
coincides at some particular fixed time #y with the Schrodinger wave function W ().
Using (5.279) and (5.128) we see that if A is an operator in the Schrodinger picture
and Ay is the corresponding operator in the Heisenberg picture, we have

An() = U' (1, 10) AU (¢, 10)
= Ul(to, ) AU (to, 1) (5.280)
and we note that A (t) is time-dependent even if A does not depend on time.

The time variation of Ay (¢) can be determined as follows. Writing U = U (19, 1),
we first have from (5.280)

d aU dA Ut
—Ap(t)= —AU'+U—U" + UA—. 5.281
dr #(®) at + at + at ( )
Using (5.236) and the facts that H is Hermitian and U is unitary, we then find that
d . _l 1‘ - aA J'.
5Ay(t) = (ih)  (-UHAU' +UAHU") + UEU
sy + + + + A .
= (ih)” (-UHU'UAU"+UAU'UHU )+U¥U . (5.282)
Defining the Heisenberg operators
Hy =UHU" (5.283)
and
dA dA
(_) L (5.284)
ot )y ot
we obtain
dA (1) = (i) '[Ay, Hyl + 94 (5.285)
ar T o TH a )y ’

which is the Heisenberg equation of motion for the operator Ay.

As an example, let us consider the case of the x-components of the position and
momentum of a particle, x and p,. Since these operators are time-independent in the
Schrédinger picture (dx /3t = dp, /3t = 0), we see from (5.284) and (5.285) that

dxy

o = (ih)'[xy, Hy) (5.286a)
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5.9

and
d(px)H
dt

Using the fact that the basic commutation relations (5.88) are unchanged by unitary
transformations, together with the results of Problem 5.7, one has

dxy  3Hy

= (i) ~'(p)n, Hu): (5.286b)

—_" _ (5.287a
dr (p)H )
and
d(px)H d HH
- _ 5.287b
dt dxy ( )

which are formally identical to Hamilton’s canonical equations in classical mechanics.
Thus we see that the Heisenberg picture corresponds to a formulation of quantum
dynamics which is formally close to classical mechanics.

Itis clear that since the Schrodinger and Heisenberg pictures are related by a unitary
transformation, all physical quantities such as eigenvalues and expectation values of
observables are identical when calculated in either picture.

We also remark that if the Hamiltonian operator H in the Schrédinger picture is
time-independent, the evolution operator in that picture is given by (5.243). The
Heisenberg wave function Wy is then related to the Schrodinger wave function by

Yy =W(h) = exp[hiH(t - to)]‘l-‘(t) (5.288)

and we see from (5.283) that Hy = H.

It is sometimes useful to define other pictures in which a unitary transformation is
applied to the Schrodinger wave function W(¢) using not the full Hamiltonian H as
in (5.288), but part of it. Such pictures are called interaction pictures.

Path integrals

As we saw in Section 3.1, the Schrodinger equation can be obtained from the
classical Hamiltonian function by replacing the coordinates and momenta by the
appropriate operators. An alternative formulation of quantum mechanics, developed
by R. P. Feynman, is closely related to the classical Lagrangian function, and provides
new insights into the structure of quantum mechanics and its classical limit. It has
also provided a very useful framework in which a large variety of problems occurring
in high-energy and statistical physics can be studied. To avoid a complicated notation
Feynman’s formulation, based on path integrals, will be discussed for the motion in
one dimension of a particle of mass m moving in a time-independent potential V (x).
The classical Lagrangian function for this system is

L=T-V@) (5.289)
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where T is the kinetic energy

1
T = Emfcz (5.290)

and the dot denotes a derivative with respect to time. The equation of motion written
in terms of L, is the Euler-Lagrange equation®

d /oL aL
=) -== 2
dr ( ax ) ax 0 (5:291)

and the solution of this second order equation, with boundary conditions x(fy) = a,
x(ty) = b, determines the classical path

x =x(1). (5.292)

The equation of motion (5.291) follows from Hamilton’s principle which states that
the motion of the system from time # to ¢t is such that the action I is stationary, where
I is defined as

It 10) = f LG, x(0)dr, (5.293)

o

and the integral is taken along the classical path (5.292).
The stationary condition means that if the line integral (5.293) is taken along a
neighbouring path to (5.292) so that

x =x(t) +en(t) (5.294)
where € is a small quantity and 7(¢) is an arbitary function such that
n(to) = n(t) =0, (5.295)

then the change in I is of the order €.
The Schrodinger wave function W (x, ;) satisfies the equation (3.157), which for
one-dimensional motion is

W(x, t) = f K, t;;x', t0)W(x', to)dx'. (5.296)

Feynman showed that the propagator K could be expressed as

K(x i x' 10) = Y Wpexplilp(t1, t0)/h) (5.297)
P

where I,,(t, o) is the classical action (5.293), in which the integration is taken along
a path x = x,(¢), the sum over p is over all paths x,(¢) which connect x(t;) with
x (), and W, is a weighting factor (see Fig. 5.1). Since there is a continuum of such
paths the sum over p represents a kind of integral called a path integral, which will
be defined later.

6 See for example Goldstein (1980) or Kibble and Berkshire (1996).
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Figure 5.1 Different paths p, p, ... linking the end points A and B for motion in one dimension
between times tp and t;. The classical path is marked as p/.

For a particle with a wavelength which is short compared with the range of the
potential, / /# is a very large quantity. The change in / between neighbouring paths is
also large, so that the exponential in (5.297) oscillates rapidly with the consequence
that the sum over paths averages to zero. The exceptional case is when [ is stationary,
so that the change in I is zero between neighbouring paths and a finite contribution
to the sum results. This only occurs for the classical path p., which is the only
significant path for a macroscopic system. In contrast, for a microscopic particle,
such as an electron moving in a potential of atomic dimensions, I /A is not large,
so that many paths contribute to the propagator and the classical path is no longer
dominant.

To derive equation (5.297), we write the propagator K in the form

K, t;x' 1) = exp(—%H(t. - to)>6(x —x) (5.298)
which is obtained by comparing (5.245) and (5.296). In the present case the Hamil-
tonian H is

P

H=_—"*4+Vx). (5.299)

2m

The time interval (f; — #) can be divided into N equal segments of width Ar =
(ti — to)/ N, so that the evolution operator exp[—iH (t; — #p)/#] can be expressed as
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a product of N terms:

exp(—%H(tl — to))

exp(—lHNAt)
h
i N
——HAt
[e"p( h )]
i i i
——HAt ——HAt) ... ——HAt).
exp< A )exp( A ) exp( A )

(5.300)

Using this expression in (5.298) and inserting a delta function between each factor of
exp(—iH At /h), the propagator K can be put in the form

[o.¢] [o.¢] i
K(xn, ti; x0,10) = / dx1~~-f de—IGXP<—EHAt)5(XN —xnN-1)
—00 —00
x exp(—%HAt)b‘(xN_l —xn2). ..

x8(x7 —x.)exp(—%HAt)&(x. — X0) (5.301)

where we have set x = xy and x’ = x( for notational convenience.
By taking N to be large so that At is small and (Ar)?> <« At, it can be seen
using (5.244) that

. . 2 .
exp(—;—iHAt) ~ exp[—% é’—’;m] exp(—%V(x)At) (5.302)

This relation is correct up to terms of order (At)? and is exact in the limit N — oo,
that is At — 0. Each of the delta functions in (5.301) can be expressed by the
relation (A.18) of appendix A in the form

S(x,,—x,,_l)-—-(271)_'/ dk explik(x, — xo—)], n=1,2,...N (5.303)

—00

Since the plane wave exp[ik(x, — x,—)] is an eigenfunction of the kinetic energy
operator p?/2m belonging to the eigenvalue /A2k?/2m, we have from (5.302) that in
the limit of small At

exp(—%HAt)B(x,, — Xn—1)
00 th
= (2n)—lf dkexp(—iEAt + ik(x, +x,,_|))

X exp(—% V(x,,_l)At). (5.304)
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Using the integral (2.48), which holds for imaginary values of @ and 8, we find with
o =1iAt/(2m) and B = i(x, — x,—) that

exp(—é HAt)B(x,, — Xn—1)

m 2 im(x, —xn—l)z i
- (271ihAt> °XP[TA;] CXP["gv(xn—l)A’]~ (5.305)

It should be noted that when V = 0, this expression reduces to the free particle
propagator which expresses W (x,,, fo+ At) interms of W(x,_,, fo) (see Problem 3.11).

From (5.301), (5.304) and (5.305) and taking the limit N — oo, we obtain an exact
expression for the propagator K

m N/2 s o0
Kxn, 115 %0, 10) = /Jil“oo[zmhm] f dx f v
- —oc

X epr At Z[m(x;(Atx),,z 0’ V(x,,_l)] l (5.306)

The point x, is the value of x at time 7y + nAt and the set of points x,,
n = 1,2,3,... N defines a path between the end points (xg, fp) and (xy, ty) as
shown in Fig. 5.2. The integrals over x;, x;...xy—_; result in a sum over all paths
and in the limit N — oo define a path integral. In this limit

(xn — Xn—1 )2

. . 2
AlrlTO B — (x(1)) (5.307)

and

N
Atz N / dr (5.308)
n=l1

so that the exponent in (5.306) can be written in terms of the classical action

. N _ 2
lim lA,Z[M V(X ,)]

T e
_hf,o [2m(x(t)) V(x(t))]dt

= %l(zl,zo). (5.309)

If the infinitely dimensional integral in (5.306) is written symbolically as

N/2 20 oc
fD(x(t))=N1me[2”::At] f d.xl.../ dey_ (5.310)
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Figure 5.2 A path between A(xo, to) and B(xn, tn) is defined by a series of points x, at times
tn = to + nAt. By integrating over x7, Xx2... xy—1 a sum over all paths is obtained.

the path integral form of K can be written as

K ey, 1y: Xo, o) = f D(x(t))exp(%l(t,, zo)>. (5.311)

Although it is convenient to express the sum over all paths by an integral symbol,
it must not be forgotten that the path integral is defined as the limit N — oo of the
discretised expression (5.306).

In this discussion the propagator, and hence the wave function, have been expressed
in path integral form by using the evolution operator (5.243) which was in turn
derived from the Schrodinger equation. Alternatively it is possible to postulate the
expression (5.311) where [ is the classical action, and to develop quantum mechanics
from it.

With the exception of a few potentials, including the harmonic oscillator, the
propagator K cannot be evaluated exactly starting from (5.311), so that the path
integral expression has a limited use in practical calculations. However, path integral
methods can lead to an understanding of physical effects both in non-relativistic
quantum mechanics and in its generalisation to relativistic quantum field theory (see
for example Huang, 1998).

Symmetry principles and conservation laws

In this section we shall discuss the connection between symmetry principles and
conservation laws. The symmetry operations with which we are concerned are trans-
formations of the dynamical variables that leave the time-independent Hamiltonian
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operator of an isolated system invariant. We shall show that for each operation that
leaves the Hamiltonian invariant there is a corresponding dynamical variable that is
a constant of the motion and is conserved.

Spatial translations and conservation of momentum

Let us begin by analysing the connection between the translational properties of a
system and the conservation of momentum. We shall make the basic assumption
that the physical properties of an isolated physical system cannot be altered by a
translation of the system by an arbitrary amount a. Such a translation has of course
the same effect as one in which the system is undisturbed, but the origin of coordinates
is displaced’ by an amount —a. Thus the new position vector of a point, r’, is related
to the old one, r, by

r=T@r=r+a (5.312)

where T (a) is the operator effecting the transformation. The inverse translation
T~!(a) is then defined by

r=T"'(ar=r —a. (5.313)

Let us now consider the simple case of a system consisting of a single structureless
particle described at a given time by the spatial wave function ¥ (r). Let the system
after being translated by an amount a be described by the wave function ¢'(r). The
two wave functions ¥ (r) and ¥'(r) can be connected by an operator Ut(a) defined
so that

¥'(r) = Ur(a)y (r). (5.319)

Since this active translation of the system by the amount a is equivalent to shifting
the coordinate origin by —a, it is clear that

¥'(r+a) = ¢'(Tr)
— ¥ (5.315)

or, alternatively,

¥'(r)

Ur@y (r) = ¢(T"'r)
¥(r —a). (5.316)

Because the physical properties of the system cannot be altered by this transforma-
tion, Ur(a) must be a unitary operator (see Section 5.5). The explicit form of Ur(a)

7 Transformations in which the system is moved relative to a particular coordinate system are said to
be ‘active’ transformations. If, on the other hand, the system is considered to be fixed and the coordinate
system is moved the transformations are said to be ‘passive’.
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can be determined by considering first the effect of an infinitesimal translation §a on
the wave function. Using (5.316) and keeping terms to first order in §a, we have

Y'(r) = ¢(r — da)

_ Y 3y o 3Y(n)
- W(r) (Sax ax aay ay 80: —32
= (I —38a.V)y(r). (5.317)

Comparing (5.317) with (5.314), we see that the infinitesimal unitary translation
operator is

Ur(da) = I — 8a.V
=1- %Sa.pop (5.318)

where po, = —iAV is the momentum operator of the particle in the position rep-
resentation. Thus we see that the momentum operator p,, is the generator of the
infinitesimal translations.

A finite translation can be obtained by performing successive infinitesimal trans-
lations in steps of éa. Let us write §a = a/n, where n is an integer, and take the limit
n — 00. We then have

. n
Ur(a) = lim (1 - %an"")

= exp <—%a.pop). (5.319)

If the wave function ¥ (r) is an eigenstate of the momentum operator p,, corre-
sponding to an eigenvalue p

Pop¥ = PY (5.320)
it follows that
Ur(a)y = exp(—%a.p)x{r. (5.321)

Thus the action of Ur(a) is to alter i by a phase factor, which clearly does not change
the state of the system. Conversely, we see that if the state of a system is unaltered
by a translation, it is an eigenstate of the momentum operator.

These results can be immediately generalised to a system of N particles. In this
case, the infinitesimal unitary translation operator is given by

Ur(sa) =1 — %8a.Pop (5.322)

where the generator of the transformation, Py, is the total momentum operator

Py, = (P1)op + (P2)op + -+ - + (PN)op- (5.323)
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Likewise, the unitary operator corresponding to a finite translation is given for an
N -particle system by

Ur(a) = exp(—%a.Pop) (5.324)

Since the Hamiltonian H of an isolated system is invariant under any translation,
it follows that

H' = Ur(a)HU;(a) = H. (5.325)
In particular, for an infinitesimal translation we have from (5.322), to order §a

Ur(sa)HUL(sa) = H — %Ba.[Pop, H] (5.326)
and therefore, upon comparison of (5.326) with (5.325), we find that

[Pop, H] =0 (5.327)

so that the total momentum is a constant of the motion (see (5.254)). Thus we see
that the conservation of the total momentum of an isolated system results from the
invariance of its Hamiltonian under translations.

Conservation laws and continuous symmetry transformations

The foregoing discussion can readily be generalised to any continuous symmetry
transformation. Let the Hamiltonian H of an isolated system be invariant under a
symmetry transformation S. If Us is the unitary operator effecting this transformation,
its action on the wave function W of the system is given by

V= UsW. (5.328)

Let A be an observable and A’ its transform by the symmetry operation. Because the
expectation value of measurements of A’ made on the system in the dynamical state
W’ must be equal to the expectation value of measurements of A made on the system
in the dynamical state W, we must have

(W|A|W) = (V']A"|W)
= (UsW|A'|UsW¥) (5.329)

so that
A = UsAU;,  A=U;A'Us. (5.330)

In particular, since the Hamiltonian H is invariant under the symmetry operation
S’

H = UsHU; = H. (5.331)
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If the symmetry transformation is a continuous one, any operator Ug can be expressed
as a product of operators Uss corresponding to infinitesimal symmetry transforma-
tions, such that

Uss(e) =1+ ieF5s (5.332)

where ¢ is areal, arbitrarily small parameter and Fy, the generator of the infinitesimal
unitary transformation, is an Hermitian operator. To first order in ¢,

H' = Uss(e)HU,s(e) = H + ie[Fs, H]. (5.333)
Comparing (5.333) with (5.331), we see that
[Fs,H1=0 (5:334)

and it follows from (5.254) that if F is time-independent its expectation value (F)
will not vary in time, so that Fy is a constant of the motion.

Equation (5.334) generalises to any continuous symmetry transformation the re-
sult (5.327) derived for spatial translations. In Chapter 6 we shall examine the case of
rotations, and shall show that the conservation of the angular momentum of an isolated
system is the consequence of the invariance of its Hamiltonian under rotations. Here
we consider briefly time translations, which, as we have seen in Section 5.7, are
effected for a time-independent Hamiltonian by the evolution operator

U, ty) = exp[—%H(t - to)]. (5.335)

The generator of the corresponding infinitesimal transformation is the Hamiltonian
H, and as H commutes with itself, it follows that if H is time-independent the energy
is conserved. Thus, the conservation of energy of an isolated system is a consequence
of the invariance of its Hamiltonian with respect to time translations.

Space reflection and parity conservation

Until now we have discussed continuous symmetry transformations. We now turn
our attention to a discrete symmetry transformation: the reflection through the origin
0 of the coordinate system. This operation is also known as an inversion or parity
operation. Corresponding to such an operation, there is a unitary operator, usually
denoted by P, and called the parity operator. It is such that, for a single particle
(spatial) wave function v (r),

Py (r) =y (-r) (5.336a)
and for several particles

Py(r,ra, ..., ry) = Y(—ry, =1, ..., —Iy). (5.336b)
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The parity operator P is Hermitian (P* = P) since, for any two wave functions
¥ (r) and ¢ (r), we have

/ " (©PY (D)dr = / (O (—r)dr
= f ¢*(—0)y (r)dr

= f [Pé 0]y (r)dr (5.337)

and the generalisation to several-particle wave functions is obvious.
It follows from the definition (5.336) that

yr T (5.338)

so that the eigenvalues of P are +1 or —1, and the corresponding eigenstates are said
to be even or odd. Thus, if ¥, (r) is an even eigenstate of P and {_(r) is an odd
eigenstate, we have

Py (r) = ¢y (—1) = ¥, (1) (5.339a)
and
PyYy_(r) = ¢y_(-r) = —y_(r). (5.339b)

We note that

/ VL OY_(Odr = / ¥ (—O¥_(—r)dr

= — / Yl (D)y_(r)dr. (5.340)
Hence
/ Yimy_(rdr=0 (5.341)

so that the eigenstates v, (r) and {_(r) are orthogonal, in accordance with the fact
that they belong to different eigenvalues of P. They also form a complete set, since
any function can be written as

Y(r) = ¢4(r) + ¢y_(r) (5.342)
where

Yo (r) = 1[Y () + ¥ (-1)] (5.343)
has even parity, while

Y- (r) = 5[y (r) — Y(-1)] (5.344)

has odd parity. Again, the generalisation to systems of N particles is obvious.
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The action of the parity operator P on the observables r and p,,, is given by

PrP' = —r (5.345)
and
PPopP’ = —Pop- (5.346)

and we recall that P* = P.

The parity operation is equivalent to transforming a right-handed system of coordi-
nates into a left-handed one. From our general discussion, we know that if the parity
operator commutes with the Hamiltonian of the system, then parity is conserved and
simultaneous eigenstates of the Hamiltonian and the parity operator can be formed. If
the weak interaction (which is responsible, for example, for the beta-decay of nuclei)
is disregarded, the parity operator commutes with the Hamiltonians of atomic and
nuclear systems

[P.H]=0 (5.347)

and parity is conserved.

Time-reversal invariance

A second important discrete transformation is one in which the time is reversed,
t — —t. Before we examine the effect of this transformation in quantum mechanics,
it is instructive to recall how time-reversal invariance occurs in classical mechanics.
For this purpose, we start from Newton’s law of motion for a mass point,
d?r

m s F (5.348)
and assume that the force F only depends explicitly on the position coordinates.
Then, because Newton’s equations are of second order in ¢, we can associate to every
solution r(¢) of equation (5.348) another solution

r'(t) =r(-1). (5.349)

The correspondence between the two solutions is illustrated by Fig. 5.3. We remark
that the position of the particle at time # in case (a) is the same as its position at time
—1q in case (b), while the velocities (and hence the momenta) are reversed. Indeed,

, _ dr'(¢v) _ dr(—r) _ dr(t’) o
v(to)—[ ar ]r:to— [d(—t) ]t=’0— [ a ]’,?'0— v(—t9). (5.350)

Let us now investigate the effect of the time-reversal transformation t — —t in
quantum mechanics. We begin by considering the case of a spinless particle of mass m
moving in areal time-independent potential V (r). The corresponding time-dependent
Schrodinger equation reads

2
ihi\b(r, 1= [_h—VZ + V(r)]\l/(r,t). (5.351)
at 2m
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(@ (b)

Figure 5.3 Two classical trajectories (a) and (b) which correspond by time reversal.

Changing ¢ into —¢, we obtain
) h? 5
—ih—W¥(, —t)=|—-—=—V + V() |¥(r, —1) (5.352)
at 2m

and we see that by taking the complex conjugate we can restore the form of the
original equation (5.351):

2
ihi\l/*(r, —t) = [—h—Vz + V(r)]lll*(r, —1). (5.353)
at 2m

It follows that if W(r,?) is a solution of the time-dependent Schrodinger equa-
tion (5.351), so also is the ‘time-reversed’ wave function
W'(r, 1) = W*(r, —1). (5.354)

It should be noted that this result depends on our choice of representation. For
example, if we write (see (2.60))

W(r, 1) = k) /? f e o (p, 1)dp (5.355)
and
W'(r, 1) = Qrh)3? / e o’ (p, 1)dp (5.356)

we see from (5.354) that the momentum space wave functions ®(p, ) and ®'(p, 1)
are related by

®'(p, 1) = ®*(—p, —1). (5.357)

Thus in momentum space, as we change ¢ into —¢ we must not only take the complex
conjugate of the wave function, but also change p into —p. This last finding is
consistent with the classical result (5.350).
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Let us now consider a more general case, starting from the time-dependent
Schrddinger equation

ih % V()= HWY() (5.358)

and assuming that the Hamiltonian H is time-independent. Changing ¢ into —¢, and
taking the complex conjugate, we obtain

ih%ll'*(—t) = H*W*(-1). (5.359)

Let us first assume that the Hamiltonian H is real (H* = H). Then, if ¥(¢) is
a solution of the time-dependent Schrédinger equation, so is also the time-reversed
state vector

W'(t) = W*(—t) = KW (-1). (5.360)

Here K denotes the operator of complex conjugation. We remark that this operator
is anti-unitary®, and such that K = I or K = K.

In general, however, H is not real. In this case we suppose that there exists a
unitary® operator U,, such that

U.H*'U = H. (5.361)

This operator U, should obviously reduce to the unit operator / when H is real.
Operating on both sides of (5.359) with U; and using (5.361), we find that

a
itht‘IJ*(—t) = HU, V*(-1). (5.362)

Hence, if W (¢) is a solution of the time-dependent Schrédinger equation, so also is
V() = U W*(—t) = U, KW (-1)
= TWY(-1) (5.363)
where
T=UK (5.364)

is the time-reversal operator. In analogy with our foregoing discussion we call W’(t)
the time-reversed state vector corresponding to W(r). We remark that since K is
anti-unitary and U, is unitary the time-reversal operator 7 is anti-unitary.

8 An operator B is said to be anti-linear if
B(c1¥) + c2¥2) = ¢ (BY)) +c5(BW¥y)

where W and ¥, are two functions and ¢ and c> are complex constants. An anti-unitary operator V is
anti-linear and, in addition, satisfies the relation

vvi=viv=1

 The condition that U, be a unitary operator is imposed by the requirement of preserving the
normalisation of the state vector.
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We have seen above that when the Hamiltonian H is real the operator U, reduces to
the unit operator, so that in this case the time-reversal operator 7 is just the operator
K of complex conjugation. When H* # H it is usually a simple matter to obtain the
appropriate operator U, (and hence 7) by using the following considerations. First
of all, we require that the position operator r be left unchanged under time reversal:

r=TrT =r. (5.365)

Hence, if we work in the position representation (where r is a purely real operator),
we must have

TrT' = U, KrK'U = U,rU] =r (5.366)

so that U, must commute with r. We also require that the momentum operator shall
change sign under the time-reversal operation

Py, = TPopT " = —pop. (5.367)
Since pop, = —i4'V is a purely imaginary operator in the position representation, we
have in that representation

TpopT = U.K(=ihV)K'U] = U, (ihV)U] = —pyp = ihV (5.368)
which implies that U; must also commute with po, = —iAV.

Let us now return once more to the time-dependent Schrédinger equation (5.358).
Changing ¢ into —¢ and inserting 7 "7 (= I) between H and W, we obtain

—ih%\ll(—t) =HT ' TW(-1) (5.369)

and therefore
d .

—Tiha‘l-‘(—t) =THT TY(-1). (5.370)

Now, using (5.363) and (5.364), we have
d .

—U,Kihalll(—t) = —Ut(—i)h%\ll*(—t) =THT'V' () (5.371)
or

. a ’ i T

lha‘l’ W=THT'¥Y'(1) (5.372)

and we want this equation to be identical with the original Schrodinger
equation (5.358). Hence, provided that a unitary operator U, satisfying (5.361)
exists, we see that the requirement

THT' = H (5.373)
or

[T.H]=0 (5.379)
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is the necessary and sufficient condition for the time-reversal invariance of
the Schrodinger equation. At one time it was supposed that all fundamental
Hamiltonians satisfied the time-reversal invariance condition (5.374), but it is
now known that the Hamiltonian corresponding to the weak interaction is not
time-reversal invariant, as well as not being invariant under the parity operation.

Galilean transformations

Let us consider a frame of reference S specified by Cartesian axes O X, OY, OZ and
a second frame S’ with Cartesian axes O'X, O'Y, O’Z such that the axes in the two
frames are parallel, but the origin O’ moves with a constant velocity v with respect
to O. If r is the position vector of a particle in S at time ¢ and I’ is the position vector
of the same particle at the same time in S’, then

r=r—wvt (5.375)

where we have taken O and O’ to coincide at the time + = 0. The transforma-
tion (5.375) is known as a Galilean transformation. In non-relativistic classical
mechanics, if Newton’s laws of motion are obeyed in a frame S (an inertial frame),
then they also hold in all frames S’ which can be obtained by a Galilean transformation
from S.

We shall now examine how the Schrodinger equation for a single particle of mass
m moving in a potential V(r, t) changes under the Galilean transformation (5.375).
If W(r, r) is the wave function in the frame S, it satisfies the Schrodinger equation

ad K2
ih—W(r, 1) = |—=V2+ V(r, 1) [¥(r, 1) (5.376)

at 2m

To rewrite this equation in terms of r’ we note that
W(r,t) = V@ +vt,1) (5.377a)
ad a

E\It(r, 1) = a—ttlt(r' +vt,t) = v.Vo W@ +vt, t) (5.377b)
Vi¥(r,t) = VoW (@ +vi, 1) (5.377¢)

so that (5.376) can be written as
d
ihElIJ(r’ +vi, 1) —iav. VW (@ + v, 1)
h2
= (—ﬂvﬁ + V@ + v, t)) W(r' +vt, 1) (5.378)

This equation, although correct, is not in the form of a Schrédinger equation because
of the term in v.V on the left-hand side. A wave function W’ (r’, t) which satisfies
a standard Schrodinger equation in the frame S’ can be introduced by making the
unitary transformation

W(r + vt, 1) = expli(mv.r' + mv’t/2) /R (', 1) (5.379)
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5.1

The plane wave exponential factor takes account of the fact that a particle at rest in
the frame S’ has a momentum myv and a kinetic energy mv?/2 when viewed from the
frame S. Inserting (5.379) into (5.378) it is found that (Problem 5.21)

aq’/ / h2
_;'t' D _ (——Vf + V', t))‘IJ’(r’, 1) (5.380)

iA
! 2m
where the potential in the S’ frame, V'(r’, 1), is defined as

V(. 1) = V(- 1) (5.381)

It is seen that W’'(r’, 1) satisfies a normal Schrodinger equation. If the potential V
is zero, so is the potential V', with the consequence that both W and W' satisfy the
same Schrodinger equation for a free particle; that is, the free-particle Schrédinger
equation is invariant under a Galilean transformation.

We shall now show that the Schrodinger equation for an isolated system of particles
is also invariant under a Galilean transformation. To see this, consider first the
Schrodinger equation for an isolated two-body system which is written in terms of the
relative coordinate r and the centre of mass coordinate R in equation (5.269). There
are no external interactions but the two particles interact by the potential V (r). Under
a Galilean transformation the relative coordinate r is unchanged, but the position R’
of the centre of mass in S’ is related to R by

R =R-w (5.382)

In the frame S’ the wave function ¥ (R, r, #) becomes W (R’ + vz, r, t) and introducing
the unitary transformation

W(R' + vt,1) = exp[i(Mv.R + Mv*t/2)R1W' (R, T, 1) (5.383)
it is found that W'(R’, r, 1) satisfies

. AW/ (R, T, 1) o, R,

h———— = |——Vg — —V Vv V'R, r, ¢t 5.
where we recall that M = m; 4+ m; is the total mass of the system and

= mymy/(m; + my) is the reduced mass of the two particles. The equation (5.384)
is identical in form to (5.269) so that the two-body Schrodinger equation for an
isolated system is invariant under a Galilean transformation. Clearly this argument
can be repeated for a many-body system in which there are no external interactions
and the interactions between particles only depend on internal coordinates
rjj =r; —T;.

The classical limit

The transition from quantum mechanics to classical mechanics was discussed briefly
in Section 3.4. In this section, we shall examine this question in more detail.
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The Ehrenfest theorem

We begin by re-deriving the Ehrenfest theorem, using commutator algebra. Consider

aparticle of mass m moving in a potential V(r, ), so that its Hamiltonian is given by
p?

H=—+V(,1 (5.385)
2m

Using equation (5.254) for the operator x, we find that

%(x) = (ih)"Y([x, H))

2
= (ih)—‘<[x, » v, t)]> (5.386)
2m
Since x commutes with V(r, t) and also with p, and p., we have
d 2
d_zm = i ([x, pcD)
1
= ——([x, p<Ipx + pelx, px]) (5.387)
2mih
But [x, p,] = i/ and therefore
d (px)
—(x) = — 5.388
@ (x) p ( )
Proceeding in the same way with the expectation values of y and z, we obtain
d (p)
—(r)y = — 5.389
@ (r) p” ( )

which is the first Ehrenfest relation.
Using now equation (5.254) for the operator p,, we have

d s
q P = (i)~ ([px, HI)

2
(ih>—'<[px, P v, t)])

2m
av
— (2" (5.390)
ax
where we have used the fact that [p,, p?] = 0 together with the equation
av
[px, V]=—ih— (5.391)
dax
Repeating the argument for p, and p., we find that
d
3 P =—(VV(r.n) (5.392)

which is the second Ehrenfest relation.
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The Ehrenfest relations do not imply that classical mechanics holds for the ex-
pectation (average) values of r and p. For this to be true, we must have in addition
that

(VV(r, 1)) =VV(r),n. (5.393)

This can only be approximately satisfied if the width of the position probability
distribution is small compared with the distance over which the potential V varies
appreciably.

To examine this point further, let us consider the simple case of one-dimensional
motion in a potential V(x). Expanding dV(x)/dx = V’(x) about the (time-
dependent) expectation value (x), we have

1
Vix) = V(D) + = )V () + S = N2V ((x)) + - - (5.394)
so that
1
(V'(x)) = V'((x) + S = ENHV (X)) + - - (5.395)

where we have used the fact that (x — (x)) = 0. The quantity —V’({x)) is just the
classical force at the point (x). Thus, if only the first term is retained on the right
of (5.395), we obtain

d 7
g (Ped = V(XD (5.396)

which shows that the expectation values (x) and (p,) obey Newton’s law. However,
the condition that the second and higher terms in the expansion (5.395) are small is
a necessary, but not sufficient, condition for the motion to be classical. For example,
in the case of the harmonic oscillator, where V (x) is quadratic in x, the second and
higher terms in (5.395) vanish, and yet the classical limit can only be recovered if the
spacing between the discrete energy levels is small compared with the energy of the
oscillator; this occurs in the limit of large quantum numbers.

The Hamilton-Jacobi equation
Let us consider the time-dependent Schrodinger equation for a particle of mass m in
a potential V(r, t):

9 n?_,

ih—v@r, )= |——V '+ V(1) |¥,1) (5.397)

at 2m
and look for a solution of the form
i
Y(r,t)= exp[E W(r, t)]. (5.398)

Substituting (5.398) into (5.397), we find that the function W must satisfy the equation

oW 1 ih
L Iwye sV Lvw = (5.399)
at 2m 2m
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which in the limit A — 0 reduces to

aw 1

— 4+ —(VW)2+V=0. (5.400)
at 2m

This is the Hamilton—Jacobi equation for Hamilton’s principal function W0, It can

also be written as

aw
~; tHEP.N=0 (5.401)

where H is the classical Hamiltonian, r and p are the classical position and (canonical
conjugate) momentum respectively, and

p(t) = VW(r,1). (5.402)

Thus, for the one-body problem we are considering, the Hamilton—Jacobi equation is
a first-order partial differential equation in the four variables x, y, z and ¢. Classical
trajectories r(z), which depend on the initial values (at t = fy) of the canonical
variables r and p, can be determined from the knowledge of the principal function
W(r,t).

Let us now consider the case for which the potential V (r) is time-independent,
so that the Schrodinger equation (5.397) has stationary solutions of the form
W(r, t) = ¥ (r)exp(—iEt/h). In that case, we can write

W(r,t) = S(r) — Et (5.403)
so that
() = exp[%S(r)]. (5.404)

Substituting (5.403) into (5.399), we obtain for the function S the equation
1 5 ih _,
—(VS)*—[E-V(@)]——VS=0 (5.405)
2m 2m
In the limit # — O, this equation reduces to

L (Vs =E- v (5.406)
2m

which is the equation determining Hamilton’s characteristic function S(r). For a time-
independent potential V (r), it follows from (5.402) that the classical trajectories r(t)
are orthogonal to the surfaces of constant W. In 1834, Hamilton observed that in
analogy with optics (where the rays of geometrical optics are the normals to wave
fronts of constant phase), we may interpret classical mechanics as the ‘geometrical
optics’ limit of a wave motion, the classical orbits being orthogonal to the wave fronts
W = constant. This idea was the starting point of the investigations of de Broglie

10 It can be shown quite generally for any classical system that the numerical value of the action integral
I introduced in Section 5.9 is the same as that of the corresponding Hamilton principal function W (see
Goldstein 1980).
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Problems

and Schrodinger, which led to the formulation of wave mechanics. In Section 8.4, we
shall show how the semi-classical approximation method of Wentzel, Kramers and
Brillouin can be based on these considerations.

5.1 The operators A;(i = 1, ... , 6) are defined as follows
Ay (x) = [y ()] A (x) = x*Y (x)

d
A (x) = EW(X) Asyr(x) = sin[y(x)]

x d2
Ay (x) = / YOO A () = ¥,

Which of the operators A; are linear operators? Which are Hermitian?

5.2 Using the definition of Hermiticity (3.69) show, by expressing the wave
function W in the form ¥ = ¢, ¥, +c,¥,, where ¥, W, are a pair of square-integrable
functions and ¢, ¢, are complex constants, that

foAWzdr=/(AW|)*W2dr

in conformity with the general definition of Hermiticity (5.22).

53 If A and B are two Hermitian operators (a) show that AB and BA may not
be Hermitian, but that (AB + BA) and i(AB — BA) are both Hermitian. (b) Prove
that the expectation value of A? is always real and non-negative. (c) If A = 2, find
the eigenvalues of A.

5.4 Prove that (a) if A is a linear operator and ¢ is a complex number then
(cA)" = c*A?

(b) if A and B are linear operators then
(A+B)Y'=A"+B", and (AB)' =B'A".

55 Consider a free particle of mass m moving in one dimension so that its Hamil-

tonian is H = p?/2m. Show that the eigenvalues of H are two-fold degenerate, and
that the degeneracy can be removed by considering the simultaneous eigenfunctions
of H and p,.

5.6 Prove the relations (5.101) satisfied by commutators.

57 (a) Prove by induction that

[x", pi] = ihnx""!
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and that

n—1

[x, pi] = ihnp}

where n is a positive integer.
(b) Using these results show that if f(x) can be expanded in a polynomial in x and
g(p,) can be expanded in a polynomial in p,, then

[f (), px] = ihdf/dx

and

[x, g(ps)] = ikdg/dp,.

58 If A and B are two operators such that [A, B] = A, where A is a complex
number, and if u is a second complex number, prove that

expl(A + B)] = exp(uA) exp(u B) exp(—p*r/2).

59 Show that for a one-dimensional harmonic oscillator the uncertainty product

AxAp;, is equal to (n + %)h in the energy eigenstate v, (x), where Ax and Ap,
are defined by (5.118). Verify that the ground-state wave function has the form of a
minimum uncertainty wave packet (5.122).

5.10  Prove that a Hermitian operator is represented by a Hermitian matrix, a unitary
operator by a unitary matrix, and the operator sum A + B by the matrix sum A + B.

5.11  The Hamiltonian operator H for a certain physical system is represented by
the matrix
100

H=aw|020
002

while two other observables A and B are represented by the matrices

ox o0 2000
A=1200], B=]0 0pu
002x 0 uo

where A and u are real (non-zero) numbers.

(a) Find the eigenvalues and eigenvectors of A and B.
(b) If the system is in a state described by the state vector
u = Cu; + cuy + ¢3u3
where ¢, ¢; and ¢; are complex constants and

1 0 0
u = 0 , Uy = 1 , U3 = 0
0 0 1
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(i) find the relationship between c), ¢; and c3 such that u is normalised to
unity; and

(ii) find the expectation values of H, A and B.

(ili) What are the possible values of the energy that can be obtained in a
measurement when the system is described by the state vector u? For
each possible result find the wave function in the matrix representation
immediately after the measurement.

5.12  Prove the commutation relations (5.190) and (5.193).

5.13 Calculate for a linear harmonic oscillator the matrix elements (x),,,, where
=234

(a) by using matrix multiplication, starting from the expressions for x,, given
by (4.174); and
(b) by using the raising and lowering operators a, and a_.

5.14  Find the matrix elements of x and p, for the linear harmonic oscillator using
(a+)kn and (a_)x, given respectively by (5.217) and (5.218).

5.15  Consider a particle of mass m moving in a potential V (r, t), so that its
Hamiltonian is given by

p?
H=_—+V(,1).
2m
Using the result (5.254) and commutator algebra, prove that

d 1
d_t(xz) = ;((pr) + (px-x))

5.16  Generalise the virial theorem (5.260) to a system of N particles, having a
Hamiltonian of the form (5.229).

5.17  Consider a one-particle system, of which the Hamiltonian does not depend
on x. Using (5.254), show that the x-component of the momentum is then a constant
of the motion.

5.18  Prove equation (5.266).

5.19 Show that for a one-dimensional harmonic oscillator described in the Heisen-
berg picture by the Hamiltonian

1 1
Hy = S pi (D) + Skxi ()

where py = (p,)n, the general solution of equations (5.287) is

1
xp(t) = xy(0) coswt + — py (0) sinwt,
mw

pu(t) = —mw xy (0) sinwt + py (0) cos wt
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where w = (k/m)'/?.

Is the Hamiltonian Hy time-independent?

5.20  Consider the one-dimensional motion of a free particle and the three operators
H = p?/2m, p, and P (the parity operator). Do these operators all mutually com-
mute? If not, show that one can construct two different complete sets of commuting
observables from these three operators.

5.21  Show that the wave function W’(r’, r) defined by the unitary transformation
(5.379) satisfies the time-dependent Schrodinger equation (5.380).
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One of the most important concepts in classical mechanics is that of angular momen-
tum. Allisolated systems possess the fundamental invariance property that their total
angular momentum is conserved. This property provides a powerful aid in studying
a number of problems such as the dynamics of rigid bodies and the motion of planets.
In this respect the angular momentum can be compared with the total energy and the
total linear momentum, which are also conserved quantities for isolated systems.
The role of angular momentum in quantum mechanics is also of paramount im-
portance. In this chapter, the necessary formalism for the description of angular
momentum in quantum theory will be developed and some illustrative applications
will be discussed. We shall see that the main differences from classical mechanics
arise from the fact that in quantum physics the angular momentum is not an ordinary
vector, but is a vector operator, whose three components do not commute with each
other. We begin by considering the orbital angular momentum, and establish its
relationship with rotations. Then, after analysing the general properties of angular
momentum, we will study the important case of the spin (or intrinsic) angular
momentum. Finally, we shall treat the problem of the addition of angular momenta.

265
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6.1

Orbital angular momentum

Let us consider a particle of mass m. We denote by p its momentum and by r its
position vector with respect to a fixed origin 0. In classical mechanics the orbital
angular momentum of this particle with respect to 0 is defined as a vector L, such that

L=rxp 6.1)

This vector points in a direction at right angles to the plane containing r and p, and
is of magnitude L = rp sina, where « is the angle between r and p. The Cartesian
components of L are

Ly = yp. — zp, (6.2a)
Ly = zp — xp; (6.2b)
L, = xpy — ypsx. (6.2¢)

The corresponding operators representing L., L, and L, in quantum mechanics
are obtained by replacing x, y, z and p,, p,, p; by the appropriate operators obeying
the fundamental commutation relations (5.88). Using the position representation of

wave mechanics, such that xop = X, Yop = ¥, Zop = z and (py)op = —ihd/0x,
(py)op = —ihd /3y, (p;)op = —ihd/3z, we find that the operators L., L, and L_ are
given by
d d
L, = —-iily— —z— 6.3
! 1 (y 2z zay> (6.3a)
d d
L, =—-iklz— —x— 6.
3 1 (z ox xaz> (6.3b)
d d
L, =—-ihilx——y—). 6.3
z 1 (x 3y yax) (6.3c)

In other words the orbital angular momentum is represented in the position represen-
tation of wave mechanics by the vector operator

L = —iA(r x V) ©4)

whose Cartesian components are the differential operators given by (6.3). It is easy
to verify (Problem 6.1) that L is Hermitian.

Using the rules (5.101) of commutator algebra and the basic commutation rela-
tions (5.88), one readily obtains the commutation relations satisfied by the operators
Ly, L, and L. For example, we have

[Ly, Ly] = [(yp: — zpy), (zPx — xP;)]
= [ypz» zp<) + lzpy, xp) = [yp2, xp:) — [zpy, 2p:). (6.5)

The first commutator on the right of this equation is

[ypzs 2Px) = yp:2px — 2D YP:- (6.6)
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Since y and p, commute with each other and with z and p,, we can write

lyp:> zpx] = yp«lp-, 2]
= —ikyp,. (6.7)

Similarly, the second commutator on the right of (6.5) becomes

[zpy, xp:) = zpyxp. — xp.2py
xpylz, p:]
= ihxpy. (6.8)

The third commutator on the right of (6.5) vanishes because y, x and p, mutually
commute, and so also does the last commutator, since z, p, and p, mutually commute.
Thus we find that

[L,, Ly] = ih(xpy ~ ¥Px)
AL, (6.92)

Similarly, one obtains

[Ly,L.]=1ihL, (6.9b)
and
[Lu Lr] = th\ (6.9¢)

The three commutation relations (6.9) are readily shown (Problem 6.2) to be equivalent
to the vector commutation relation

L x L =iaL. (6.10)

Note that the operator character of L is clearly exhibited by this equation, since the
vector product L x L would vanish if L were an ordinary vector.

It is apparent from equations (6.9) that the operators representing any two com-
ponents of the orbital angular momentum do not commute. From the results of
Section 5.4 it follows that they are not simultaneously measurable. As a result, it is,
in general', impossible to assign simultaneously definite values for all components
of the orbital angular momentum. Thus, if the system is in an eigenstate of one
orbital angular momentum component (so that a measurement of that component will
produce a definite value), it will in general not be in an eigenstate of either of the two
other components.

The operator representing the square of the magnitude of the orbital angular
momentum is defined as

L2=L2+L2+L? (6.11)
! The words ‘in general’ are required because we shall see shortly that functions which depend only on

the magnitude r of the position vector r are simultaneous eigenstates of L,, Ly and L. with eigenvalue
zero.
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Using the rules of commutator algebra and the commutation relations (6.9), it is easy
to show that L2 commutes with each of the three components of L. For example, let
us look at the commutator

L L =L+ L]+ L} L) (6.12)
Since the commutator of L, with itself vanishes, we have [L%, L] =0and

(L% L) = [L2+ L2 L,)
= [L2, L) +[L2 L)
= L).[L)., L]+ [Ly, Lx]Ly + Lz[sz Lx] + [Lz’ Lx]L:
= —ih(LyL,+ L,Ly) +ih(L.L, + L,L.)
=0. (6.13a)

In the same way, we also find that

L% Ly =[L? L]=0 (6.13b)
and we may summarise the equations (6.13) by writing

[L2, L] =0. (6.14)

It follows that simultaneous eigenfunctions of L? and any one component of L can
be found, so that both the magnitude of the orbital angular momentum and the value
of any one of its components can be determined precisely. Furthermore, L? and that
component of L (say for example L_) form a complete set for the specification of
angular momentum states.

In obtaining the eigenvalues and eigenfunctions of L? and of one of the components
of L, which we shall carry out in Section 6.3, it is convenient to express the orbital
angular momentum operators in spherical polar coordinates (r, €, ¢) which are related
to the Cartesian coordinates (x, y, z) of the vector r by

Xx = rsinf cos¢
y = rsinfsin¢ (6.15)
z =rcosf

withO <r €00,0<6 <m,0< ¢ < 2n (see Fig. 6.1). After some algebra
(Problem 6.3) it is found that

. ., 0 a
L, = —ih (— sm¢£ — cotf cos ¢£) (6.16a)
L, = —in (cos (,twi — cotf sin ¢i> (6.16b)
a6 ap
L, = —ihi (6.16¢)

3¢
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r=Irl

J-eemeee

<
’
’
’
N

Figure 6.1 The spherical polar coordinates (r. 6. ¢) of a point P. The position vector of P with
respect to the origin is r.

and

1 3 3 19
L?= -’ — —(sinf— )| + —— |. 6.17
[sine 26 (S"‘ 89>+sin298¢2] 617

It should be noted that L,, Ly, L, and L? are purely angular operators, which do
not operate on the radial coordinate r. Therefore these operators commute with any
function of r

[Le, fO1 =Ly, f(N] =L, f(N]=[L?, f(r)]=0. (6.18)

From the expressions (6.16) and (6.17) it is also clear that if a function is independent
of 6 and ¢ (and hence depends only on r), then it is simultaneously an eigenfunction
of Ly, L, L. and L? corresponding in each case to the eigenvalue zero. This is the
single exception to the rule that eigenfunctions of one component of L cannot be
simultaneously eigenfunctions of either of the two other components.

Thus far we have considered the three Cartesian components of the orbital angular
momentum operator L, but in what follows we shall also need its component L,
along an arbitrary direction determined by the unit vector i = (n,, n,, n.). For this
purpose we use the following definition. If V is a vector operator which has Cartesian
components V,, V., V_, the component V,, of V along the unit vector n is

Vo =0V =nV, +n,V, +n.V. (6.19)

In this way, one may define the three components V,, V,, V,, of V in any Cartesian
frame whose axes are directed along the unit vectors @, v and W such that W = @i x V.
In particular, the three components of L along @, v and W are given respectively by

L,=u.L, L.=v.L, L,=w.L (6.20)

and it is readily verified (Problem 6.5) that the three commutation relations (6.9) for
L., L, and L. imply analogous commutation relations for L,, L, and L,,, namely

[L,,L,] =1ihL,, [Ly, Ly)=1kL,, [Ly, L, =1ikL,. (6.21)
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6.2

Let us now consider an isolated system of N structureless particles. If r; and p; are
respectively the position and momentum vectors of the i th particle, its orbital angular
momentum is defined to be

Li=r xp (6.22)

so that in the position representation L; is represented by the operator —ifi(r; x V;)
where V; is the gradient operator with respect to r;, having Cartesian components
(8/0dx;,0/dy;,d/3z;). The total orbital angular momentum L of the system is the
vector sum of the orbital angular momenta of the N constituents:

N
L= Z L. (6.23)
i=1

Since the operators acting on different variables commute, all the components of L;
commute with all the components of Ly (i # k), and we have

LxL =@ +Ly+---+Ly) x@Li+L2+---+Ly)
=L xL;+LyxLy+---4+Ly xLy
ih(Ly + L+ ---+Ly) =ihL (6.24)

so that the components of the total orbital angular momentum satisfy the commutation
relations

(L., L,)=ihL.,  [Ly,,L]=ihL,,  [L.,L/]=ihL, (6.25)

as in the case of one particle.

Orbital angular momentum and spatial rotations

Considerable insight into the nature of the orbital angular momentum operator is
obtained by analysing its connection with rotations in space. First of all, as in the
case of the translations studied in Chapter 5, we must distinguish between the passive
and active points of view in considering the effect of rotations on a physical system.
According to the passive viewpoint, the coordinate axes are rotated while the system
itself is untouched, while in the active viewpoint the axes are fixed and the system
is rotated. The two viewpoints are equivalent in the sense that rotating the physical
system about an axis or rotating the coordinate axes in the opposite direction amounts
to the same thing. In what follows we shall adopt the active viewpoint and rotate the
physical system.

Let us assume that we are dealing with an isolated system. Since space is intrin-
sically isotropic (i.e. all directions are equivalent), the physics of this system must
be the same before and after a rotation is performed on it. Using the results of
Section 5.10, it follows that under a rotation R the state vector W describing the
system must transform as

V' = UrW¥ (6.26)
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where Uy is a unitary operator (such that U RU; = U;UR = I). The normalisation
is then preserved

(VW) = (UrW|UpW) = (W|URUg|W) = (W|W) (6.27)

and the probability amplitude (X|W) that the system described by ¥ will be found in
a state X is also unchanged by the rotation.

Consider now a dynamical variable (observable) to which corresponds an operator
A, and let A’ be the transform of A under the rotation R. Since the average value of
A in a state W must be equal to the average value of A’ in the state V' = UpW, we
must have

(W A'|W) = (U|URA'UR|W) = (V|A|¥) (6.28)
and hence
A=URA'Ur or A =UgAU;. (6.29)

In particular, the Hamiltonian H of an isolated system must be invariant for spatial
rotations. As a result, we have

H =UgHUj; =H (6.30)
sothat Usk H = HUg and
[Ug, H1 = 0. (6.31)

In order to obtain an explicit form for the unitary rotation operator Ug, we begin
by considering the case of a single structureless particle, whose wave function at a
given time is ¥ (r). Under a rotation R the point r is moved to r' = Rr. Except for
a phase factor, which may be chosen equal to unity? the wave function ¥’ describing
the rotated state at r' must be equal to the original wave function  at the point r,
namely

Y'() =¥ (). (6.32)
According to (6.26) we want to relate y and v’ by a unitary operator Ug such that
¥'(r) = Ury (r). (6.33)

Now, from (6.32) we have ¥/(r') = ¥ (R~'r’), and since this relation is valid for
all points in space, it follows that ¥’(r) = ¥ (R~'r). We therefore obtain for the
determination of Ug the relation

¥'(r) = Ury(r) = Yy (R7'r) (6.34)

which specifies the one-to-one correspondence (6.26) in the position representation.
As a first example, let us consider an infinitesimal rotation by an angle da in
the positive (right-handed) sense about the z-axis, and let us denote by U_(d«) the

2 This point is discussed in detail by A. Messiah (1968), Chapter 15.
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corresponding rotation operator Ug. To first order in 8, the coordinates (x’, y’, )
of ' = Rr are given by

x' = x - yba
y =xéa+y
7=z (6.35)

and those of R'r are obtained by changing S« into —8a. Using (6.33), we have

Y'(r) = U.(3e) ¥ (r) = Y(R™'1) = Y (x + yder, y — x8, 2) (6.36)
and retaining only first-order terms in da, we find that
Y Y
U,6a)y(r) = ¥(x,y,2) + ySa— — xbot—
dx dy
= [1-sa(x 2 = )2 ) )
= a(xa ya Y(r
= [1 - %SaLz]vf(r) 6.37)

where we have used (6.3¢c). Hence we obtain the important relation
U.(6a) = I — %b‘aL: (6.38)

between the infinitesimal rotation operator U-(d) and the z-component of the orbital
angular momentum. Note that since U, (§«) is an infinitesimal unitary transformation
it follows from the discussion of Section 5.5 that L. must be Hermitian.

Relations similar to (6.38) are readily derived for infinitesimal rotations about the
x- and y-axes. As expected, they involve respectively the x- and y-components of L,

Ue(ba) = I — %&xLx, Uy(ba) = I — %aaL,. (6.39)

More generally, let us consider an infinitesimal rotation by an angle d« in the positive
sense about an axis oriented along an arbitrary unit vector n, so that

r=Rr=r+d8anxr. (6.40)
Denoting by Ui (§a) the corresponding infinitesimal rotation operator, we have
UaBa)yY(r) = Y(R7'r) = ¢(r — Sahh x 1). (6.41)
Keeping terms to first order in S, we find that
Ua(Ba)yr(r) = ¢(r) — Baht x 1). Vi (r)
= [I = San.(r x V)]y(r)

= [1 - %&xﬁ.L]l//(r) (6.42)
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where we have used the definition (6.4) of the operator L, and we recall that fi.L is
the component of L along i. Hence

Ua(Sa) = I — %&xﬁ.L (6.43)

so that the orbital angular momentum operator L may be called the generator of
infinitesimal rotations.

Except when they are performed about the same axis, rotations do not in general
commute. Looking at (6.43), we therefore expect that the commutation relations (6.9)
obeyed by the components of the orbital angular momentum operator could be re-
derived by considering two successive infinitesimal rotations about different coordi-
nate axes in opposite orders. To see this, let us perform an infinitesimal rotation R,
of angle S about the x-axis, followed by an infinitesimal rotation R, of angle da
about the y-axis. Let the corresponding infinitesimal rotation operators be U, (§a)
and U, (8a), respectively. According to (6.41) we then have (remembering that the
order of the operations reads from right to left),

Uy, (8)U, (8a) ¥ (r) = Y[(RyR:) ']

= y[R;'R;'r]
= Y[R '(r—day x 1))
= Y[r—day x r— dax x (r — Say x r)] (6.44)

where X and ¥ are unit vectors about the x- and y-axis, respectively. Similarly, if we
perform first the infinitesimal rotation R, about the y-axis, and then the infinitesimal
rotation R, about the x-axis, we obtain

U (8a)U(8a) Y (r) = Y[r — ok x r — day x (r — dak x r)]. (6.45)

Subtracting (6.44) from (6.45), we find that the commutator of the two operators
U, (8a) and U, (8a), acting on (r), gives

(U (da), U, (ba)]¥(r) = ¢[r—Sa(X +§) x r+ (5a)*§ x (X x 1))
—y[r—8a(J + %) x r+ (ba)*k x (¥ x 1))
= (Ba)’[§ x ®x 1) =X X (§ x DLV (r)
= (d)’[yX — x§1. VY (r
= —(8a)*(Z x r).Vy¥(r)
= —(8a)*[2.(r x V)]y(r)

—(aa)Z%quf(r) (6.46)

where we have kept terms to leading order (8r)? on the right-hand side. On the other
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hand, it follows from (6.39) that

[Ui(ba), Uy(ba)]y (r) = [(1 - %&xL,)(l - %80{L,>

—(1 - %mL,) (1 - %wg)]wm

2

e AL 6.47)
and therefore, upon comparison of (6.46) and (6.47) we find that [L,, L,] = ihL,,
which is the commutation relation (6.9a). The commutation relations (6.9b) and (6.9¢)
may clearly be obtained in a similar way. The non-commutativity of different compo-
nents of the orbital angular momentum operator L is therefore a direct consequence
of the non-commutativity of spatial rotations about different axes. Notice that, to the
extend that (8a)? can be neglected, infinitesimal rotations do, in fact, commute.

Let us now consider rotations through finite angles. Any such finite rotation about
an axis oriented along an arbitrary unit vector fi can be built up by a succession of
infinitesimal rotations about that axis. If Uj(«) is the unitary operator corresponding
to a finite rotation of angle «, we may therefore write

Uajla + da) = Ua(ba)Us(a)

- (1 _ %aaﬁ.L) Ua(@) (6.48)
where we have used (6.43). Thus
dUi(a) = Up(a + da) — Uz(a) = (—%Saﬁ.L) Ua() (6.49)
so that
dUa@ _ (i),
i - ( hn.L) Ui(@) (6.50)

and upon integration, we find that
Ua(er) = exp(— %aﬁ.L) (6.51)

where the meaning of the operator exp(—ian.L/#) is (see (5.38))

exp(—%aﬁ.L) -y % <— i“'r:’l‘) . (6.52)

n=0

The above considerations are readily extended to an isolated system of N struc-
tureless particles. In particular, replacing the vector coordinate r by the set of vector
coordinates (r|, rp,...,ry) of the N particles, one finds (Problem 6.6) that the
unitary rotation operators Ug are still given by equations (6.43) (for infinitesimal
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rotations) and (6.51) (for finite rotations), where L now denotes the fotal orbital
angular momentum (6.23).

Letus now return to the important equation (6.31), which expresses the invariance of
the Hamiltonian H of anisolated system for spatial rotations. Because any rotation can
be expressed as a product of infinitesimal rotations, and since the total orbital angular
momentum is the generator of infinitesimal rotations (see (6.43)), it follows that the
invariance of H under rotations implies that, for an isolated system of structureless
particles,

[L,H]=0 (6.53)

so that the fotal orbital angular momentum is conserved. Conversely, if the Hamil-
tonian H of a system of structureless particles commutes with the total orbital
angular momentum operator L, then H is invariant under rotations. It also follows
from (6.53) and (6.14) that the operators H, L? and L. mutually commute. Thus, the
eigenfunctions of H can be found among those common to L? and L_, so that the
eigenvalue problem of H considerably simplifies.

The eigenvalues and eigenfunctions of L? and L,

Let us consider a single particle, for which the orbital angular momentum operator
L is given by (6.4). In Section 6.1 we learned that the operator L’ commutes
with any component of L, but that two components of L cannot accurately be
known simultaneously. Thus simultaneous eigenfunction of L? and of one of its
components can be found, and we shall obtain them in this section, using spherical
polar coordinates. Since we have seen in Section 6.1 that the components of L as
well as L? are purely angular operators, we only need to consider the polar angles
(6, @). Moreover, because the expression (6.16c) for L. is simpler than those for
L, and L, in spherical polar coordinates, it is convenient to look for simultaneous
eigenfunctions of L? and of the component L .

Eigenfunctions and eigenvalues of L,

We begin by finding the eigenvalues and eigenfunctions of the operator L alone.
Denoting the eigenvalues of L, by m#, and the corresponding eigenfunctions by
d,,(¢), we have

L, ®,(¢) = mh®,(d) (6.54)
or
. a
_l£¢m(¢) =m®,,(¢) (6.55)

where we have used (6.16c). The solutions of this equation are

®,(¢) = 2m)~'/%em® (6.56)



276 M Angular momentum

where (2r)~'/? is a normalisation constant. The equation (6.55) is then satisfied for
any value of m. However, for the wave function to be single—valued3, we must require
that ®,,(27) = &,,(0), or

e = 1. (6.57)

This relation is satisfied if m is restricted to positive or negative integers, or zero.
Hence the eigenvalues of the operator L, are equal to m#, where

m=0,%1,%2,... (6.58)

and a measurement of the z-component of the orbital angular momentum can only
yield the values 0, £4, £2#, ... Because the z-axis can be chosen along an arbitrary
direction, we see that the component of the orbital angular momentum about any axis
is quantised. The quantum number m is usually called the magnetic quantum number,
a name which, as we shall see later, is justified by its prominent role in the study of
charged particles in magnetic fields.

The eigenfunctions ®,,(¢) given by (6.56) are orthonormal over the range
0< ¢ <2m,

2n
f D, (@) P (#)d = Smm' (6.59)
0

which means that they are normalised to unity and that eigenfunctions belonging to
different eigenvalues (m # m’) are orthogonal. The eigenfunctions (6.56) also form
a complete set, so that any function f(¢) defined on the interval 0 < ¢ < 27 can be
expanded as

+oc

f@ =) an®n(®). (6.60)
m=—00
The coefficients a,, are found by multiplying both sides of (6.60) by &% ,(¢), inte-
grating over ¢ from O to 27 and using (6.59). This gives

2
am = /0 D, () f(P)de. (6.61)

Inserting this expression of a,, (in which we change the name of the integration
variable from ¢ to ¢’) into (6.60) and using the property (A.26) of the delta function,
we see that the eigenfunctions &, (¢) satisfy the closure relation

+00
Y 0L @)Pu(@) = 56~ ). (6.62)

m=—00

3 It should be stressed that the requirement for single-valuedness of the wave function only applies to
its spatial part. As we shall see in Section 6.9, certain wave functions depending on internal degrees of
freedom may be double-valued; in particular, this is the case for spin wave functions corresponding to
particles having half-odd integer spin (see (6.268)).
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Simultaneous eigenfunctions of L and L,

We now turn to the problem of obtaining the common eigenfunctions Y;,, (6, ¢) of
the operators L? and L., satisfying the two eigenvalue equations

LY, (8, ¢) = (L + DAY} (8, ) (6.63)
and
L.Y1n(8, ¢) = mhY,, (6, ¢) (6.64)

where the eigenvalues of L2 have been written as /(I 4+ 1)A%. From our study of the
eigenfunctions of L_, we see that equation (6.64) implies that the functions Y;,, (6, ¢)
must be of the form

Yim (6, ¢) = O (0) Pm(d) (6.65)

where the functions ®,,(¢) are given by (6.56), withm =0, £1, £2, ...
Let us now turn to equation (6.63). Using the expression (6.17) of L? in spherical
polar coordinates, we have

smeae(m 30 sin? 9 3¢ im(©, ¢) = im(6, ). (6.66)

Substituting (6.65) into (6.66) and making use of (6.56), we obtain for ©,,,(6) the
differential equation

1 d/. d m?
[ﬁ@(smé’@) + {I(I +1) - 7o ”@1,,,(9) =0. (6.67)

Our task is to find physically acceptable solutions of this equation over the range
0 < 0 < m. For this purpose, it is convenient to introduce the new variable w = cos 6
and the new function

Fim(w) = 01 () (6.68)
so that (6.67) reads
2 2
[(1 —wZ)d— P m—z]F,,,,(w) =0 (6.69)
dw -w

with -1 <w < 1.

The casem = 0

It is easiest to start with the case m = 0, for which (6.69) reduces to

,. & d
(I-w )— —2wd +I1(+ 1) |Fo(w) = (6.70)
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This differential equation is known as the Legendre equation. Since the point w = 0
is an ordinary (non-singular) point of this equation, we can try a power series solution

of the form
o0
Fio(w) = ) _ cxw®. 6.71)
k=0
Inserting (6.71) into (6.70) and setting A = [(! + 1), we find that
3 Ttk = Dewt™? — k(k = Degw* = 2keew* + Aeew*] =0 (6.72)
k=0
or
D Ik + Dk + 2)cigz + {1 — k(k + Dier]w* = 0. (6.73)
k=0

This equation will be satisfied if the coefficient of each power of w vanishes. We
therefore obtain for the coefficients ¢ the recursion relation

k(k+1)—2a

C, = —C, 6.74
2 TR R (6.74)
so that the general power series solution of (6.70) is given by
Fao(w) = i A, 2.3—Akw4
i =l 1T T T3 2
1.2-2 5 34-A12-%
6.75
+cl[w+ 53 Yt a5 23 + ] (6.75)

where ¢ and c¢; are arbitrary constants. Note that the first power series, which
multiplies cg on the right of (6.75), contains only even powers of w, while the second
power series (multiplying c¢;) contains only odd powers of w. The occurrence of
particular solutions which are either even functions of w (when ¢; = 0) or odd
functions of w (when ¢y = 0) is to be expected, since equation (6.70) is invariant
when —w is substituted for w.

We see from (6.74) that if the series on the right of (6.75) do not terminate at some
fixed values of k, then for large k we have ci,2/cx = k/(k +2), a behaviour which is
similar to the divergent series Xk~ I where k is even or odd. As aresult, both series on
the right of (6.75) diverge forw? = 1,i.e. forw = %1, and in consequence do not yield
an acceptable wave function*. Thus, in order to be satisfactory, the expression (6.75)
for Fjo(w) must contain only a finite number of terms. Using (6.74) and remembering
that A = /(I + 1), we see that by choosing / to be a positive integer to zero,

1=0,1,2,... (6.76)

4 This is not surprising, since w = %1 are (regular) singular points of the Legendre equation (6.70).
See, for example, Mathews and Walker (1973).
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either the even or odd series in (6.75) can be terminated at the finite value k = [. The
other series can be made to vanish by choosing ¢; = 0 (for even /) or ¢y = 0 (for odd
). The quantum number /, whose allowed values are given by (6.76), is called the
orbital angular momentum quantum number.

The physically acceptable solutions of the Legendre equation (6.70), which exist
only for/ =0, 1,2, ..., are thus polynomials of degree /, called Legendre polynomi-
als, and denoted by P;(w). From the above discussion it is clear that they are uniquely
defined, apart from an arbitrary multiplicative constant. By convention this constant
is chosen so that

A1) =1 6.77)

Since the Legendre polynomial P;(w) is in even or odd powers of w, depending on
whether [ is even or odd, we have

P(—w) = (=) Pi(w). (6.78)

An equivalent definition of the Legendre polynomials is

i
Pi(w) = @70 = 1y (6.79)
duw!

which is known as the Rodrigues formula. It is readily verified that the Legendre poly-
nomials given by (6.79) satisfy the Legendre equation (6.70) and the relation (6.77).
The Rodrigues formula can be used to prove various important properties of the
Legendre polynomials. In particular, by performing integrations by parts, one finds
that (Problem 6.7)

+1
f Pi(w) Py (w)dw = S (6.80)
-1

2
21+ 1
so that the Legendre polynomials are orthogonal for / # [’ over the range
—1 < w < 1, but they are not normalised to unity. Of course, physically acceptable
solutions of the Legendre equation (6.70) which are orthogonal for / # [’ and
normalised to unity are easily constructed. From (6.80) we see that apart from a
phase factor exp(ia) of modulus one they are given by

20+ 1\"?
F,o(w)=(7+) Py(w). 6.81)

Another equivalent definition of the Legendre polynomials may be given in terms
of a generating function, by

T(w,s) = (1 —2ws +s%)~ /2
= ZP,(w)s’, Is] < 1. (6.82)
1=0
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By differentiating this generating function with respect to w and s one can show
(Problem 6.8) that the Legendre polynomials satisfy the recurrence relations

(+DP(w)= QL+ DwP(w) —IP_(w) (6.83a)
and
4P
(1—-w )H = —lwP(w) +1P_;(w). (6.83b)

The lowest-order differential equation for P, which can be constructed from these
two recurrence relations is then seen to be the Legendre equation (6.70). Note that
from (6.82) we immediately have P;(1) = 1.

The Legendre polynomials P;(w) form a complete set on the interval —1 < w < 1,
so that any function f(w), defined on this interval, can be expanded as

fw) =) aPi(w) (6.84)
1=0
and by using (6.80) we have
+1
@ = ? Pi(w) f (w)dw. (6.85)
-1

Inserting this expression of a; into (6.84) and using (6.80), we also find that the
Legendre polynomials satisfy the closure relation

] o0
=Y @+ DPW)P(w) = 8w — w). (6.86)
2 1=0
The first few Legendre polynomials are
Po(w) =1
Pi(w) =w

Py(w) = 36w’ = 1)

Py(w) = 15w’ — 3w)

Py(w) = 3(35w* — 30w’ + 3)

Ps(w) = 3(63w’ — 70w® + 15w). (6.87)

The general case

Having solved the Legendre equation (6.70) we shall now obtain the physically
acceptable solutions of equation (6.69), for which m is not necessarily equal to zero.
Since (6.69) is independent of the sign of m, the solutions of this equation can be
characterised by [ and |m|. Let us define the associated Legendre function P,""I (w)
of degree /(! =0, 1,2, ...) and order |m| < [ by the relation

m diml
P (w) = (1 - wz)'ml/sz’/(w), Im|=0,1,2,... (6.88)
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We note that for m = 0 we have P,O(w) = Pi(w). Upon differentiating |m| times the
Legendre equation (6.70) satisfied by P;(w), we obtain

5 dIMI+2 d|m|+l
[m|

—lmI(m] + D}

]H(w) =0. (6.89)

Using (6.88) we then find that P,""| (w) satisfies the equation

2 2
[(1 —wz)d— —2wdd I+ -5 e 2]P,""'(w)=o (6.90)
which is the same as (6.69). APart from an arbitrary multiplicative constant, the
associated Legendre functions P, "(w) are the only physically acceptable solutions
of (6.69). We emphasise that the orbital angular momentum quantum number / is
restricted to one of the values I = 0,1, 2,... Regarding the magnetic quantum
number m, we note from (6.88) that since P;(w) is a polynomial of degree, /, its |m|th
derivative, and hence P,""'(w), will vanish if [m| > [. Hence for a fixed value of /
there are (2/ + 1) allowed values of m given by

m=-l,~-l+1,... 1L (6.91)

This result can readily be understood as follows. Since L* = L2 + L2 + L2, the
expectation value of L? in a given state W is

(L% = (L2) + (L}) + (L?). (6.92)
Now, since L, and L, are Hermitian, (L2) > 0 and (L3) > 0, so that
(LY > (L. (6.93)

Taking W to be such that its angular part is an eigenfunction ¥;,,(6, ¢) common to L2
and L., we have from (6.63), (6.64) and (6.93)

W+1)>m? (6.94)

and as / and m can only take the values/ =0,1,2,...,andm =0, 1, £2,..., we
see that m is restricted for a given [ to the (2/ + 1) values given b?l (6.91).

We note from (6.88) that the associated Legendre function P, (w) is the product
of the quantity (I — w?)"/2 and of a polynomial of degree I — |m|. Using (6.78)
and (6.88) it is straightforward to show that (Problem 6.9)

P (—w) = (=17 ™ (w). (6.95)

A generating function for the P,""| can be obtained by differentiating (6.82) |m| times
with respect to w and multiplying by (1 — w?)!"!/2 as required by (6.88). We obtain
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in this way
@Im D1 — w?)mi/2sim
Tim (w, 5) = 2yiml+1/2
2iml(|m)Y( — 2ws + s2)mi+l/
o0
=Y P"ws'.  IsI<l (6.96)
I=|m|

We also remark that the functions P,""| satisfy the recurrence relations (Prob-

lem 6.10)
QL+ HwP™ (w) = (I — m| + DPT)(w) + ( + Im) "} (w) (6.97a)
Q@+ D1 = w?)' 2P w) = P (w) — P} (w) (6.97b)
dp™ .
(1- wz)ﬁ = —lwP" (w) + ( + |m)) P"} (w)
=+ DwP™ (W)~ (+ 1~ |m)PTI(w) (6.97¢)

||

dp, m .
(1= wh) = = (1= w?) 2P () = mlw P (w)

= —(1 = w))"2( + ImD)(I = Im| + DP™ " () + |m|w P (w)

(6.97d)
and the orthogonality relations
+ 2 (I +|m)!
P w) P (wydw = ——— ———" ;.. 6.98

/;l 1 (w) 1 (w)dw A+ 1= m)! 1l ( )
Finally, it can be shown that the Pll"'| form a complete set.

The first few associated Legendre functions are given explicitly by

Plw) = (1 —wh)'?

P (w) = 3(1 —w)'w

Pi(w) = 3(1 — w?)

P{(w) = 3(1 —wH)'*Sw? - 1)

Pi(w) = 15w(1 — w?)

P} (w) = 15(1 — w?)?/? (6.99)

It should be noted from (6.98) that the functions P,""| (w) are not normalised to unity.
However, by multiplying P,'""(w) by an appropriate normalisation factor, physically
acceptable solutions Fj,, (w) of equation (6.69) which are normalised to unity can be
determined to within an arbitrary phase factor of modulus one. We shall not quote
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these, but instead we write down the corresponding physically admissible solutions
Oy, (8) of equation (6.67), normalised so that

f @,*,,,,(G)G)l,,, (9) sinfdf = 8]1/. (6.100)
0

These functions are given in terms of the associated Legendre functions by
2+ Hd —m)!
2( +m)!
= (=D"Oym(®), m<0 (6.101)

12
O (0) = (—1)"'[ ] P (cos6), m>=0

where the choice of the phase factor is a conventional one.

Spherical harmonics

The eigenfunctions Y,,(9, ¢), common to the operators L? and L. (see (6.63)
and (6.64)) and normalised to unity on the unit sphere, are called spherical
harmonics. Using (6.65), (6.56) and (6.101), we see that they are given for
non-negative values of m by

Q1+ 1)(l —m)!

1/2 .
an(l +m)! ] P/"(cos6)e'™?, m>0 (6.102a)
m):

Yim(6, ¢) = (—1)"'[
and for negative values of m we have
Yin(0,¢) = (=1)"Y}_,(6,¢) (6.102b)

where the phase convention adopted here is a frequently used one. We recall that the
quantum number / can only take the values/ =0, 1, 2, ..., (see (6.76)) and that for
a fixed value of [ the allowed values of m arem = —I, —[ + 1, ..., (see (6.91)).

From (6.65), (6.56) and (6.101) we also note that the spherical harmonics satisfy
the orthonormality relations

2 .4
/ Y, (0, )Yim(6, ¢)dQ = f do / d0sinOY;: (6, $)Yim(0, $)
0 0

= 1B (6.103)

where we have written d2 = sin §dfd¢ and the symbol [ dS2 means that we integrate
over the full range of the angular variables (6, ¢), namely

2r b4
/dQ E/ d¢f df sin6. (6.104)
0 0

It can also be proved that the Y, form a complete set, so that a function f (6, ¢) can
be expanded in terms of them as

oo+l

fO.)=Y"Y" am¥im®.0) (6.105)

1=0 m=—1
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By using the orthonormality relation (6.103), the coefficients of the expansion are
seen to be given by

Aim = f Y,’;,,(Q, ¢)f(9v ¢)dQ (6.106)
Substituting (6.106) into (6.105) and using (6.103) we obtain the closure relation
oo 4
DD Vi@ )i, 4) = 8@ - @),
1=0 m=—I
800 —6)5(p — ¢
5@y 2 2O =086 —¢) 6107

sin@

Itis clear from (6.102) and our study of associated Legendre functions that ¥;,, (6, ¢)

is the product of exp(im¢) sin'! 6 times a polynomial in cos @ of degree (I — |m|).
In particular, for m = 0 and m = [, we have, respectively,

172
na®) = (Z4e0)  iccost) (6.108)
and
A+1 @y 12,
Y106, ¢) = (—I)I[T W] sin’ 9el'?. (6.109)

The behaviour of the spherical harmonics under the parity operation r — —r
is of special interest. Under this operation the spherical polar coordinates (r, 6, ¢)
transform as

r—r, 0 —>m-—90, ¢ —> ¢+ (6.110)
Thus, if P is the parity operator defined in (5.336), we have

PlYim@, )] = Yim(r —6,¢ +m). (6.111)
Now, from (6.95) we have

P"™[cos(r — 6)] = P™ (= cosB) = (—1)/ " P/ (cos 6) (6.112)
while from (6.56) we deduce that

D (@ +7) = (—=1)"Dp(e). (6.113)
Hence

Yin(mr —0,¢ +7) = (=1)Yim(6, ¢) (6.114)

so that Y},, has the parity of / (even for even [/, odd for odd /).
Following a notation originally introduced in spectroscopy, it is customary to

designate the states corresponding to the values/ = 0, 1,2, 3,4, 5, .. ., of the orbital
angular momentum quantum number / of a particle by the symbols s, p, d, f, g, h, . ..
When there is more than one particle, capital letters S, P, D, F, G, H, . . . , are used for

the total orbital angular momentum. The first few spherical harmonics, corresponding
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Table 6.1 Low-order spherical harmonics.

[} m Spherical harmonic Y;m(8, ¢)
0 0 Yo.0 = !
00 = 772
3\1/2
1 0 Y1‘0=(G) cosé
3\1/2 A
+1 Y141 =:F(8—) singet®
¥4
5 \12
2 0 Yz.o=(7) (3cos?9 - 1)
4
172 '
+1 You1 = :F(G) sin 6 cos get
15 \1/2 '
+2 Yo42 = (37) sin? ge+2i¢
T
7 \1/2
3 0 Y3‘°=(F) (5cos3 9 — 3 cosh)
4
21 \'2 A
+1 Y341 = q:(m) sin@(5 cos? 9 — 1)et®
i2 ‘
+2 Y312 = (.::22) sinZ 8 cos fe*2¢
J
5 \1/2 A
+3 Y313 = :F(M—”) sin3 ge3i¢

to the s, p, d and f states are listed in Table 6.1, and polar plots of the corresponding
probability distributions

1Yim (6, $)I* = 27) ™' 1©1m (6)* (6.115)
are shown in Fig. 6.2.

It is also interesting to study the effect of the operators L, and L, on Y;,,. For this
purpose, it is convenient to introduce the two operators

Ly=L,+iL,, L_=L,~iL,. (6.116)
We note that these operators are not Hermitian, but are mutually adjoint, since

LY =L,—ilLy=L_and L' = L, +iL, = L,. Because L, and L, commute
with L2, we have

[L%, Li]=0. (6.117)
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Za

=0

m=0 m=+1
m=0 m=+1

Figure 6.2 Polar plots of the probability distributions |Yim(8, ¢)|> = 27) 1 |©/m(6)|2.

It is also readily verified from the commutation relations (6.9) that (Problem 6.11)

LiLy=L*—-L*%hL,
[Ly, L_]=2hL.

(6.118a)
(6.118b)
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and

[L.,Li]==+AL,. (6.118¢)
Acting on both sides of (6.64) with L, and using (6.118c), we find that

L.(L+Yim) = (m £ DA(L+Yim). (6.119)

Also, if we act on both sides of (6.63) with L, and use the fact that L? commutes
with L, we have

L2(L.Y),) = 1(I + DA*(LyY)). (6.120)

Thus the operator L, acting on a simultaneous eigenfunction Y;,, of L? and L. gen-
erates a new common eigenfunction of these two operators, for which the eigenvalue
of L? remains equal to /(! + 1)42, while the eigenvalue of L. is increased by one unit
of A to become (m + 1)A. Similarly, (L_Y,,,) is a simultaneous eigenfunction of L2
and L. with eigenvalues given, respectively, by /(! + 1)A? and (m — 1)A. Hence

LiYim®, ) = ¢i5Yime1(0, ¢) (6.121)

where c,im are constants. With regard to the eigenvalue equation (6.64) the operators
L, and L_ are therefore respectively raising and lowering operators; we see that they
play arole similar to that of the ladder operators a and a_ introduced in Section 5.6
to study the spectrum of the linear harmonic oscillator.

In order to obtain the constants c,im of (6.121), we use the expressions (6.16a)
and (6.16b) of the operators L, and L, to write L. in spherical polar coordinates.
The result is

. 9 d
Ly =het?|+— +j — 1 122
+ e [ 30 +1cot93¢] (6.122)

From (6.64) and (6.16c) we know that by acting with /3¢ on Y¥,,,(6, ¢), one obtains
(im)Y;,,(8, ¢). The action of 3/36 on Y;,,(0, ¢) may be studied by using (6.102)
and the recurrence relations (6.97d) satisfied by the associated Legendre functions
(in which one sets w = cos 6). In this way it is found that

LiYim(®,¢) = k[l + 1) —m(m £ D]'2Y) i1 (0, ¢) (6.123a)
or
Lillm) =h[Id+1) —m@m £ D)?|Im £ 1) (6.123b)

where in the last line we have used the Dirac ket notation, the ket |Im) being
represented in the position representation by the spherical harmonic Y;, (0, ¢).
From (6.123) and the fact that

1 1
L, = §(L+ + L_), L, = é—i(L+ —-L_) (6.124)

the result of the action of the operators L, and L, on Y;,, (or |Im)) is then immediately
obtained.
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Let us now consider a particle which is in the orbital angular momentum state
|Im), so that the angular part of its wave function W (which we assume to be
normalised to unity) is given by Y;,, (6, ¢). Thus we have L?(Im) = (I + 1)h?|Im)
and L,|lm) = mh|lm). Although we have seen that two components of the orbital
angular momentum cannot in general be assigned precise values simultaneously, it
is nevertheless possible to say something about the components L, and L. Indeed,
from (6.123) and (6.124) the expectation value of L, in the state |/m) is given by

(Ly) = (Im|L,|lm) = Yim|L, + L_|Im). (6.125)
Now, from (6.123b) we have
(Im|Ls|lm) = A[I( + 1) —m(m £ D] (Im|lm £ 1)
=0 (6.126)

where we have used the fact that the spherical harmonics satisfy the orthonormality
relations (6.103) so that {{m|l'm’) = 8;;/8,ny. Thus

(Ly)y=0 (6.127a)
and similarly
(Ly)=0. (6.127b)
On the other hand, from (6.124), (6.118a) and (6.126) we obtain
(L) = (L) = 3L~ L}
= 1A+ 1) — mIn*. (6.128)

Note that when m = +[ or m = —I, so that the orbital angular momentum is
respectively ‘parallel’ or ‘anti-parallel’ to the z-axis, its x- and y-components are still
not zero, although the average values of L, and L, always vanish. It is convenient
to visualise these results in terms of a vector model (see Fig. 6.3). According to this
model, the orbital angular momentum vector L, of length /I (I + 1)#, precesses about
the z-axis, the (2/ + 1) allowed projections of L on this axis being given by m#, with
m = —I, -1 +1,...,+l. Thus the vector L may be viewed as lying on the surface
of a cone with altitude m# which has the z-axis as its symmetry axis, all orientations
of L on the surface of the cone being equally likely.

We conclude this section by mentioning an important property of the Y;,, called
the addition theorem of the spherical harmonics. Let r; and r; be two vectors having
polar angles (), ¢;) and (62, ¢2), respectively, and let 6 be the angle between them.
The addition theorem states that

4 +l

Pi(cos®) = 5= 3 Y61, 61)Yin (@2, 62). (6.129)

=-1
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Figure 6.3 The vector model of angular momentum, illustrated here for the orbital angular
momentum L when /| = 2. The vector L, of length /I(T+ 1)h, precesses about the axis
of quantisation, the (2/ + 1) allowed projections of L on this axis being given by mh, with
m=-1,1+1,.... +1.

Note that since the Y;,, satisfy (6.102b) and the summation runs over the entire set
m=—I,—-1+1,...,+l, of allowed values of m, the complex-conjugate sign can
be put either on Y;,,(6,, ¢,) or on Y,,,,(62, ¢7).

Particle on a sphere and the rigid rotator

In this section we shall illustrate the results obtained above on a simple example.
Let us consider a particle of mass i and let p = —iAV be its momentum operator
in the position representation of wave mechanics. The kinetic energy operator of
the particle is therefore given in this representation by T = p*/2u = —(h?/2u) V2.
Expressing the Laplacian operator V2 in spherical polar coordinates’, we may also

3 See, for example, Byron and Fuller (1969).
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write for r # 0

RT13/(,9 13 3 1@
ro _M[1a(,8 9 (sino 2 21 (6130
2u [r2 ar (r Br) + r2sin6 96 (Sm 39) * r2sin® 9 3¢2] ( ?

B[1 39 9 L?
T=—|s—(r = )- == 6.130b
21 [r2 or (r 8r> h2r2] ( )
where we have used the expression (6.17) of the operator L.
Let us now assume that the particle is constrained to move on the surface of a sphere
of radius a. Taking the centre of the sphere as the origin of coordinates, r has the

fixed value r = a. Hence the first term in the square brackets on the right of (6.130b)
does not occur, and the kinetic energy operator of the particle reduces to

L2 L2
T 2ua? 20

or

(6.131)

where I = pa? is the moment of inertia of the particle with respect to the origin.
Moreover, its potential energy V is clearly independent of r. If we suppose that V is
also time-independent, the Hamiltonian of the particle is given by

LZ
H= 37 +V@,¢) (6.132)
and the time-independent Schrédinger equation reads
LZ
[5 + Ve, ¢)]W(9, ) =Ey(6,9). (6.133)

Rigid rotator

We now focus our attention on the simple case in which the particle is free (except
for being constrained to move on the sphere) so that V = 0 and we are dealing with
a rigid rotator. In this case the Hamiltonian (6.132) reduces to

L2

H=— 6.134
21 (6.134)

and the Schrodinger equation (6.133) becomes

L2
ﬁllf(é’,d’) =Ey(0,9¢). (6.135)

Since the eigenfunctions of L2 are the spherical harmonics Y}, (8, ¢), and its eigen-
values are given by I(I + 1)A® (with [ = 0, 1,2, ...) we see that the eigenfunctions
of the rigid-rotator Hamiltonian (6.134) are also the Y,,,, the corresponding energy
eigenvalues being

hZ
E[-—-al(l+1), 1=0,1,2,... (6.136)
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It is worth stressing that these energy eigenvalues are independent of the quantum
number m. Thus, the (2/ + 1) eigenfunctions Y, (6, ¢) withm = —I, -1+ 1,... 1,
correspond to the same energy, so that the energy level E; is (2] + 1)-fold degenerate.
This degeneracy arises from the fact that the Hamiltonian (6.134) of the rigid rotator
commutes with the orbital angular momentum operator L (see (6.14)) and is therefore
invariant under rotations. Hence for this system all directions of space are physically
equivalent. Now we have seen in Section 6.3 that m# measures the projection of the
orbital angular momentum L on the z-axis, and thus is determined by the orientation
of L. The (2! + 1)-fold degeneracy with respect to the quantum number m therefore
results from the fact that the Hamiltonian (6.134) is independent of this orientation,
so that its energy levels cannot depend on the magnitude of the component of L in
any particular direction.

Rotational energy levels of a diatomic molecule

The result (6.136) giving the eigenvalues of the rigid-rotator Hamiltonian can be used
to obtain an approximation for the rotational energy levels of a diatomic molecule.
As far as its rotational motion is concerned, a diatomic molecule can be considered
(in first approximation) as a rigid ‘dumb-bell’ with the nuclei of the two atoms A and
B held a fixed distance Ry apart (see Fig. 6.4). Classically the (kinetic) energy of
rotation is

1 (Iw)* L2

T=-lo*=

= — 137
2 21 21 ©.137)

where w is the angular frequency of rotation, / is the moment of inertiaand L = /o
is the magnitude of the angular momentum of the molecule with respect to the axis
of rotation, which is perpendicular to the symmetry axis of the molecule (i.e. the line
joining the two nuclei) and passes through the centre of mass. Denoting respectively
by M, and My the masses of the nuclei A and B, and by Ra and Ry their distances
from the centre of mass, we have (see Fig. 6.4)

I = MARX + MgR; = R} (6.138)

where u = MAMg/(Ma + Mpg) is the reduced mass. In obtaining the above result
we have used the relations MAR, = MgRpg and Ry = Ra + Rg. Since there is
no potential energy, the Hamiltonian of the system is just H = L?/21, so that the
energy eigenvalues are given by (6.136), as in the case of the rigid rotator. The only
difference is that the quantity p which appears in the moment of inertia (6.138) is
now the reduced mass u of the two nuclei.

As an example, the constant /2/21 has the value 1.3 x 1073 eV in the lowest
electronic state of the molecule HCIl. Transitions between rotational states which
differ in the quantum number / give rise to a series of closely spaced lines, called a
band spectrum because it appears as a band when the structure due to the lines is not
resolved. Pure rotational spectra of this kind lie in the far infrared and microwave
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Figure 6.4 Rotation of a diatomic molecule considered as a rigid ‘"dumb-bell’, the nuclei of the
two atoms A and B being a distance Rg apart. The rotation is about an axis Oz perpendicular to
the symmetry axis of the molecule and passing through the centre of mass. The classical energy
of rotation is /w?/2, where I is the moment of inertia (6.138) and  is the angular frequency of
rotation.

regions®.

Thus far we have assumed that the molecule is completely rigid. In fact, the nuclei
can vibrate about their equilibrium position, and we shall see in Chapter 10 that the
spacing of the corresponding vibrational energy levels is of the order of 0.1 eV, i.e. is
about one hundred times larger than typical spacings of rotational levels. Transitions
in which both the vibrational and rotational quantum numbers change give rise to
the vibration—rotation (also called rovibrational) spectra of molecules, which appear
in the infrared part of the electromagnetic spectrum. Finally, electronic spectra
of molecules are observed when changes occur in the electronic as well as in the
vibrational and rotational states of the molecule. As we shall show in Chapter 10,
typical energy separations between low-lying electronic levels of molecules are of the
order of a few eV, so that the corresponding electronic spectra appear in the ultraviolet
and visible regions.

General angular momentum. The spectrum of J* and J,

In Chapter 1 we saw that experiments demonstrate that particles can be assigned
an intrinsic angular momentum, the spir S, and a spin quantum number s. For
example, the electron has a spin quantum number s = 1/2, so that the component
of its spin angular momentum S in a given direction can only take the values +//2.

6 See Bransden and Joachain (1983), Chapter 10. .
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Such values are excluded for the component of the orbital angular momentum L in
a given direction, which can only take the values m#, wherem = —I, -l +1,...,1,
is either zero or a positive or negative integer (see (6.76) and (6.91)). This arises
from the condition that the wave function should have a unique value at each point
in space. Since the spin angular momentum of a particle is not associated with
the spatial dependence of the wave function, this restriction need not apply for the
spin. The theory developed so far for the orbital angular momentum is therefore not
comprehensive enough to include also the spin angular momentum.

Because the commutation relations play a fundamental role in quantum mechanics,
the way forward is to adopt the following general definition of angular momentum: a
vector operator J is an angular momentum if its components are Hermitian operators
satisfying the commutation relations

[J.\’7 J)] =ihj:’ [J)‘7 JZ] =ih-,,\'9 [J;9 Jx]—_-ihjy (6.139)
which are equivalent to the vector commutation relation
Jx J=inl. (6.140)

Moreover, using the commutation relations (6.139), and proceeding as in the cases
of the orbital angular momentum (see (6.20) and (6.21)), one finds that if J,, J, and
J., are, respectively, the components of J along the three orthogonal unit vectors a,
Vand W = 1 x V, then

[Ju, o) = 1HJy, [Jy, Jw] = 1Ay, [Jw, ] =ik d,. (6.141)

From the commutation relations (6.139), one also deduces that the square of the
angular momentum operator,

P=Jl+ 0l + 2 (6.142)
commutes with J,, J, and J., namely
2. L1=0J 1= J]=0. (6.143)

The proof is entirely similar to that given in Section 6.1 for the orbital angular
momentum (see (6.13)). We shall summarise the relations (6.143) by writing

32,3 =0. (6.144)

Because J> commutes with each of the components of J, simultaneous eigenfunc-
tions of J? and any component of J (for example J.) can be found. Starting with the
definition of the angular momentum based on the commutation relations (6.139), and
without adopting any specific representation, we shall now obtain the eigenvalues of
J? and J., which will be seen to include both integer and half-odd-integer values of
the angular momentum quantum numbers.

The eigenvalues of J and J, are real, since J* and J. are Hermitian operators.
Moreover, the eigenvalues of J? must be either positive or zero. For later convenience
we shall write the: eigenvalues of J? in the form j(j + 1)A2 and those of J- in the
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form’ mk, with j > 0. Denoting the simultaneous eigenvectors of J? and J.by |jm),
J g

we have

Pljm) = j( + DA?|jm) (6.145)
and

Jz|jm) = mh|jm). (6.146)

Because the expectation value of the square of a Hermitian operator must be positive
(or zero), we have

F) = (D + I+ D)

> (J}) (6.147)
and it follows that
JG+1D>m (6.148)

We now introduce the raising and lowering operators (compare with (6.116))

Jy = Jo +1Jy, Jo=J —1iJy (6.149)
and we note that

J=U, J=1,. (6.150)

As in the case of the orbital angular momentum (see (6.117) and (6.118)) we have
the relations

[J2, J:1=0 (6.151a)

Jude =Y —J2 £ hJ, (6.151b)

[Jy, J_)=2hJ, (6.151c¢)
and

[Jz, J&) = £hJy. (6.151d)

Using (6.151a) and (6.151d), we see that J_.| jm) are simultaneous eigenvectors of J?
and J, belonging, respectively, to the eigenvalues j (j + 1)A% and (m + 1)A. Indeed,
since [J2, J.] = 0 we have

P(Jeljm)) = J: B jm) = j(j + DA (Jxljm)) (6.152)
and from (6.151d) we find that
J.(Jzljm)) = J(J|jm)) £ hJx|jm)
= (m £ 1)h(Jx|jm)). (6.153)
7 For notational simplicity we shall use here the symbol m for the ‘magnetic’ quantum number associated

with the operator J;. Whenever it will be necessary, we shall add subscripts and write m;, m, or m; to
denote the magnetic quantum numbers associated with the operators L., S, or J;.



6.5 General angular momentum. The spectrum of J*> and J, W 295

By operating repeatedly with J, a sequence of eigenvectors of J, can be con-
structed, with eigenvalues (m + 1)A, (m + 2)A, and so on, each of which being
an eigenvector of J? corresponding to the eigenvalue j(;j + 1)A%. Similarly, by
repeated operation with J_, a sequence of eigenvectors of J, can be constructed, with
eigenvalues (m — 1)k, (m — 2)#, etc., and again each of them is an eigenvector of J?
with the same eigenvalue j(j + 1)4%. Now, in view of (6.148) for each j there must
be a maximum (top) eigenvalue, say mr#, and also a minimum (bottom) eigenvalue
mghi, so that the ladder of eigenvalues of J, cannot continue indefinitely in either
direction. Therefore, the quantity mt — mp must be a positive integer or zero

mr—mpg =n, n=0,1,2,... (6.154)
If J, is applied to the state | jmT), the sequence terminates and

Jiljmr) = 0. (6.155)
From the above result and from (6.151b), we have

J_(Jiljmr)) = (% = J2 = hJ)|jmr)
= [j(j + 1) — m2 — mr)h?|jmt)
=0 (6.156)

where we have used the fact that J,| jmt) = mrh|jmT). Thus
JG+ 1) =m3+mr. (6.157)
Similarly, if J_ is applied to the state | jmp), the sequence terminates, so that
J_|jmg) = 0. (6.158)
From this relation and from (6.151b), we have in this case

Ji(J_|jmg)) = (J* — JZ + hJ)|jms)
= [j(j + 1) — m + mplh?| jmp)
=0 (6.159)

since J,|jmg) = mgh|jmpg). Hence

jU+1)=mg—mp. (6.160)
The two equations (6.157) and (6.160) require that

m% + mr = m} — mg. (6.161)
This equation has two solutions:

mrt = —ms, mrt = mpg — 1. (6.162)



296 M Angular momentum

6.6

The second solution contradicts (6.154), so that we must have mt = —mg, and hence
also mt > 0. Going back to (6.157) and using the fact that j is also non-negative,
we find that the only acceptable solution of this equation is mt = j. Thus

mr=j, mg=—j. (6.163)

Now, as mt — my is a positive integer or zero (see (6.154)), 2j must also be a positive
integer or zero, so that the allowed values of the angular momentum quantum number
Jj are

ji=0313,213 .. (6.164)

Moreover, because the maximum value of the magnetic quantum number m ismt = j
and its minimum value is mg = — j, the allowed values of m, for a given j, are the
(2j + 1) values

—jo=i+ 1 (6.165)

Our general definition of angular momentum, based on the commutation rela-
tions (6.139), therefore leads to integer (including zero) and half-odd-integer values
for j (and hence for m). As we have seen above, half-odd-integer values of j are
excluded in the case of the orbital angular momentum, where j =1 =0, 1, 2, etc. On
the other hand, in the case of the spin angular momentum the quantum number j has
a fixed value s which is an integer (or zero) for some particles, and a half-odd-integer
for others. For example, pions have spin zero (s = 0), photons have spin one (s = 1),
electrons, protons and neutrons have spin 1/2, the 2~ particle (a particle with a mass
roughly 1.8 times that of the proton and a lifetime of about 1071 s) has spin 3/2.

Matrix representations of angular momentum operators

Let us consider the simultaneous eigenvectors | jm) of J* and J.. These eigenvectors
can be chosen to be normalised to unity, (jm|jm) = 1. Moreover, the eigenvectors
of Hermitian operators belonging to different eigenvalues are orthogonal. We can
therefore adopt the orthonormality conditions

(.//m/“m) = sjj"smm“ (6-166)

Using as a basis the eigenvectors |jm) of J* and J., it is easy to find a matrix
representation of the angular momentum operators. First, we note that the matrices
representating the operators JZ and J. are diagonal, with elements

I jmjm = ('m' |1 jm)
= j( + VA8, 8mm (6.167)
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and
() jm jm = (j'm'|J:| jm)
= mhd;jSpm . (6.168)

In order to find the matrix elements of J, and J,, it is convenient to obtain first
those of the operators J, and J_. To this end, we remark that

Jiljm) = Niljm £ 1) (6.169)
where N. are normalisation factors. Since both |jm) and |jm + 1) are normalised
to unity

IN.? = (jmlJLJeljm)

= (jm|JzJ|jm)
=[G+ —m@m= D]A? (6.170)

where we have used (6.150) in the second line and (6.151b) in the last line. Adopting
the convention that N, are real and positive, we have

Ne=[j(+1) —m(m=£1]"h (6.171)
The matrix representation of J,. follows. It is

(j+)j’m"jm = (]Im/|j+|]m)
=[G+ 1) —m@m+ D128 8mmsr- (6.172)

In the same way, we find that
) jmjm =G+ 1) —m(m — D118 8mm-1. (6.173)

The matrix representations of J, and J, can be found at once from those of J, and
J_ by using the relations (see (6.149))

Je = %(JJr +Jo), Jy = %(JJ, - Jo). (6.174)

It is clear from the above results that the matrices representing the angular mo-
mentum operators J,, Jy, J;, Ji, J_ and J? in the basis |jm) are diagonal in j.
We therefore have an infinite number of representations for these matrices, each of
them characterised by a given value of j(j =0, 1/2,1,3/2,...) and having 2j + 1
columns and rows, labelled respectively by the values of m and m’. One may take
all these representations together to form one single representation of infinite rank,
or we may consider each of the representations of dimension 2j + 1 separately. The
first three finite-dimensional representations, for j = 0, 1/2 and 1, are given below
for the operators J,, J, J. and J

(1) For j =0
Je = (0), Jy = (0), J. = (0), 2 =0 (6.175a)
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where (0) is the null matrix of unit rank.
(2) For j =1/2

h (01 h(0 —i
J"_5(10>’ J-“‘E(i 0)

_h(1 0 » _3.,(10
J. = 3 (o _1), J = Zh (0 1)' (6.175b)
(3) Forj=1
010 0-i 0
h h
Jo=—|101], Jy=—1]i 0 —i
V2 010) vZ\o i o
100 100
J.=hl00 0 |, J=2%|010}. (6.175¢)
00 -1 001

Since the orbital angular momentum L is a particular angular momentum for which
the quantum number j (= /) is an integer or zero, one can use the matrix representa-
tions with j =/ =0, 1, 2, ... for the orbital angular momentum operators. In fact,
when j (= [) is an integer or zero, the basic results (6.167), (6.168), (6.172) and (6.173)
can be obtained by using the properties of the spherical harmonics Y, (6, ¢), which
represent the kets |/m) in the position representation. Indeed, from (6.63), (6.64) and
the orthonormality property (6.103) of the spherical harmonics, we have

L) im = / Y 6. 9LV, (6, $)d02
= 1(l + D)A%811 8 (6.176)
and
(L)rm im = / Yy (0, @)L Y1 (6, $)d2
= mhdiSmm’ 6.177)
while from (6.123) we obtain the matrix representations of the operators L and L_
Lhnin = [ 1 0. 9)Ls¥in(6. 91002

=[d+1)—m@m £ D288 8mmsr. (6.178)

The vector model introduced in Section 6.3 to visualise the orbital angular mo-
mentum can readily be extended to all angular momenta. To see this, we first note
from (6.172)—(6.174) that

(Jx) = (jm|Jc|jm) =0 (6.179a)
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and similarly
(Jy) = (jm|Jy|jm) = 0. (6.179b)
Also, from (6.174), (6.151b) and the fact that (jm|J+|jm) = 0, we have
(5 = (JhH =13 -J2
= 3L+ = m’Ip? (6.180)
so that an angular momentum J can be viewed as a vector, of length /j(j + 1),

precessing about the z-axis, the 2j + 1 allowed projections of J on this axis being
given by mh, withm = —j, —j +1,..., +j.

Spin angular momentum

In Chapter 1, we reviewed some of the evidence showing that ‘elementary’ particles
possess an internal degree of freedom which behaves like an angular momentum and
is termed spin. In what follows we shall use the symbol S to denote the spin angular
momentum operator of a particle, rather than J which we used in the two previous
sections to denote angular momentum in general.

Since the spin operator S is an angular momentum, its Cartesian components S,
S, and S_ are Hermitian operators satisfying the commutation relations (see (6.139))

[S:, Sy =1AS., [Sy, S;]1=1ihS,, [S., S¢] =ihS, (6.181)
which may also be rewritten as
S xS =iAS. (6.182)

From the general theory of angular momentum discussed in Section 6.5, we know
that the square of the spin angular momentum operator,

S’ =S+ +8? (6.183)

commutes with S,, S, and S.. Thus simultaneous eigenvectors of S and S, can be
found, corresponding to eigenvalues s (s + 1)42 and m A, respectively. In the notation
of Section 6.5 these eigenvectors, normalised to unity would be written |sm;). In what
follows, however, it will be more convenient to denote them by the symbol x; ... We
therefore have

SZXS.m‘ =s(s + l)hZXs‘m‘ (6.184)
and
S: Xsom, = MshXs.m,- (6.185)

It follows from the general discussion of Section 6.5 that the spin quantum number
s (usually abbreviated as spin) can be an integer (including zero) or half an odd
integer. Particles having integer spin (s = 0, 1, 2, .. .) are called bosons while those
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having half-odd-integer spin (s = 1/2, 3/2, ...) are called fermions. Regarding the
quantum number m;, we know from the general theory developed in Section 6.5 that

it has (2s + 1) allowed values, given by —s, —s + 1, ... , +s. Furthermore, from the
orthonormality condition (6.166), we have
(Xs,mi |Xs.m‘) = 6mfm§ . (6.186)

If the (25 + 1) eigenvectors ;. are used as a basis, the spin operators S, Sy, S.
and S? are represented by (2s + 1) x (2s + 1) matrices, which are of course the same
matrices as those appearing in the (2j + 1) dimensional representation of the general
angular momentum operators J, J,, J. and J?, with j = 5. The eigenvectors x;.m,
are then represented by column vectors with (2s + 1) components, all components
being equal to zero except one, which is equal to unity. For example, in the case of
spin one (s = 1) we see from (6.175c) that

A 010 A 0-i0
Ss=—1101 S,=—|[1 0 —i
V2\o10 VZ\o i o
10 0 100
S.=h|00 0 $2=2r2|010 (6.187)
00 -1 001
and it is readily verified that the three spin eigenvectors
1 0 0
xii=10 xio=|1 xi-1=10 (6.188)
0 0 1

correspond respectively to eigenvalues +4, 0 and —# of S. and to the eigenvalue 24>
of S2. We remark that in matrix notation the orthonormality relations (6.186) read

Xe s Xs.m, = o, (6.189)

where x; - the Hermitian adjoint of ., is a row vector. For example, the
Hermitian adjoints of the spin-one eigenvectors (6.188) are

xii=(100),  xio=(010), x,=(001) (6.190)

and the orthonormality relations (6.189) can easily be checked by using the rules of
matrix multiplication. For instance

1
X:‘IXLI =(1o00)|o}=1,
0

1
e

XiaXio = (100) (6.191)

=



6.7 Spin angular momentum W 301

In the position representation — in which r is diagonal — the state vector |W (¢))
of a spinless particle is represented by a wave function W (r, t) which is in general
a function of the three dynamical variables x, y, z describing its position, and of the
time ¢. From the foregoing discussion it is apparent that in the case of a particle
having spin s the wave function must also depend on an additional spin variable
describing the spin orientation of the particle. In a representation in which r and S.
are diagonal, the state vector |W (¢)) will therefore be represented by a wave function
Y(r, t, o), in which the spin variable o, denoting the component of the spin along
the z-axis, can only take on 2s + 1 values —s#, (—s + 1)A, ... , sh corresponding to
the 2s + 1 possible values of the quantum number m,. We emphasise that in contrast
to the position variables x, y and z, which vary in a continuous way, the spin variable
o can only take on discrete values; this variable has no classical analogue.

We shall assume that the basic postulates of quantum mechanics discussed in
Chapter 5 also apply to the new independent spin variable ¢. In particular, we may
expand a general wave function W (r, ¢, o) for a particle having spin in terms of the
basic spin eigenfunctions x; .. That is

+s
W t,0)= Y W (X.0sm, (6.192)

m=—s

so that a particle of spin s is described by a wave function W having 2s + 1 components
W, (r, t), each of them corresponding to a particular value of the spin variable o.
For example, in the case of spin one we may use the three spin eigenvectors (6.188)
to write the wave function W as a column vector:

1 0 0
Y, t,o) =¥@) |0 +Y@ErnH|l]+¥ @ n]|0
0 0 1
W (r, 1)
= | Wo(r, 1) (6.193)
\ll_l(l', t)

where the three components ¥, ¥, and W_; correspond respectively to the values
+#, 0 and —# of the spin variable 0. We note that the requirement that the wave
function (6.192) be normalised to unity reads

(W) =1 (6.194a)
where

(W|W)

/\I’*(r,t,a)\l/(r, t,o)dr

+s
> / Wy, (r, £)|2dr (6.194b)

my=—s
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and we have used (6.192) and (6.189). For instance, in the case of the spin-one wave
function (6.193) we have

Y (r,t)

(VW) = f(‘l-‘,*(r,t) W, 1) Wr (r, ) | Wolr,r) |dr
W_(r, 1)
= f (W (x, )12 + |Wo(r, 1)* + [W_(r, £)[]dr. (6.195)

Having expanded the wave function W according to (6.192), we may interpret the
quantity |, (r, t)|2dr as the probability of finding the particle at time ¢ in the volume
element dr with the component of its spin along the z-axis equal to mh, provided the
wave function W is normalised to unity. The probability that the particle be found at
time ¢ in the volume element dr, independently of its spin orientation, is equal to

+s
> Wy, (r, 1) %dr (6.196)

my=—s

and the integral

/ |W,,, (r, 1)|*dr (6.197)

gives the probability that the component of the spin along the z-axis is equal to m /4
at the time . We remark that if the particle is in an eigenstate of S, corresponding to
a definite value m; of m, its wave function has the form

‘I-‘(l‘, t, 0) = ‘I-’,;,‘ (l‘, I)XS',;,‘ (6.198)

and hence all the components of W are zero except the one corresponding to the value
& = mh of the spin variable o.
The expectation value of an operator A is given by the usual expression (see (5.28))
(VIA|W)
(A= !
(W)
where (W|W) is given by (6.194b). Using (6.192) and (6.189), the matrix element
(W|A|W) reads

(6.199)

(V]|A|W) = f\lﬁ(r,t,a)A\I’(r,t,a)dr

+5 +s5
=y X / W (5, 1) Ayt W (r, 1)dr (6.200)
mi=—sm;=—s
where
Am‘mg = (Xs.m‘lAlx.s.m;) (6-201)

is the (25 + 1) x (2s + 1) matrix representing the operator A in ‘spin space’.
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It is important to note that the position and time variables on the one hand, and
the spin variable on the other, can be studied separately and can then be assembled
by using (6.192). One can therefore focus the attention on the spin properties, and
temporarily disregard the dependence of the wave function W on the position and
time variable. The (spin) state of a particle of spin s is then determined by a wave
function x; which is in general an arbitrary superposition of the (2s + 1) basic spin
eigenstates X, , namely

+s
Xs = Z Am Xs.m, (6-202)

where the a,,, are complex coefficients. If x; is normalised to unity, so that x; x, = 1,
then |a,, |? is the probability of finding the particle in the basic spin state x;., , and
from the orthonormality relations (6.189) we have

+s
> lam P =1. (6.203)

m,=—s

It is also interesting to note from (6.184) and (6.202) that for an arbitrary spin
function x, one has 8%y, = s(s + l)h2 Xs- More generally, since the operator S2 does
not act on the variables r and ¢, we can write the relation

S*W = s(s + )A*W (6.204)

for an arbitrary wave function (6.192) corresponding to a particle of spin s. The
above relation means that in contrast to the case of the orbital angular momentum,
the operator S? is a purely numerical one, which can be written as

§? = s(s + DA% (6.205)

Finally, we remark that if spin-dependent interactions are negligible, so that the
Hamiltonian H of the particle is spin-independent, the wave function ¥(r, t,0) of a
particle of spin s will simply be the product

q"(r9 I# 0) = w(“# I)XY (6.206)

where W (r, t) is a (spinless) solution of the Schrodinger equation i3V /3t = HW,
and x; is the spin function of the particle. From (6.192) and (6.202) the 2s + 1
components of the wave function are then given by

W, (r,1) = W(r, )apn.. (6.207)

Spin one-half

In this section we shall now discuss in more detail the simplest non-trivial case of spin
quantum mechanics, namely that of particles of spin s = 1/2. The non-relativistic
theory of spin-1/2 particles was first developed by W. Pauli in 1927. It is a very
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important case, since electrons and nucleons (protons and neutrons), the building
blocks of atomic and nuclear physics, have spin 1/2. Moreover, it is also believed
that all the hadrons (the strongly interacting particles), including the proton and the
neutron, are made of more elementary constituents, the quarks, which also have spin
1/2.

Since for a particle of spin s = 1/2 the only possible values of m; are m; = +1/2,
the spin variable o can only take the two values +#/2 and —#/2, and there are only
two independent normalised spin eigenfunctions x; ., , namely x1,2.1,2 and x1,2.—1/2-
We shall denote them by o and B, respectively. Thus

@=X11, B=x1_1 (6.208)
2'2 272
and we see from (6.184) and (6.185) that
3 3
S’a = Sha, S’ =hB (6.209)
4 4
and
h h
= —qa, S.8=—-8. 6.210
S.a 2“ B 25 ( )

The two basic spin-1/2 eigenfunctions « and B are said to correspond respectively to
‘spin-up’ (1) and ‘spin-down’ (|) states. They satisfy the orthonormality relations
(see (6.186))

(ala) = (BIB) =1
(@|B) = (Bla) =0. (6.211)
Introducing the raising and lowering operators
S+ =8 £iS, (6.212)
and using the general relations (6.169) and (6.171) with j = 1/2 andm = £1/2, we
find that
Sia =0, SiB = ha, (6.213a)
S_a = hp, S_g=0. (6.213b)

From (6.210), (6.212) and (6.213) we can construct a table which tells us how the
components of S act on « and . That is

salhs  spt
Xa - 2 ’ X - 2a
in in
S,a = 'Eﬂ, S, = —%a (6.214)

h
S0 = za, S:p= —Eﬁ
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According to (6.192), a general wave function for a particle of spin 1/2 can be
expanded in terms of the two basic spin states « and 8 as

W(r,t,0) = W, Ho + Y_jo(r, 1)B. (6.215)

If we concentrate our attention on the spin variable only, we can, following (6.202),
write a general spin-1/2 function as

X =aa + bp (6.216)

where in order to simplify the notation we have set x = x12,a = ajpandb = a_y ;.
If x is normalised to unity, so that (x|x) = 1, then using (6.211) we have

lal® + |b)* = 1. (6.217)

The probability of finding the particle in the ‘spin-up’ state « (i.e. the probability that
a measurement of S. will yield the value +#/2) is given by |a|?, while |b|? is the
probability of finding the particle in the ‘spin-down’ state B (i.e. the probability that
the value —#/2 will be found upon measuring S.).

Using (6.204) with s = 1/2, we see that for an arbitrary spin-1/2 wave func-
tion (6.215) we have S2W = (3/4)h>W, so that S? is the purely numerical operator

§? = % =3 (6.218)

In addition, it follows from (6.214) that for any spin-1/2 wave function (6.215) one
has

hZ
2y = TV (6.219)
with a similar result for S)Z, and SZZ. We can therefore write
hZ
Sf = Sﬁ = S:2 = e (6.220)

Let us now explore in more detail the algebra of spin-1/2 operators. From (6.213)
we deduce at once that Si = 0 and hence, using (6.212) and (6.220), we find that

0= (S £iS,)* = S; — S2 £i(S, Sy + 5,5:)
= (5. Sy + 5,5:) (6.221)
so that
S8, + 8,8, = 0. (6.222)

It is easy to verify (Problem 6.15) that the same relation holds between any different
pair of components. If we introduce the anticommutator [A, B], of two operators A
and B, which is defined by the relation

[A,B]ly =AB+ BA (6.223)
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we have
[S., Sy]+ =0, [Syv S+ =0, [S., Sely = 0 (6.224)

so that the operators S, S, and S, anticommute in pairs. Combining the above

anticommutation relations with the basic commutation relations (6.181), we find that
1

SiS; = ES" (6.225)

where i, j, k = x, y or z, in cyclic order. This relation is very useful because when

used together with (6.220) it allows one to reduce an arbitrary product of spin-1/2

operators either to a spin-independent term or to a term linear in S, S, and S.. For

example
ih K2 (ih ih\ K [ih
5:5,5.5,5.5; = $.5,85.S, > s,=s,s_vsZT 3 =8, > SX7 >
K2 (ih\ B [k K
_A(mya i\ __r 6.226
4(2)4(2) 64 (6.226a)
and
ik K% (ih
5:8,8:5:S.S: = 5.5,5.S, > S, = SXS,SX7 >
= s (<)) < (s, ()
2 4\ 2 2 2/4\2
ind
=——3§,. 6.226b
327 ( )

As a result, the most general spin-1/2 operator can be written in the form

A= Ag+AS, +AS, +A.S.
= Ag+A.S (6.227)

where the operators Ag, A, A, and A; are spin-independent.

It follows from the general theory of angular momentum which was developed
earlier in this chapter that one cannot ascribe any meaning to the statement that the
spin vector S is in a given direction. Indeed, this would imply that its three components
Sx. Sy and S. could be measured simultaneously with arbitrary precision, which is
impossible since they do not commute. In particular, we see from (6.220) that when
the particle is in the ‘spin-up’ state « or the ‘spin-down’ state 8 the expectation values
of 52 and S? are given by (S2) = (S2) = h?/4, so that the x- and y-components of the
spin are not zero. However, one can speak of the average spin direction. For example,
if the particle is in the ‘spin-up’ state ¢, one finds from (6.211) and (6.214) that the
average value of S. is given by (S;) = #/2, while (S,) = (S,) = 0. Similarly, if the
particle is in the ‘spin-down’ state f, one has (S,) = —#/2 while (S,) = (S,) = 0.
In what follows it is always in this average sense that a spin-1/2 particle will be said
to have its spin ‘up’ or ‘down’. These results, which are particular cases of those
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ms=+ 7

Figure 6.5 The vector model of the spin, for a particle of spin 1/2. The spin vector §, of length
v/ 3/4h, precesses about the z-axis, the only allowed projections of § on the zaxis being m;h,
with mg = +£1/2.

obtained in Section 6.6 for a general angular momentum (see (6.179) and (6.180)) can
conveniently be visualised with the help of the vector model, as illustrated in Fig. 6.5.

If the two basic spin-1/2 eigenvectors « and 8 are used as a basis, the spin operators
are represented by 2 x 2 matrices. Thus, using our previous results (6.175b) with
Jj=s5=1/2, we have

h (01 h (0 —i
_h(1 0 > 3.,(10
S, = > (O _1>, §° = Zh 01 (6.228b)
and from (6.172) and (6.173) we also deduce that
01 00
S, =h (0 0) , S_=h (l O) . (6.229)

The normalised spin-1/2 eigenvectors @ and 8 are given by the two component
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column vectors

o= ((‘)) B = (?) (6.230)

and may be considered as the basis vectors of a two-dimensional ‘spin space’. The
orthonormality relations (6.211) can then be written in the form

o’la = pTp=1

a'p=pa=0 (6.231)
where the Hermitian adjoints o' and B are the row vectors

a'=(10), p'=(01). (6.232)

From (6.216) and (6.230), we see that a general spin-1/2 function x is now
represented as

x=a (3) +b (?) - (Z) . (6.233)

If x is normalised to unity, we have
* * a
x'x = (a* b%) (b) =1 (6.234)

so that |a|? + |b|*> = 1, in agreement with (6.217). More generally, if we take into
account the position coordinates r of the particle and the time ¢, we can write a general
wave function (6.215) for a particle of spin 1/2 in the form of a two-component wave
function (also called a Pauli wave function)

Wy o(r, 1) ((1)) +W_p(r, 1) ((1))

_ [ Wip@rn
B (‘1’—1 2.t )) ’ (6.235)

Y(r,t, o)

The Pauli spin matrices
When working with the spin operators for spin 1/2, it is convenient to introduce the
Pauli vector operator o by the relation
h
S= 37 (6.236)

From the basic commutation relations (6.181) we deduce immediately that
oy, 0] = 2io., [0y, 0.]=2io,, [0, 0,]=2i0, (6.237)
and by using (6.220) we infer that

ol=o0,=0=1 (6.238)
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We also note from (6.224) that o,, o, and o. anticommute in pairs, so that we may
write

[O’,‘,O’j].', = 25,‘1' (l,j =x,y0rz). (6.239)
From (6.225) and (6.236) we also have
;0 = iO’k (6.240)

where i, j,k = x, y or z, in cyclic order. From (6.239) and (6.240) it also follows
(Problem 6.16) that

(0.A)(0.B) = A.B +io.(A x B) (6.241)

where A and B are two vectors, or two vector operators whose components commute
with those of o. In the latter case the order of A and B on both sides of (6.241) must
be respected. For example

(o.r)(oc.p) =r.p+io.(r x p). (6.242)

Using (6.236) and the matrix representation (6.228) of the spin-1/2 operators S,
S, and S., we find that o, o, and o. are represented by the matrices

o, = ((1’ (')) o, = (? B‘), 0. = ((1) _01) (6.243)

which are known as the Pauli spin matrices. We see that the traces of all Pauli spin
matrices vanish,

Tro, = Tro, = Tro. = 0 (6.244)
and that
deto, = deto, = deto. = —1 (6.245)

where det means the determinant. Moreover, the unit 2 x 2 matrix / and the three
Pauli matrices (6.243) are four linearly independent matrices. They form a complete
set of 2 x 2 matrices, in the sense that an arbitrary 2 x 2 matrix can always be expressed
as a linear combination of I, o,, o, and o-, with coefficients which can be complex.

Eigenvalues and eigenfunctions of an arbitrary spin-1/2 component

Let i be a unit vector with polar angles (6, ¢) as shown in Fig. 6.6. The component
of the spin vector S along fi is S, = A.S. In order to find the eigenvalues and
eigenfunctions of §,, we must solve the eigenvalue equation

Sax = vhx (6.246)

where we have written the eigenvalue as v/i for further convenience. Since the
Cartesian components of i are (sin 6 cos ¢, sin 8 sin ¢, cos 6), we find with the help
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Z{L

<V

X

Figure 6.6 The unit vector i of the text, having spherical polar angles (6, ¢).

of (6.228) that
Sy = Scsinfcos¢ + Sy sinfsing + S, cosé
h (cos® sinfe™¢
=2 (sin Pe'® — cos ) ) (6.247)

Writing the spin function as x = <Z), we have

i
=5 (smten oo ) 248
Hence (6.246) reduces to the set of two linear, homogeneous equations
(cos O — 2v)a + sinfe ®b = 0 (6.249a)
sinfe®a — (cos6 +2v)b = 0 (6.249b)
which have non-trivial solutions only if
_ L De—id
inge  —(eost +20)| =0 (6.250)

The determinant on the left-hand side being equal to 4v% — 1, we must have v = +1/2.
If v = +1/2, we see from (6.249) that
b 0 ;
— =tan —¢'®. (6.251)
a 2

Hence, apart from an irrelevant phase factor common to a and b the corresponding
spin function x4, normalised according to (6.234), may be written as

COs %
Xt = : (6.252)

in &ei¢®
sin 5e
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We note that the expectation values of the components of S in this state x; are
(Problem 6.17)

h
(Sy) = 3 sin 6 cos ¢

h

(S,) = EsinesindJ (6.253)
h

(S,) = 50050

so that the polar angles 6 and ¢ give the direction of (S). In this sense we shall say
that the spin is ‘up’ in the direction of fi. Using (6.233), we also remark that if the
z-component of the spin of a particle in the state x; is measured, the probability of
finding the spin ‘up’ is |a|*> = cos?(9/2). As 6 varies between 0 and 7, |a|? varies
between | and 0.

If v = —1/2, we have from (6.249),

b__ cot %ew (6.254)
a

and the corresponding normalised spin function x; may be written (apart from an
arbitrary phase factor common to a and b) as

i@
Xl=< M ) (6.255)

—cos %ei"’

Upon calculating the expectation values of the components of S in the state x, it
is readily verified (Problem 6.17) that the direction of (S) is now given by the polar
angles (7 — 0, ¢ + ), and we shall say that the spin is ‘down’ in the i direction.

It is a simple matter to check (Problem 6.18) that the two spin functions x4 and x
form a complete orthonormal set. We also remark that when 6 = 0 the spin function
X1+ reduces to

o= ()

while the spin function x, reduces (apart from a phase factor) to

ﬁ=(?),

as expected.

Total angular momentum

Let us conside a particle which possesses a spin angular momentum. If S denotes its
spin angular momentum operator, and L its orbital angular momentum operator, the
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total angular momentum operator of this particle is
J=L+S. (6.256)

Since the orbital angular momentum L and the spin angular momentum S operate on
different variables (L operates on the angular variables and S on the spin variable),
all the components of L. commute with all those of S. As a result, the commutation
relations for the components of J are the same as those for the components of L and
those of S, and are given by (6.139).

More generally, let us consider an isolated system of N particles. Its total angular
momentum operator is the sum of the angular momentum operators of the individual
particles,

N
J= Z J; (6.257)
i=1

where J;, the angular momentum operator of the ith particle, is the sum of its orbital
angular momentum operator L; and of its spin angular momentum operator S; (if

any)
Ji =L; +8. (6.258)

Note that (6.257) may also be written in the form of equation (6.256), provided that
L now denotes the fotal orbital angular momentum operator of the system, as defined
by (6.23), and S is now the total spin operator

N
S=)_S. (6.259)
i=1

We observed at the end of Section 6.1 that because operators acting on different,
independent variables commute, all the components of L; commute with all those of
L, when i # k, so that the components of the total orbital angular momentum L obey
the same basic commutation relations (6.25) as those obtained for the case of a single
particle. Likewise, when i # k all the components of S; commute with all those of
Sk, and all the components of J; commute with all those of Jx. As a consequence, the
components of the total spin operator (6.259) and those of the total angular momentum
operator (6.257) also obey the basic commutation relations (6.139) characteristic of
angular momenta.

Total angular momentum and rotations

In Section 6.2 we considered the effect of spatial rotations on an isolated system of
N spinless particles, and we found that the component of the total orbital angular
momentum L along an axis is the generator of infinitesimal rotations about that axis
(see (6.43)). The key properties of the generators L, L and L corresponding respec-
tively to infinitesimal rotations about the x-, y- and z-axes are the basic commutation
relations (6.25). Similarly, the generators L, = 4.L, L, = v.L and L,, = w.L
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corresponding respectively to infinitesimal rotations about the three orthogonal unit
vectors @i, Vand W = @ x V satisfy the basic commutation relations (6.21).

Likewise, in the case of a system of particles possessing both orbital angular
momentum and spin, we can take the generators of infinitesimal rotations about the
x-, y- and z-axes to be given respectively by the Cartesian components J,, J, and J,
of the total angular momentum J of the system, which satisfy the basic commutation
relations (6.139). In the same way, the generators of infinitesimal rotations about
the three orthogonal unit vectors @, ¥ and W = @ x ¥ can be taken, respectively,
to be the components J, = u.J, J, = v.J and J,, = Ww.J which also satisfy the
basic commutation relations (see (6.141)). Thus, in analogy with (6.43), the unitary
operator corresponding to an infinitesimal rotation by an angle S« in the positive
sense about an axis oriented along an arbitrary vector i is now given by

Us(Sa) = I — %Baﬁ.J (6.260)

and we shall say that the rotal angular momentum J of the system is the generator
of infinitesimal rotations in the combined space of spatial plus spin variables. The
unitary operator corresponding to a finite rotation of angle « about i is

Us() = exp<— hiaﬁ..]) (6.261)

which is the direct generalisation of (6.51). From (6.26) and (6.261) the state vector
describing the system must therefore transform under a rotation of angle « about i
as

V' = Up(a) ¥
= exp(—%aﬁ..])\l'. (6.262)

Since the Hamiltonian of an isolated system is invariant under rotations, and because
J is the generator of infinitesimal rotations, it follows from (6.31) and (6.260) that for
an isolated system

[J.H]=0 (6.263)

so that the total angular momentum is conserved. Conversely, if the Hamiltonian
H of a system of particles commutes with the total angular momentum operator
J, then H is invariant under rotations. Equation (6.263) is the generalisation of
equation (6.53) to particles or systems of particles which may possess a spin angular
momentum. From (6.263) and (6.144) it follows that the operators H, J? and J.
mutually commute, so that the eigenfunctions of H can be searched for among those
common to J? and J., a fact which greatly simplifies the eigenvalue problem of H.
If the eigenvalues of J* and J, are denoted respectively by j(j + 1)4% and mh, the
energy eigenvalues corresponding to the same value of j but different values of m
must be identical. This is because there is no preferred direction of space for an
isolated system, so that the energy eigenvalues cannot depend on the projection of
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the total angular momentum on the z-axis, and hence are independent of the quantum
number m.

Rotations in ‘spin space’

Let us return to the equation (6.262), which tells us how the state vector describing
a system transforms under a rotation of angle o about the unit vector fi. In what
follows we shall concentrate on the transformation properties of spin functions under
rotations. Since J = L + S and the orbital angular momentum L acts only on the
angular variables, it follows from (6.262) that under a rotation of angle « about i, a
spin function x; for a particle of spin s transforms into a new spin function x; such
that

X, = exp(—%aﬁ.S) Xs- (6.264)

In particular, for a spin-1/2 particle we have (dropping the subscript 1/2)

"= ex iaﬁ
x' = exp| ~izi.o )x
. (1 cos% —if.o sin %) X (6.265)

where I denotes the unit 2 x 2 matrix and we have used the equations (6.236)
and (6.241). For example, in the case of a rotation of angle o about the z-axis
we have

! I cos = — io, sin =
= [/ cos = —io.sin =
X 3 z 3 X

e—ia/Z 0
= ( 0 ei"/z) X. (6.266)

An object x with one column and two rows which transforms under spatial rotations
according to (6.265) is called a spinor. We remark that if a full rotation of angle
« = 2m is made, we have x’ = —x. This change of sign of spinors under rotations
should not deter us from using them, since all the matrix elements giving measurable
quantities (such as expectation values) depend bi-linearly on the spinors.

Let us now return to (6.264) giving the transformation property of a general spin
function under rotations. For a rotation of angle « about the z-axis, we have

X, = exp(—%aSz) Xs - (6.267)
Using (6.185) and (6.202), we see that for a rotation of angle ¢ = 2r

X. = exp(—2mim;)x;
= (=)™, = (=¥, (6.268)
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where we have used the fact that 2s has the same parity as 2m;. Hence, when a full
rotation of angle 27 is made, the wave functions corresponding to particles of integer
spin return to their original values, while those corresponding to half-odd integer
values of s(s = 1/2,3/2, ...) change sign.

The addition of angular momenta

In many situations of physical interest we are dealing with systems whose Hamiltonian
H is invariant under rotations, and hence commutes with the total angular momentum
operator J (see (6.263)). We can then search for the eigenfunctions of H among the
simultaneous eigenfunctions of J? and J.. Consequently, it is very important to
determine the common eigenfunctions of J* and J..

Now, the total angular momentum operator J of a system is in general a sum of
angular momentum operators referring either to distinct sets of dynamical variables of
the system (such as the orbital angular momentum L and the spin angular momentum
S of equation (6.256)) or to distinct sub-systems (such as the individual angular
momenta J; of equation (6.257)). Since these ‘separate’ angular momenta whose sum
gives J correspond to distinct, independent quantities, they all mutually commute
(i.e. all the components of one of them commute with all the components of the
others). In addition, the components of each separate angular momentum satisfy
the basic commutation relations (6.139). As observed in Section 6.9, it follows that
the components of J also satisfy the commutation relations (6.139) characteristic of
angular momenta. Thus simultaneous eigenvectors of J? and J. can be found, which
correspond to eigenvalues j (j+ 1)/% and m#, respectively. As usual, fora given value
of j the quantum number m can take one of the 2 j+1 values —j, —j+1, ..., j. Now,
in general, we can obtain the eigenvectors and eigenvalues of the ‘separate’ angular
momentum operators. The addition problem consists of determining the eigenvectors
and eigenvalues of J? and J. in terms of those of the separate, independent angular
momentum operators.

In what follows we shall treat the simplest addition problem, namely that of adding
two commuting angular momenta. Thus we have

J=Ji+1) (6.269)

where J; and J, are any two angular momenta corresponding respectively to the
independent sub-systems (or sets of dynamical variables) 1 and 2.
Let | jym,) be a normalised simultaneous eigenvector of Jf and J_, so that

Bljim) = j1Gi + DA% jim)) (6.270)
and

Jiljimy) = mih|jim,). (6.271)
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Similary, let | jom>) be a normalised simultaneous eigenvector of J3 and J,., whence

Bljama) = jo(ja + DA?| jom2) (6.272)
and
Ja:| jama) = mah| jamy). (6.273)

A normalised simultaneous eigenvector of J?, J2, J; and J,, belonging respectively
to the eigenvalues j, (ji + 1)42, j2(j2 + 1)A%, m A and m;h is therefore given by the
‘direct product’

[Jij2mima) = |jimy)|jamz). (6.274)
For a fixed value of j;, m; can take one of the 25, + 1 values —j,, —j; +1, ..., ji,
and for a fixed value of j, the 2j, 4 1 allowed values of m; are —j,, —jo+ 1, ..., jo.

Hence, for given values of j; and j, there are (2j; + 1)(2j, + 1) ‘direct prod-
ucts’ (6.274) which form a complete orthonormal set, i.e. a basis in the ‘product
space’ of the combined system (1 + 2).

It is instructive to rewrite the direct products (6.274) in a more explicit way.
Suppose that instead of using the abstract eigenvector | j;m ) we denote by ¥/, (1) a
normalised simultaneous eigenfunction of Jf and J,; corresponding respectively to the
eigenvalues j, (j; + 1)A? and m k. Likewise, instead of using the abstract eigenvector
| jam>) let us denote by ¥/,.n,(2) a normalised simultaneous eigenfunction of J% and
J», belonging to the eigenvalues j>(j> + 1)A> and m,h, respectively. The normalised
simultaneous eigenfunctions of J2, J2, Ji; and J. corresponding respectively to the
eigenvalues ji (ji + 1)A2, j2(j» 4+ 1)A%, m ki and myh are then given by

Viijamimy (1, 2) = Y jim, (DY jym, (2). (6.275)

We emphasise that when operating on v/, j,m,m. (1, 2) the components of J; only
act on the variables denoted collectively by 1, while the components of J, only act
on the variables denoted by 2. In particular, from (6.269) and (6.275) we have

szfjljzm.mz(h 2) = (jlz + ‘IZZ)VIjnm (l)]//jgnu(z)
= [J1:Vjim, (DWW jomy (2) + ¥ jym, (D[22 ¥ jym, (2)]
= mlh]//jnm (I)szmz(z) + mzh'/fj.m. (l)]//jzmg(z)
= (m; + ml)h ¢j|j2m|m3(lq 2) (6.276)
which means that ¥, j,m,m, (1, 2) is also an eigenfunction of J. corresponding to the
eigenvalue (m; + m»)fi. In terms of abstract eigenvectors we can write the above
result as
oy jamymay) = (my + mo)h | ji jamymy). (6.277)

The fact that simultaneous eigenfunctions of J2, J3, J;. and J,. are also eigenfunctions
of J, could have been anticipated by noting that J. = J;. + J,, commutes with J?,
33, Ji; and J..
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Let us now consider the operator J°. From (6.269) we have
F=Ui+h)’=3l+E+2.J. (6.278a)

Because all the components of J; commute with all those of J,, and since
(33, 311 = [J3, J21 = O it follows that J* commutes with J? and J5. However, as

Ji.do = Jicdac + iy Doy + i Jo; (6.278b)

and since J;. does not commute with J;, or Jj,, we see that J? does not commute
with J).; likewise J? does not commute with J.. Consequently, the simultaneous
eigenfunctions of J? and J. are eigenfunctions of Jf and J %, but not (in general) of J,,
and Jo.. There are therefore two complete, but distinct descriptions of the system:
either in terms of the eigenfunctions of J?, J3, J;. and J,., given by (6.275), or in
terms of the eigenfunctions of J2, J2, J* and J.. We shall denote the latter (normalised

to unity) by <1>j:|"}2(], 2). Thus we have in particular

FoI" (1,2) = j(j + DA™ (1,2) (6.279)
and
J;q)j:"'. (1,2) = mhdi™ (1, 2). (6.280)

2 N2

Like the functions ¥, j,m,m, (1, 2), the functions <l>jl"} (1, 2) form a complete orthonor-

mal set, and hence are another basis in the ‘product space’ of the system (1 + 2).
These two basis sets of orthonormal eigenfunctions can therefore be related by a
unitary transformation

I (1,2 =Y (i jamimal jm) W, jumms (1, 2) (6.281)
nym;
where the summation must only be performed over m; and m;, since j, and j,
are assumed to have fixed values. The coefficients (j; jomm;|jm) of that unitary
transformation are called Clebsch-Gordan or vector addition coefficients. In the
Dirac notation we can write the unitary transformation (6.281) as

Ljrjzim) =Y (G jamimal jm)| ji jomim) (6.282)

where | j; jomm;) is given by (6.274).

In order to find out what are the allowed values of j for given j; and j, we proceed
as follows. We first notice that since ¥}, j,m,m. is an eigenfunction of J. belonging to
the eigenvalue (m; + m;)k (see (6.276)) we must have

m = my +m; (6.283)

so that the double sum in (6.282) reduces to a single sum. In other words the Clebsch—
Gordan coefficients must vanish unless m = m, + mj:

(j|j2m|m2|jm) =0 if m # m; + mj. (6.284)
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Moreover, because the maximum allowed values of m| and m, are given respectively
by ji and j», the relation (6.283) tells us that the maximum possible value of m is
J1 + Jja2. Since m can only take on the 2j + 1 values —j, —j + 1, ..., j, it follows
that the maximum possible value of j is j; + j». We remark that for j = j; + j, and
m = j; + j there is only one term in the sum on the right of (6.282), namely that
corresponding to m; = j; and m; = j,. Thus

CD::ZH PYR(L2) = Gjajualin + 2 i+ 20 (1,2) (6.285)

and since the eigenfunctions " Gjr And V5 jom m, are normalised to unity, we have

J
22l + jas i + )l = 1. (6.286)

Next, let us consider a state CD;:'L for which m = j; + j> — 1. In this case there
are two possibilities for the values of m; and m,: we can either have m; = j
andmy; = j, — lorm; = j; — 1 and my = j,. Thus a state <l>’ "+” " must be
a linear combination of the two linearly independent elgenfunctlons 1// jijajija—1 and
Y}, jrj1—1j.- Moreover, there are two such linear combinations, one of them belonging
to the set of eigenfunctions with j = j; + j, while the other (orthogonal) combination
must be a member of a set of eigenfunctions for which the maximum value of m is
J1 + Jja — L; this latter set must therefore be such that j = j; + j» — 1. Proceeding
further to states ij"; withm = j; + j, — 2, we see that three lmearly independent
states of this kind exist, corresponding to the values j = j; + j2, j1 + j» — | and
J1 + j» — 2, respectively. Repeating this argument successively, it is found that the
minimum value of j is |j; — j2|, because when j reaches this smallest value all
the combinations have been exhausted. This is readily checked by noting that there
must be the same number of eigenfunctions in the basis set {®}"; } as in the basis
set {Y}, jumm,}. As we have shown above, the latter set contains (2j; + 1)(2j, + 1)
eigenfunctions. Now, for each value of j there are 2j 4 1 values of m so that the total
number of eigenfunctions & i1j» 1s given by

Jitj2
> @i+ =@i+DhQa+D. (6.287)
j=lh=Jl
This is illustrated in Table 6.2 for the case j, = 1, j, = 3/2, where the number of
(mm3) and of (jm) combinations are both seen to be equal to 12.

We have therefore obtained the following fundamental result: for given values of

J1 and j, the allowed values of j are

J=lh—RLIh=nRI+L ... 0+ ) (6.288)

so that the three angular momentum quantum numbers j;, j, and j must satisfy the
triangular condition

=2l €J < ji + o (6.289)

Moreover, for each value of j there are 2j + 1 eigenfunctions "
m=—j,—j+1,...,4+j.

i such that
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Table 6.2 Allowed values of (mymy) and (jm) for j1 =1 and j, = 3/2.

m m m j
1 3/2 5/2 5/2
0 3/2 3/2 5/2,3/2
1 1/2
—1 3/2
1/2 1/2 5/2,3/2,1/2
1 -1/2
-1 1/2
-1/2 -1/2 5/2,3/2,1/2
1 -3/2
-1 -1/2
-3/2 -3/2 5/2,3/2
-1 -3/2 -5/2 5/2
htiz
Total: (2j1 + 1)R2jz+1)=12 Total: Y  (2j+Nh=12

j=lh-jal

The Clebsch—Gordan coefficients (j; jom;m3|jm) can be determined by applying
the raising and lowering operators J. = J, & iJ, to (6.281) (or (6.282)), so that
recursion relations are obtained. First of all, it follows from the foregoing discussion
that they must satisfy the selection rules (6.283) and (6.289). Furthermore, in
order that this determination be unambiguous, the relative phases of the eigenvectors
|j1j2mm3) and | j; j» jm) must be specified. A frequently used convention, which
we shall adopt here, is that of Condon and Shortely and of Wigner, namely

(1) Jeljijajm) =[G+ D) —m(m £ D]V2hji jojm £ 1) (6.290a)
with similar relationships for | jym;) and | jom») (see (6.169) and (6.171)); and
2) (J1J271(j — J1)|jj) is real and positive. (6.290b)

With this phase convention, the Clebsch—Gordan coefficients are real. It can also be
proved?® that they satisfy the orthogonality relations

> Griamimaljm) (jy jomyma) j'm'y = 8 8

mym;

D Griamima|jm) iy jam'ym| jm) = Som,m; Sursms (6.291)

jm

8 See, for example, Edmonds (1957).
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Table 6.3 Clebsch-Gordan coefficients.

(jr Srmmy| jm)
j rnz=]i 2—%
i+ (h+m+%)”Z (h—m+‘z)”z
L 2h +1 2h +1
C _(i‘_m+%)1/2 <j1+m+17)‘/2
h=z2 2 +1 25 +1
(jr1mmy| jm)
j m =1 m =0 m=-1
. (/‘1+m)(i1+m+1)]”’ [(in—m+1)(j1+m+1)]”2 (h—m)(h—m+1)]”2
h 2h +1H2h +2) @h+hGi+ 1 Ch+D2jH +2
. _[m +m(jy —m+1>]"2 [ m ]‘/2 [m - m +m+1>]‘/2
h ZhGh+1) G+ D ZhGh +1)
. [(;,-m>(;,_m+1)]‘/2 _[(h —m)(i1+m>]"Z [(h+m+1>(h+m>]"Z
h 2h2h +1) h@Zh+1) 2h@2h + 1)

and the symmetry relations
(jijamima|jm) = (=)"F270(j jimam | jm)
= (=" jy = my — ma|j — m)

= (oj1 —my —m|j —m)

o r2i+ 1N\ .
= (=) '"'(2;2+1) (jijmy —m|j2 —my)

= (_)iz+Mz<2J. +1

21 +1
Details concerning the explicit computation of the Clebsch—Gordan coefficients,
together with tables, can be found for example in Edmonds (1957) or Rose (1957).
In Table 6.3 the Clebsch-Gordan coefficients (j; j,m;m-|jm) are given for the cases
Jj2 =1/2 and j, = 1. By using the symmetry relations, all the coefficients with any
one of jj, j» or j equal to 1/2 or to 1 can be obtained.

1/2
) (jj2 — mma|jy —my). (6.292)

Addition of the orbital angular momentum and spin of a particle

As a first example, let us consider a particle of spin s. Let L be its orbital angular
momentum operator and S its spin angular momentum operator. The total angular
momentum operator of the particle is therefore J = L + S. We shall denote by
m;, mg and m; the quantum numbers corresponding to the operators L_, S- and J_,
respectively. In the position representation the simultaneous eigenfunctions of the
operators L2 and L. are the spherical harmonics Yim 6,9) withl =0,1,2, ..., and
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m; = —I,—l +1,...,l. The simultaneous eigenfunctions of the operators S? and
S. are the spin functions x; ., (withmg = —s, —s + 1,...,s) which as we have
seen in Section 6.7 can be represented by column vectors with (2s + 1) positions,
having zeros in all positions except one. Hence the simultaneous eigenfunctions of
the operators L2, §2, L. and S. are represented in the direct product ‘coordinate-spin’
space by the spin-angle functions

Vf[sm,m‘ = Ylm, (9, ¢)Xs.m‘ . (6.293)

According to the fundamental result (6.288), the allowed values of the total angular
momentum quantum number j of the particle are

J=l—=slLll=sl+1,...,1+s. (6.294)

The simultaneous normalised eigenfunctions of the operators L?,S?, J? and J. (which
are usually denoted by the symbol y,{""' ) are seen from (6.281) to be the spin-angle
functions

V=3 smimg| jm Y Yismm,

mm,
=Y (smm,|jm;)Yim ©, $) Xs.m,- (6.295)
mpmg

In particular, for a particle of spin s = 1/2 we see from (6.294) that for a given
value of the orbital angular momentum quantum number/ the total angular momentum
quantum number j can take the two values

j=1-31+1 (6.296)

except when | = 0 (s-state) in which case the only allowed value of j is
Jj = 1/2. By using the Clebsch-Gordan coefficients displayed in Table 6.3 we find
that (Problem 6.21)

1172
I£m,+5
1 i[%ﬂz] Ym —%(9’(’5)
I+5.m B
y 2 (6.297)
1.% I:Fm,+% 1/2
[W] Vim 4169

Addition of two spins 1/2

As a second example, let us consider two particles whose spin operators are S; and
S,, respectively. The total spin angular momentum is thus

S=S§, +8,. (6.298)

If the two particles have spin 1/2, the direct-product spin space of the combined system
(1 + 2) has four dimensions. The simultaneous eigenfunctions of the operators S?
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and S, for the first particle are the two basic spinors a(1) and B(1) corresponding
respectively to ‘spin up’ (m;, = +1/2) and ‘spin down’ (m;, = —1/2) for that
particle. Likewise, the simultaneous eigenfunctions of the operators S% and §,. for
particle 2 are the two basic spinors «(2) and B(2) corresponding respectively to ‘spin
up’ (m;, = +1/2) and ‘spin down’ (m,, = —1/2) for the second particle. The direct-
product eigenfunctions ¥/, j,m,m, (1, 2) are therefore in the present case the four spin
functions

a(Da(2),  a(D)BQ), B(DHa(2), B(BQ2) (6.299)

which constitute a basis in the four-dimensional spin space of the combined system. If
we denote by M, the eigenvalues of the operator S., we see that M; = m,, +my;,, so
that the four eigenfunctions (6.299) correspond respectively to the values M; = 1,0, 0

and —1.

From the basic result (6.288), the allowed values of the total spin quantum number
S are given by

S=0,1. (6.300)

The simultaneous normalised eigenfunctions of S, §3, S? and S., which we shall
denote by xs m,, are readily obtained from (6.281), (6.299) and the Table 6.3 of
Clebsch-Gordan coefficients. We find in this way that when S = O there is only one
such eigenfunction,

1
X0.0 = ﬁ[a(l)ﬂﬂ) - B(Ha(2)] (6.301)
which is called a singlet spin state. We note that it is an eigenstate of S. corresponding
to the quantum number M; = 0 and that it is antisymmetric in the interchange of
the spin coordinates of the two particles. When S = 1 we obtain tAree simultaneous
normalised eigenfunctions of S, S3, S and S., namely

xi1 = a(Da(2)
X1.0 = %[a(l)ﬂa) + B(Da(2)] (6.302)
x1.—1 = B(BQ)

which are said to form a spin triplet. These three states, which are symmetric in the
interchange of the spin coordinates of the two particles, are respectively eigenstates
of S, corresponding to the values M; = +1, 0, —1 of the quantum number M,.

As an example, the lowest state of the helium atom (which contains two electrons)
is a single state (S = 0), while excited states can be either singlet or triplet. Another
example is the deuteron, the nucleus composed of one proton and one neutron, whose
only bound state is a triplet spin state (S = 1). Both the helium atom and the deuteron
will be studied in Chapter 10.
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6.1 Prove that the orbital angular momentum operator L is a Hermitian operator.

6.2 Show that the three commutation relations (6.9) are equivalent to the vector
commutation relation (6.10).

6.3 Prove equations (6.16) and (6.17).
6.4 Prove that

(a) [Livxj]__-ihsijkxk (l’ j7k= ]7273)
where Ly = L,,L, = Ly,L3 = L, and x; = x, x = y and x3 = z. The
symbol g i, called the Levi-Civita antisymmetric symbol, is such that

1, ifijk=123,231,312
gijk =11, ifijk=321,213,132
0, otherwise.

(b) [Li, pj) = iheijipx,

where p\ = py, p2 = py, p3 = p:-
(c) Lr=L.p=0.
6.5 Prove equations (6.21).

6.6 Show that for a system of N structureless particles the rotation operators Ug
are given by (6.43) for infinitesimal rotations, and by (6.51) for finite rotations, where
L is the total orbital angular momentum operator of the system.

6.7 Prove equation (6.80) by using the Rodrigues formula.
6.8 Prove the recurrence relations (6.83) for the Legendre polynomials.
6.9 Prove equation (6.95).

6.10  Establish the recurrence relations (6.97) for the associated Legendre func-
tions.

6.11 Prove the relations (6.118) for L, and L_.

6.12  Let i be a unit vector in a direction specified by the polar angles (8, ¢).
Show that the component of the angular momentum in the direction i is

L, = sinfcos¢L, +sinfsin¢L, + cos6L.
= Jsinf(e L, +e?L_)+ cosHL..

If the system is in simultaneous eigenstates of L? and L. belonging to the eigen-
values [(! + 1)4? and mh,

(a) what are the possible results of a measurement of L,?
(b) what are the expectation values of L, and L2?
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6.13  Consider a free particle of mass p constrained to move on a ring of radius a.
(a) Show that the Hamiltonian of this system is
H=1L1%21I

where the z-axis is through the centre O of the ring and is perpendicular to its
plane, and / is the moment of inertia of the particle with respect to the centre O.

(b) Find the energy eigenfunctions for the system and write down a general expres-
sion for the solution of the time-dependent Schrédinger equation.

6.14  Using as a basis the eigenvectors |jm) of J*> and J,, obtain the matrix

representation of the angular momentum operators J,, Jy, J, and J* for the case
3

Jj=73
6.15  Verify the anticommutation relations (6.224).

6.16  Prove equation (6.241).

6.17  Calculate the expectation values of the components of S for a spin-% particle

(a) in the state x, given by (6.252); and
(b) in the state x, given by (6.255).

6.18 (a) Verify that the two eigenvectors x4 and x, of the operator S, given
respectively by (6.252) and (6.255) are orthogonal.

Joer ()

0 1)2asa basis, prove that x4, and x, satisfy the

(b) Byusinga = (

closure relation

X )l + Ixo) xgl = 1.

6.19  Obtain the eigenvalues and the corresponding normalised eigenfunctions
of S, and S, for a spin—% particle and check your results by referring to (6.252)
and (6.255).

6.20  Obtain the eigenvalues and corresponding normalised eigenvectors of
S, = .S for a particle of spin 1, where i is a unit vector defined by the polar angles

©.9).

6.21  Using the Clebsch-Gordan coefficients given in Table 6.3, obtain the re-
sult (6.297).

6.22  Two particles of spin—% have spin operators S; and S;. Find the expectation
values of the product S,.S, in the singlet and triplet spin states, for which the wave
functions are given by (6.301) and (6.302), respectively.

(Hint: §,.S; = (S2 - S% — S%)/2)

6.23  The spin properties of a system of two spin-% particles are described by the
singlet and triplet wave functions (6.301) and (6.302). If a third particle of spin-% is
added to the system, show that the total spin quantum number of the three-particle
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system can be § = % (a quartet state) or § = % (a doublet state), and find the
corresponding spin functions.

(Hint: Treat the original two-particle system as a single entity of either spin 1 or
spin 0.)

6.24  Let 7T be the time-reversal operator introduced in Section 5.9. According
to (5.364) this operator is given by 7 = U, K, where U, is a unitary operator and K
is the operator of complex conjugation.

(a) Using the results (5.365) and (5.367), show that the orbital angular momentum
operator L = r x p changes sign under the operation of time reversal:

L'=7LT = -L.

(b) The natural extension of this result is to require that the spin angular momentum
operator S changes sign under the operation of time reversal:

S =7ST" =-S.
Using this relation, show that for a spin-1/2 particle the operator T is given by
T=UK with U, =io,

where o, is the second of the Pauli spin matrices (6.243).
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In Chapter 4 we solved the time-independent Schrédinger equation for several one-
dimensional problems. We shall now generalise our treatment to study in three
dimensions the non-relativistic motion of a particle in a time-independent potential
V(r), where r denotes the position vector of the particle. In fact, we can treat a
slightly more general problem at no extra cost. Indeed, we have seen in Section 5.7
that the motion of two particles A and B, of masses ms and mg, interacting via
a time-independent potential V (r) which depends only on their relative coordinate
r = ra — rg, reduces in the centre-of-mass system to a one-body problem: the
motion of a particle of mass 4 = mamg/(ma + mg) in the potential V(r). The
two problems can therefore be treated on the same footing, the time-independent
Schrodinger equation to be solved being

2
[—;’—ﬂvz + V(r)]w(r) = Ey(r). (7.1)

This is a second-order partial differential equation, in contrast to the
one-dimensional case, where the time-independent Schrédinger equation (4.3)
is a second-order ordinary differential equation. As a result, the solution of the
three-dimensional Schrodinger equation (7.1) can only be obtained exactly and
explicitly in a few simple cases. In particular, the potential may be such that the
technique of separation of variables may be used. The original three-dimensional
problem then reduces to simpler problems of lower dimensionality.

In this chapter we shall examine several cases for which a separation of variables
can be made in the three-dimensional Schrédinger equation (7.1), and its solutions
can be obtained. We shall first consider some simple examples where the Schrodinger

327
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71

equation is separable in Cartesian coordinates. The most interesting case, however,
is that of central potentials, that is potentials V (r) which depend only upon the
magnitude r = |r| of the vector r. For such spherically symmetric potentials the
Schrodinger equation (7.1) can be separated in spherical polar coordinates. As in
classical mechanics, the orbital angular momentum plays an essential role in this
problem. In fact, using results obtained in Chapter 6 we shall be able to write
down the angular part of the eigenfunctions, so that the solution of the Schrodinger
equation (7.1) will reduce to that of a differential equation involving only the radial
coordinate r. This radial equation will then be solved for several important problems:
the free particle, the spherical square well, the hydrogenic atom and the isotropic
three-dimensional harmonic oscillator.

Separation of the Schrodinger equation in Cartesian coordinates
Let us first consider the simple case where the potential V (r) has the special form
V(r) = Vi(x) + Va2(y) + V3(2) (7.2

The Hamiltonian H = —(h2 /2;L)V2 + V(r) may then be written as

H=H +H, +H, (1.3)
where
K2 92
H = TS + Vi(x), (7.4a)
K2 32
H = ——— + Va(y), 7.4b
f 21 357 + Va(y) (7.4b)
K> 92
H=-——+V 7.4
: 20982 + V3(2) (7.40)

and the Schrodinger equation (7.1) becomes

K2 32 K2 32
{[ g Ve )] [—2—ﬁ+v2(y)]

h* 82
+[ o +V3(z)“1//(x v =EvCy.). (19

The form of this equation suggests that we seek solutions which are products of three
functions, each of a single variable

Y(x,y,2) = XX)Y(Y)Z(2). (7.6)
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Substituting (7.6) into (7.5) and dividing through by ¥, we find that

K2 1 d2x K2 1d%Y
- —— 3V _———— 4V
[ 2#dez+ .(x)]+[ 2,quy2+ 2()’)]
hz]dzZ+V() =E 1.7
2u Z dz? RO = )

Each expression in square brackets can only be a function of one of the variables
x,y, z. Moreover, the sum of these three expressions must be equal to the constant
E. Hence each separate expression must itself be equal to a constant, the sum of
these constants being equal to E. We therefore obtain the three ordinary differential
equations

h? d?

[—Z—Z + Vi (x)]X(X) = EX(x) (7.8a)
h* &

[‘z@ - W]”” - BT 75
h? d?

[—Zd—zz + VS(Z)]Z(Z) = EZZ(Z) (7.80)

with the condition
E=E.+E,+E.. (7.9)

Each of the equations (7.8) has the form of the one-dimensional time-independent
Schrodinger equation (4.3) discussed in Chapter 4. The three-dimensional states are
therefore expressible in terms of familiar one-dimensional states.

The free particle

As a first example, let us consider the motion of a free particle of mass . In this case
V =0 in all space, and the Schrédinger equation (7.1) becomes

2
—h—vzw(r) — Ey(r). (7.10)
2u

This equation is of course separable in Cartesian coordinates with V; = V, = V3 = 0.
In particular, equation (7.8a) reduces to
h? d*X (x)
2u  dx?
From our discussion of Chapter 4, we know that acceptable solutions of (7.11) exist
for any value E, > 0, and are given by

=E.X(x). (7.11)

X (x) = Aexp(ilkc|x) + Bexp(—ilk|x) (7.12)

where A and B are arbitrary complex constants, and |k,| = QuE,/h%)'/2.
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Proceeding in a similar way with equations (7.8b) and (7.8c), we see that the three-
dimensional free-particle solutions ¥ (x, y, z) = X (x)Y (y)Z(z) of the Schrodinger
equation (7.10) can be written as linear combinations of plane-wave states

Y(r) = Cexplitkex + kyy + k.2))
= Cexp(ik.r) (7.13)

where the propagation vector (or wave vector) k has Cartesian components
(ky, ky, k), and C is a ‘normalisation’ constant. Moreover, from (7.9) we have

h2k2 P2
2w 2.

where p is the magnitude of the linear momentum p = #k.

The fact that the free-particle Schrédinger equation (7.10) has plane-wave solutions
of the form (7.13) is in accordance with our discussion in Chapter 3. We also recall
that the plane-wave state (7.13) is a momentum eigenfunction, that is an eigenstate
of the momentum operator p,, = —i4'V, with the eigenvalue p = %Kk corresponding
to a definite linear momentum. The plane waves (7.13) are thus simultaneous
eigenfunctions of energy and linear momentum; more precisely, they are simultaneous
eigenfunctions of the free-particle Hamiltonian H = —(#%/2u)V? and of the three
operators (py)op = —ikd/dx, (py)op = —1h3/3dy and (p;)op = —ihd/0z.

Because every non-negative value of the energy E is allowed, the spectrum is
continuous. Moreover, each energy eigenvalue is infinitely degenerate, since the
condition (7.14) only restricts the magnitude of the vector k, so that there are infinitely
many possible orientations of this vector for a given value of E.

The plane wave (7.13) can be ‘normalised’ by a simple extension of the procedures
described in Section 4.2 for the one-dimensional case. Generalising (4.37) to three
dimensions, we obtain the ‘delta function’ normalisation

h2
E=E.+E,+E = ﬂ(kf +k+kD = (7.14)

/ Y (O Yk(r)dr =5k — k') (7.15)
where the three-dimensional Dirac delta function § (k — k') is given by

Sk —K) = 8k — kl)d(ky — k;)é(kZ - k)

+00 +oo
= (271)‘3/ expli(k, — k;)x]d.xf expli(k, — k})yldy

0o

+00
x f expli(k; — k!)z]dz

= Qm)73 f expli(k — k).r)dr. (7.16)

Taking the arbitrary phase of the normalisation constant C in (7.13) to be zero, we
see from (7.13), (7.15) and (7.16) that C = (2m)~3/2, so that the plane-wave states
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Yk (r), normalised in the sense of (7.15), are
Y (r) = 2m) 32 exp(ik.r). (7.17)

Finally, we remark that the plane waves (7.17) form a complete set, so that an
arbitrary state can be expressed as a superposition of these functions; this is precisely
the Fourier expansion which was discussed in Chapter 2. The closure relation (5.63a)
applied to the plane-wave eigenfunctions (7.17) reads

/w;(r’)wk(r)dk = (2n)'3/exp[ik.(r— r’)]dk

=§(r—r). (7.18)

If we elect to work with discrete eigenvalues, we can restrict the domain of the plane
waves (7.13) to an arbitrary large but finite cubical box of volume L3, at the walls of
which they obey periodic boundary conditions. By a straightforward generalisation
of the one-dimensional treatment of Section 4.2 we then find that the components
(ky, ky, k) of the wave vector k must satisfy the conditions

2 2 2

ke = T”n k=", k=Tn (7.19)
where n., ny, n. are positive or negative integers, or zero. The energy E, given
by (7.14), can therefore take only discrete values in this case. The momentum
eigenfunctions (7.13) can now be normalised by requiring that in the basic cube
of side L

L L L
fdx/ dyf dz|yx(M))* = 1. (7.20)
0 0 0

Hence, taking the arbitrary phase of the normalisation constant C to be zero, this
constant is given by C = L~%2, and the normalised plane waves are

Vi (r) = L2 exp(ik.r). (7.21)

These eigenfunctions form a complete set of orthonormal functions in terms of which
an arbitrary state can be expanded by a Fourier series within the basic cube.

The three-dimensional box

As a second example, let us consider a particle of mass 1 which is constrained by
impenetrable walls to move in a rectangular box of sides L, L, and Lj. Inside the
box the potential energy V is a constant which we choose to be zero, while at the
walls V is infinite. This problem is therefore a generalisation of the one-dimensional
infinite square well treated in Section 4.5.

The time-independent Schrodinger equation to be solved in the region inside the
box is
h2 32 32 32
_ﬂ(i)—ﬂ—i_a_yz—i_ a—zz>1//(x,y,z)= Ey(x,y,2). (7.22)
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In addition, we must have v (x, y, z) = 0 at each of the walls and beyond. Taking the
origin to be at one corner of the box and writing ¥ (x, y, z) in the product form (7.6),
we find that for 0 < x < L, the function X (x) satisfies the equation

;’; dzdi(;) = E.X(x) (7.23)
and that
X(x) =0forx <Oandx > L,. (7.249)
From our results of Section 4.5 we see at once that the allowed values of E, are
given by
E, = g’i’f, ne =123, ... (1.25)

the corresponding normalised eigenfunctions being the standing waves

2 1/2, n,mw
X,,‘(x)=(L—]) sm( L ) (7.26)

Proceeding in a similar way for the functions Y (y) and Z(z), we find that the
normalised eigenfunctions of the full three-dimensional problem are the standing
waves

( g8\'? . [T . (n,T . [(n.mw 1.27)
nenyn X, Y, =\ —_— n .
Ynonon. (X, ¥, 2) v sin le sin L —vy]si L3Z

where V = L,L;Lj is the volume of the box and n,, n,, n, are positive integers'.
The allowed values of the energy E = E, + E, + E; are

h*n? (n? n2 n?
En‘n‘n: = —2# (L_% + = + L2> (7.28)

This energy spectrum does not exhibit regularities for general values of L, L, and
L. Although it is strictly discrete, we see that as the dimensions of the box increase
the spacing of the energy levels decreases, so that for a macroscopic box the spectrum
is nearly continuous.

Let us now consider the simpler case of a cubical box of side L. The normalised
eigenfunctions are then given by

8 1/2, 1% . (n,m . [n.m
Ynonn. (X, y,2) = e sin Tx sin 'Ty sin TZ s

ne,ny,n,=1,2,3,... (7.29)

! Note that if n,, n v Or n: is equal to zero one obtains the trivial non-physical solution ¢ = 0, while
changing n, to —n, (and similarly for n, or n.) changes the sign of the wave function, which is not
physically significant.
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E 3 Energy levels Quantum numbers Degeneracy
E, (ny, ny, ny)
6L )
L (322) (232) (223) 3
5 —
%4- (321) (312) (231) (213) (123) (132) 6
4 (222) 1
L @G11) (31) (113) 3
3p ———— (221) (212) (122) 3
2F — (211 (121) (112) 3
lp ———m— (111 1
O (.

Figure 7.1 The first few energy levels of a particle in a cubical box of side L. Also shown are
the quantum numbers (ny. ny, n;) of the corresponding eigenfunctions, and the degeneracy of
each energy level. The ground state energy is £o = 3h%n2/(2uL?).

and the allowed energy values are

E,= %nz (7.30)
where

n*=nl+nl+nl (1.31)

The ground state is such that n, = n, = n. = 1, so that n? = 3 and the

corresponding energy is Eq = 3A%m2/(2uL?); this level is non-degenerate. The
next energy level has an energy 2E, (corresponding to n> = 6), which can be
obtained in three different ways by choosing the set of quantum numbers (n,, n, n.)
tobe (2,1,1) or (1,2, 1) or (1, 1, 2); this level is therefore three-fold degenerate.
The next energy levels can be obtained in a similar way. The first few energy levels,
together with their degeneracies, are shown in Fig. 7.1. It is apparent that since the
energy eigenvalues (7.30) depend on the quantum numbers n, n, and n. only through
the combination n? = ni + n% +n§, they can generally be obtained from different sets
of values of (n,,n,,n;), and hence are usually degenerate. This is in contrast with
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the energy levels (7.28) corresponding to the rectangular box. Clearly the existence
of degeneracies is directly related to the symmetry of the potential.

The three-dimensional harmonic oscillator

As another example of a three-dimensional system for which the Schrodinger equation
is separable in Cartesian coordinates, we consider the motion of a particle of mass
in the potential

V(r) = jkix? + 3kay? + $kaz? (1.32)

corresponding to a three-dimensional harmonic oscillator. The separated Schrédinger
equations (7.8) are now of the form of the one-dimensional linear harmonic oscillator
equation (4.130), namely

K2 d2X (x)
2u  dx?

with similar equations for Y (y) and Z(z). Using the results of Section 4.7 we find
that the spectrum is entirely discrete, the energy levels being given by

+ %klsz(x) =E.X(x) (7.33)

Epnn. = (nc + 3)hoy + (ny + 3)hwy + (n. + 3)hos (7.34a)

where

k2 &\ /2 k) 2
o = (—') . = (—2) . wy= (—3) (7.34b)
W © ©

and n,, n,, n, are positive integers, or zero.

The corresponding normalised eigenfunctions can also be readily obtained by
using (7.6) and the one-dimensional linear harmonic oscillator wave functions of
Section 4.7. They are given by

l[fn,n\n: (x,y, ) = Nn. Nn\ Nn: CXP[-%(U%XZ + OI%yZ + 01_%22)]
XH,,((CY]X)H,,‘ (a2y)Hn:(a32) (7.35a)

where H, (&) is the Hermite polynomial defined in (4.154) and

wk \ o 12
= —_— N Nn = = 7'
! ( 72 ) ‘ (ﬁz"‘nx!) (7.35b)

with similar expressions for , a3 and N, , N,_. Note that if the three force constants
ki, k; and k; are all different, so that the harmonic oscillator is anisotropic, the energy
levels (7.34) are, in general, non-degenerate.

Let us now consider the particular case of an isotropic three-dimensional harmonic
oscillator, for which k; = k, = k3. Calling this common value of the force constant
k, we see that the potential

V(r) = 3k(x? + y? + 2 = Lkr? (7.36)
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E a4 Energy levels Quantum numbers Degeneracy
hw (ny, ny, n;)

%- (111) (120) (102) (210) (201) (012) 10

(021) (300) (030) (003)

% - (110) (101) (011) (200) (020) (002) 6

S+ (100) (010) (001) 3

3

1 O — (000) 1

ol

Figure 7.2 The first few energy levels of a three-dimensional isotropic harmonic oscillator. Also
shown are the quantum numbers (ny, ny, n;) of the corresponding eigenfunctions, and the
degeneracy of each energy level.

is central. The motion of a particle in a central potential will be discussed at length
in the remaining sections of this chapter. Here we only note that upon setting
ki = ky = k3 = k in (7.34) the energy levels of the three-dimensional isotropic
harmonic oscillator are given by

E,=(n+3)ho (1.37)
where w = (k/u)'/?. The quantum number n is such that
n=nc+n,+n. (7.38)

and thus can take on the values n = 0,1,2,.... The eigenfunctions are given
by (7.35) with @ = a; = a3 = o = (uk/h*)"/*. The ground state has the energy
E,—o = 3fiw/2 and is not degenerate, while all the other energy levels are degenerate.
For example, the first excited level has an energy E,-; = 5hw/2 and is three-fold
degenerate since it can be obtained in three different ways by taking the set of quantum
numbers (n,,n,,n.) to be (1,0,0) or (0, 1,0) or (0,0, 1). The first few energy
levels of the three-dimensional isotropic harmonic oscillator and their degeneracies
are shown in Fig. 7.2. Note that the energy level E,, = (n+3/2)hiwis (n+1)(n+2)/2-
fold degenerate, since this is the number of ways that n can be obtained as the sum of
the three non-negative integers n, n, and n,. Thus the three-dimensional isotropic
harmonic oscillator provides another illustration of how the symmetry of the potential
results in degeneracies.
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7.2

Central potentials. Separation of the Schrodinger equation in
spherical polar coordinates

We now turn to the main subject of this chapter: the study of the non-relativistic
motion of a spinless particle of mass u in a central potential (that is a potential V (r)
which depends only on the magnitude r of the position vector r). We shall see that
the properties of the orbital angular momentum L = r x p obtained in Chapter 6 are
of particular importance in this analysis.

Since V(r) is spherically symmetric, it is natural to use the spherical polar coor-
dinates defined in (6.15) and illustrated in Fig. 6.1. Our first task is to express the
Hamiltonian operator

h2
H=—-—V4+V() (7.39)
2p
in these coordinates. The potential energy V (r) is already given in terms of the polar
coordinate r, and the expression of the kinetic-energy operator T = —(h?)2pn)V?
in spherical polar coordinates is given by (6.130b) for r # 0. Hence the Hamilto-
nian (7.39) may be written in these coordinates (for r # 0) as

" B[1d(,d N 1 9 mea 1 3 Ve
~ 2ulrior ar r2sin6 96 3 r2sm r2sin? @ 0¢?

(7.40a)
K219 3 L?
H = — 1%
2ulr? 3r< ar) h*r 2]+ «

where L? is given by (6.17).
equation is

A2T1 9 9 L2
{_Z[ﬁar< 23}') 2y 2]+V(’)l'//(l') Ey(r).

In order to simplify the solution of this equation, we first recall that the operators
Ly, Ly, L.and L? do not operate on the radial variable r. Hence, for a spherically
symmetric potential V (r), we have [V (r), L] = [V (r), L?] = 0. Moreover, L,, Ly,
L. and L? also commute with the kinetic energy operator T, as is readily seen by
using the expression (6.130b) of T and remembering that [L?, L] = 0. Therefore,

[H,L]=[H,L1=0 (7.42)

Remembering that the operators L,, L, and L. do not commute among themselves,
we see that a set of commuting operators can be taken to be H, L? and any one of
Ly, L, and L.. Taking this set to be H, L? and L., it follows that it is possible to
find simultaneous eigenfunctions of these three operators, or in other words to obtain
solutions of the Schrodinger equation (7.41) which are also eigenfunctions of L? and
L.. Since the spherical harmonics Y;,, (9, ¢) are simultaneous eigenfunctions of L>

or

(7.40b)

The corresponding time-independent Schrédinger

(7.41)
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and L (see (6.63) and (6.64)) we can look for solutions of the Schrodinger equation
having the separable form

YEIm(®) = Reim (r)Yim (0, @) (7.43)

where Rg,, (r) is a radial function which remains to be found. It is worth stressing that
the angular dependence of the eigenfunction (7.43) is entirely given by the spherical
harmonic Y}, (6, ¢); it is the proper one associated with eigenvalues of L? and L.
characterised by the orbital angular momentum quantum number / and the magnetic
quantum number m. These two quantum numbers, together with the energy E, can
thus be used to ‘label’ the eigenfunction ¥g;,. We also remark (see Problem 7.3)
that all the solutions of the Schrodinger equation (7.41) can be obtained as linear
combinations of the separable solutions (7.43).

Inserting (7.43) into the Schrodinger equation (7.41) and using the fact that
LY. (0, ¢) =1 + 1)A%Y,,, (6, @), we obtain for the radial function the differential
equation

n(d 2dY\ | 1A+ DR B
[—Z(ﬁ * 75) T T V(’)]Rﬂ(’) = ERe/(r). (7.49)

Note that the magnetic quantum number m does not appear in this equation. The
radial function is therefore independent of this quantum number. For this reason we
have written Rg;(r) = Rg;s(r), and equation (7.43) becomes

YEm(T) = R (r)Yim (6, ¢). (7.45)

Similarly, the eigenvalues E obtained from (7.44) are independent of the quantum
number m. Thus, for a given value of / there are (2! + 1) eigenfunctions (7.45)
corresponding to the (2/ + 1) possible different values of m(m = —I, -l +1,... 1)
which all have the same energy E. The reason for this (2/ + 1)-fold degeneracy is
that for a spherically symmetric potential no direction of space is physically different
from another, or in other words the Hamiltonian (7.39) is invariant under rotations.
Since m# measures the projection of the orbital angular momentum L on the z-axis
(see Section 6.3) the energy levels cannot depend on the quantum number m.

Using (6.115), we see that the modulus squared of the eigenfunctions (7.45) is
given by

[V EIm(r, 8, ®)I* = [Rei(r)*Y1m (8, $)I
= |Rei(N*21) 1O ()1 (7.46)

and hence does not depend on the angle ¢. The behaviour of | g/, |2 is thus completely
specified by the radial quantity |Rg;(r)|2, which depends on the central potential
V (r) considered (see (7.44)) and on the angular factor (2m)~"|©,,,(6)|> which is
independent of V (r) and has been studied in Chapter 6. In particular, we refer the
reader to the polar plots of (27)~'|©,,,(8)|? shown in Fig. 6.2.
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We also note that if an eigenfunction (7.45) corresponds to a bound state it is square
integrable and thus can be normalised to unity by requiring that

o) T 2r
f drr? / dé sin6 / do|Yem(r,0,9))* = 1. (7.47)
0 0 0

Since the spherical harmonics are normalised on the unit sphere (see (6.103)), it
follows from (7.46) and (7.47) that the radial bound-state eigenfunctions must satisfy
the normalisation condition
o ¢]
f |Rg(r)[*ridr = 1. (7.48)
0
Another important remark concerns the parity of the states (7.45). We recall that
under the parity operation r — —r the spherical polar coordinates (r, 6, ¢) become
(r, m—6, ¢+m). The Hamiltonian for a particle in a central potential, given by (7.40),
is clearly unaffected by this operation, so that the parity operator P commutes with
the Hamiltonian (7.40). As a result, simultaneous eigenfunctions of the operators H
and P can be found. Applying the parity operator to the wave function (7.45), we
have

PYeim(r,0,¢) = PIRe(r)Yim(6, ¢)]
= Rei(N)Yi(m —6,¢ + 7). (7.49)

Now, we have seen in Chapter 6 that ¥;,,(x — 60, ¢ + ) = (= 1)'Y},(6, ¢), so that
Y., has the parity of / (see (6.114)). We have therefore
PYem(r.0.6) = Rei(r)(=1)'Yim(6, ¢)
= (=)'YEim(r, 0, $). (7.50)

As a result, the states (7.45) have a definite parity which, like that of the Y,,,, is the
parity of [ (even for even / and odd for odd /).

It is also interesting to examine the relation between the radial equation (7.44) and
the one-dimensional Schrédinger equation (4.3). To this end, we introduce the new
radial function

ug(r)y =rRg/(r). (7.51)
Using (7.44) and (7.51), we obtain for ug;(r) the radial equation
_ h_z d®ug(r)
2u  dr?
where

+ Vetr(Nuei(r) = Eug(r) (7.52)

1( + DA?
2ur?
is an effective potential which, in addition to the interaction potential V(r), also

contains the repulsive centrifugal barrier term (I + 1)A%/2ur?. The equation (7.52)
is then identical in form to the one-dimensional Schrodinger equation (4.3). However,

Vetr(r) = V(r) + (7.53)
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it has significance only for positive values of r, and must be supplemented by a
boundary condition at r = 0. We shall require that the radial function Rg;(r) remains
finite at the origin®. Since Rg;(r) = r~'ug(r), this implies that we must have

Ug| (0) =0. (7.54)

Let us examine more closely the behaviour of the function ug;(r) near the origin.
We shall first assume that in the vicinity of r = 0 the interaction potential V (r) has
the form

Vi) =rP(bo+bir+--), by #0 (7.55)

where p is an integer such that p > —1. In other words, the potential cannot be more
singular than r~! at the origin, which is the case for nearly all interactions of physical
interest. Since r = 0 is a regular singular point® of the differential equation (7.52),
we can expand the solution ug(r) in the vicinity of the origin as

00

ug/(r) = "Szckrk, co # 0. (7.56)
k=0
Substituting this expansion in (7.52), we find by looking at the coefficient of the
lowest power of r (i.e. r*~2) that the quantity s must satisfy the indicial equation

ss=1)—=Il+1)=0 (1.57)

sothats =/ + 1 ors = —I. The choice s = —I corresponds to irregular solutions
which do not satisfy the condition (7.54). The other choice s = [ + 1 corresponds to
regular solutions which are physically allowed, and are such that

ugi(r) ~, ritl (7.58)

Note that the corresponding admissible radial functions Rg;(r) behave like r' near
r = 0. We see that as [ increases, the functions ug,(r), or Rg;(r), become smaller
and smaller in the neighbourhood of the origin. This is clearly due to the presence
of the centrifugal barrier which for / # 0 ‘blocks out’ the region near the origin, the
effect being more and more pronounced as / increases.

We now consider briefly the case for which the integer p in (7.55) is such that
p < —1. If the interaction is repulsive near r = 0 (so that by > 0), we may still
impose the condition (7.54), since the radial function R, (r) itself must clearly vanish
at the infinite wall at »r = 0. On the other hand, if the potential is attractive in the
neighbourhood of the origin (so that by < 0) the nature of the singularity is important.
For example, when p = —2 and by < O in (7.55), it can be shown (Problem 7.4)
that physically acceptable solutions of (7.52) exist only when by > —A?/8u. In what

2 The requirement of finiteness of Rg;(r) at r = O s in fact too stringent and must be relaxed in certain
cases. However, it will be fully adequate for all the non-relativistic applications treated in this book.
3 See, for example, Mathews and Walker (1973).
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(@)
Vefi(r) W

0
(b)

Figure 7.3 lllustration of the effective potential Veg(r) = V(r) + I/ + 1)h%/2ur? for I = 0,1, 2
(a) in the case of a typical attractive interaction V(r), and (b) in the case of a typical repulsive
interaction V(r). The energy E1 < O corresponds to a bound state, while the positive energies
E; and E3 correspond to states belonging to the continuous spectrum.

follows, the attractive potentials which we shall consider will always be assumed to
be less singular than =2 at the origin, so that the results (7.54) and (7.58) hold true.
In the remaining sections of this chapter we shall solve the radial equations (7.44)
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or (7.52) for several central potentials. Before doing this, however, it is instructive to
examine the form of the effective potential (7.53) in some typical cases. In Fig. 7.3(a)
we illustrate the effective potential Veg(r) for the first values of / for an attractive
interaction V (r), and in Fig. 7.3(b) this is done for a repulsive interaction. It is seen
that in the first case the effect of the centrifugal barrier term I(I + 1)A%/2ur? is to
reduce the effective depth of the potential well. This effect obviously increases as /
increases. Thus, in the example shown in Fig. 7.3(a), bound states of negative energy
(such as E;) could exist for the values I = 0 and 1, but we see that for [ > 2 the
effective potential is purely repulsive, so that no bound states can exist for / > 2.
We also remark that for the example displayed in Fig. 7.3(a), solutions u g;(r) of the
radial equation (7.52) which exhibit an oscillatory behaviour at infinity exist for every
! when E > 0; the spectrum is therefore continuous for every [ in the case of positive
energies (such as E;). Turning now to the case of a repulsive interaction, it is clear
from (7.53) that as / increases the effective potential becomes increasingly repulsive.
This is illustrated in Fig. 7.3(b). The energy spectrum will therefore consist only of
continuum states of positive energy (such as E3), for all values of /.

The free particle

As a first example of motion in a central potential, we shall consider the very
simple case of a free particle, for which V(r) = 0. Using Cartesian coordinates,
we have obtained in Section 7.1 plane-wave solutions (7.13) of the free-particle
Schrodinger equation (7.10). These plane-wave states are also momentum eigenfunc-
tions, and hence are simultaneous eigenfunctions of the free-particle Hamiltonian
H = —(h*/211)V? and of the (linear) momentum operator Pop = —iAV. Using
spherical polar coordinates, we shall now look for solutions of the free-particle
Schrodinger equation of the form (7.45), that is simultaneous eigenfunctions of H,
L? and L, corresponding to definite values of E, I and m. The free-particle radial
functions Rg;(r) are therefore solutions of the radial equation (7.44) with V(r) = 0,
namely

d? 2d Ia+1
drz  rdr r2

+ k2] Re(r) =0 (7.59)

where k2 = 2u E /h%. Using (7.52) and the fact that in the present case the effective
potential Veg(r) is just the centrifugal barrier term /(I + 1)A%/2ur?, we see that the
free-particle functions ug;(r) = r Rg;(r) are solutions of the differential equation

2
[ dz - I(H; D + kz]“EI(") =0. (7.60)
dr r2

Let us first consider the case / = 0. From (7.60) we see immediately that
the solution ugo(r) which vanishes at the origin (in order to satisfy the boundary
condition (7.54)) is given, up to a multiplicative constant, by u go(r) = sinkr, so that
Reo(r) o< r='sinkr.
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The spherical Bessel differential equation and its solutions

For | # 0 the equation (7.60) is more difficult to solve and it is convenient to return
to the radial equation (7.59), which can be solved in terms of known functions for all
values of [(l =0, 1,2, ...). Indeed, if we change variables in (7.59) to p = kr, and
write R;(p) = Rg(r), we obtain for R;(p) the equation

& 2d I(+1) B
i (=75 Jro =0 ren

which is called the spherical Bessel differential equation. Particular solutions of this
equation are the spherical Bessel functions

1/2
b4
j1(P)=(5) Ji41(p) (7.62a)
and the spherical Neumann functions
z\ /2
m(p) = (D" =) I i) (7.62b)
2p 2

where J,(p) is an ordinary Bessel function* of order v.
The functions j;(p) and n;(p) are also given by the expressions (Problem 7.5)

. 1 d\'sin P
Jip) = (—p)’(——) — (7.63a)
pdp/) p
and
1 d\ cos
ni(p) = —(—P)l(——) p. (7.63b)
pdp) p
From the above equations, the first few functions j;(p) and n;(p) are readily found
to be
. sin p cos p
Jo(p) = P no(p) = — (7.64a)
. sinp cosp cosp sinp
ey = — — —=, m(p) = ——- — (7.64b)
p p P P

. 3 1Y) . 3 3 1 3 .
J2(p) = 5 ——|sinp——cosp, ny(p)=—|-—5——)cosp——sinp.
PP p PP p

(7.64¢)

These functions are plotted in Fig. 7.4.

4 See, for example, Bell (1968) or Watson (1966).
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1.0 -

0.5

(b)
Figure 7.4 (a) The first three spherical Bessel functions. (b) The first three spherical Neumann
functions.

We may also use equations (7.63) to obtain the leading term of j; (o) and n,;(p) for
-1

small and large values of p (Problem 7.6). For small p, upon expanding p~' sin p
and p~! cos p in a power series in p, it is found that
P
Jip) = (7.65a)

p—0135...(21 +1)

1.135...20=1)
np) = = i . (7.65b)
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Asymptotically, for large values of p, the leading term is that proportional to p~!,

and one obtains

. 1. In
Ji(p) = —sin|lp— — (7.66a)
p—>00 P 2
1 l
n(p) > —— cos(p - i) (7.66b)
p—>0C p 2
Equations (7.66) are in fact useful approximations for p somewhat larger than
I+ 1))/2.

For every [ the two functions {j;(p), ni(p)} provide a pair of linearly independent
solutions of the spherical Bessel differential equation (7.61), so that the general
solution of this equation can be written as a linear combination of these two func-
tions. Another pair of linearly independent solutions of equation (7.61) is given
by the spherical Hankel functions of the first and second kinds, which are defined

respectively by

() = ji(p) +ini(p) (1.67a)
and

h?(p) = jip) —im(p) = [ (0)]". (7.67b)

The first few spherical Hankel functions of the first kind are

eih

h(p) = —i— (7.68a)
D
i),
h(ll)(p) _ _(_ + %)e'p (7.68b)
p P
i 3 3i)
h(zl)(p) — (; — ; _ F)elp' (7.68C)

Using (7.66) and (7.67) we also find that the asymptotic behaviour of the spherical
Hankel functions is given by

_ expli(p — Im/2)]

hV(p) — (7.69a)
p—>< P
and
h® (o) — iexp[_'("p— lw/2)] (7.69b)
pP—0OC

The eigenfunctions of the free particle in spherical polar coordinates

As seen from (7.65b), the spherical Neumann function n;(p) has a pole of order ! + 1
at the origin, and is therefore an irregular solution of equation (7.61). From their
definition (7.67), we note that the spherical Hankel functions, which contain n;(p),
are also irregular solutions of (7.61). On the other hand, the spherical Bessel function
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Ji(p) is finite at the origin and is thus a regular solution of (7.61). In fact j(p) is
finite everywhere, so that the radial eigenfunction of the Schrodinger equation (7.59)
for a free particle is

Rei(r) = Cji(kr) (7.70)

where C is a constant. Using (7.65a), we see that near r = 0 this free-particle radial
wave function behaves like r/, in agreement with the remark following (7.58).

Having obtained the free-particle radial functions we may now, using (7.45) and
(7.70), write down the full eigenfunctions of the free particle in spherical polar
coordinates as

VEim(r) = Cji(kr)Y, (6, ¢). (1.711)

These wave functions will be called spherical waves.

The eigenvalues k? of (7.59) can take on any value in the interval (0, 00), so that
the energy E = %k /2y can assume any value in this interval, and the spectrum is
continuous, as we found in Section 7.1. Every free-particle eigenfunction (7.71) can
thus be labelled by the two discrete indices / and m and by the continuous index E
(or k). It can be shown that the ensemble of the spherical waves forms a complete
orthonormal set. Note that each energy eigenvalue is infinitely degenerate, since for a
fixed value of E the eigenfunctions (7.71) are labelled by the two quantum numbers
landm,suchthat! =0,1,2,...,andm =, -l +1,... L

Expansion of a plane wave in spherical harmonics

We found in Section 7.1 that the stationary states of a free particle can be written as
linear combinations of plane waves of the form (7.13). These plane-wave states are
simultaneous eigenfunctions of the free-particle Hamiltonian H = —(4%/21)V?, and
of the three Cartesian components (py)op, (Py)op and (p;)ep of the linear momentum
operator po, = —i#V. They are characterised by the three well-defined Cartesian
components p, = hky, p, = hk,, p. = hk. of the momentum p, and by the
energy E = h2k2 /2u. Note that since the operators (px)op, (Py)op and (p:)op do
not simultaneously commute with L? and L., the plane-wave states (7.13) cannot
be labelled by the quantum numbers (/, m), so that the orbital angular momentum is
poorly defined in those states. On the other hand, the spherical wave states (7.71)
are states of well-defined orbital angular momentum, which are characterised by the
quantum numbers (/, m), and for which the linear momentum is poorly defined.

Since both the plane-wave states (7.13) and the spherical-wave states (7.71) form a
complete set, an arbitrary state can be expressed as a superposition of either of them.
In particular, a plane wave exp(ik.r) can be expanded in terms of spherical waves, so
that we may write

oo +/

e T =" cimjikr)Vim(®. ¢) (1.72)

1=0 m=-I
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where the coefficients c;,, (which are independent of r) must be determined. In order
to do this, we first consider the special case in which the vector k lies along the
z-axis. The left-hand side of (7.72) then reads exp(ik.r) = exp(ikr cos6), which is
independent of ¢, so that the expansion (7.72) reduces to one in terms of the Legendre
polynomials P;(cos 6)

o0

e*" =" aji(kr) Pi(cos6). (1.73)
1=0

The coefficients g; of this expansion can be determined in the following way. Using
the relation (6.80) satisfied by the Legendre polynomials, we have

+1
a jitkr) = / exp(ikrw) P (w)dw (7.74)

2
2 +1 .

where we have set w = cos 6. Integrating by parts, we find that

w=+1
a,j,(k,)z[m’mp( )] _/ M[d Piw )]
-1

ik we—l ikr
(7.75)

21 +1

Let us now examine this equation in the limit of large r. Using the asymptotic
expression (7.66a) for j;(kr), and noting that the second term on the right of (7.75)
is of order r=2 (which can be seen by performing a second integration by parts), we
find that in the large r limit equation (7.75) reduces to

2 In 1 .
- kr — — - |krP 1) — —|krP -1
20+ 1%%r Sm( g 2) wrle )= AED]

1. )
— .__[elkr _ (_ l)le—|kr] (7.76)
ikr
from which we deduce that ; = (2 4 1)i’. The expansion of a plane wave exp(ik.r)
in Legendre polynomials is therefore given by

=@ + Vi ji(kr) Pi(cos ). (1.77)
1=0

Using the addition theorem of the spherical harmonics (see (6.129)) we can also
write the above formula in the form of equation (7.72). That is

0 4l
4wy Z il i (kr) Y, (K) Yin (£) (1.78)
1=0 m=—

where V denotes the polar angles of a vector v. Upon comparison of (7.72)
and (7.78) we see that the coefficients ¢, of the expansion (7.72) are given by
cim(K) = 4’y (k).
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Figure 7.5 (a) The spherically symmetric square well potential of depth Vo and range a. (b) The
corresponding effective potential (solid line) Veg(r) = V(r) +1(I + 1)h?/2ur?, for | # 0.

The three-dimensional square well potential

The next example of central potential which we shall analyse is the three-dimensional
spherically symmetric square well of depth V; and range a

V(i) = -V, r<a
=0, r>a (7.79)

where V; and a are positive constants (see Fig. 7.5(a)). The corresponding effective
potential (7.53) is shown in Fig. 7.5(b). Since V.¢(r) vanishes as r — 00, solutions
ug(r) of the radial equation (7.52) for E > 0 will have an oscillatory behaviour
at infinity and will be acceptable eigenfunctions for any non-negative value of E.
We therefore have a continuous spectrum for £ > 0; the corresponding unbound
states will be studied in Chapter 13, where we investigate collision phenomena. Here
we shall only be interested in the bound states, for which the energy is such that
—V() < E < 0.

Because the potential (7.79) is central we know that there exist solutions of the
Schrodinger equation having the form (7.45). The radial functions Rg,(r) are solu-
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tions of the differential equation (7.44), which in the present case becomes

2 2 1)A?
[ h ( ¢ Ei) N I(I+—2)]R51(r) = (E+VoRa(r), r<a

_5; F rdr 2ur
(7.80a)
and
K% [ d? 2d I(I + A2
e — i = =~ R = ER , . (7.80b
[ 2u(dr2 +rdr)+ e ] el(r) ei(r) r>a. ( )

Interior solution

Let us first analyse the equation (7.80a), which holds inside the well (r < a). If we
define the quantity

2 1/2
K= [?(E + vo)] (7.81)

change variables to p = Kr, and write R;(p) = Rg(r), we find that for r < a the
radial function R;(p) satisfies the spherical Bessel differential equation (7.61). Just
as in the case of the free particle, the condition that R;(p) must be finite everywhere —
including at the origin — restricts us to the spherical Bessel functions j;, and we have,
inside the well,

Rgi(r) = Aji(Kr), r<a (7.82)

where A is a constant.

Exterior solution

We now turn to the equation (7.80b), which is valid outside the well (r > a).
This equation is formally identical to the free-particle equation (7.59), but we must

remember that E < 0 in the present case. It is convenient to write E = —(h?/2u)A?,
so that
2 \'?
A= <—;’7E> (7.83)

In order to put (7.80b) in the form of the spherical Bessel equation (7.61) we must
redefine the variable p to be given by p = iAr, which amounts to replacing k by i
in the free-particle treatment. Note that since r > a in (7.80b), the domain of p does
not extend down to zero, so that there is no reason to limit our choice to the spherical
Bessel function, j;, which is regular at the origin. Instead, a linear combination
of the functions j; and n; (or h,“) and h}z’ ) is perfectly admissible. The proper
linear combination can be determined by looking at the asymptotic behaviour of the
solutions. Using the asymptotic formulae (7.66) and (7.69), with p = iAr, we see
that for large r the functions j;(iAr), n;(iAr) and h,‘z)(i)\r) all increase exponentially
(like r~' exp(Ar)) and must therefore be excluded. The only admissible solution
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is h;l)(ilr), which is proportional to r~!' exp(—Ar) for large r. Hence the desired
solution of (7.80b), outside the well, is

Rei(r) = Bh{V(ixr)
B[ji(iAr) +in;(iAr)], r>a (7.84)

where B is a constant. From (7.68) we see that the first three functions h,“’ (iAr) are

1
RV (iAr) = ——e™ (7.85a)
0 Ar
h(l) . . 1 1 —Ar
L GAr) =i o + 202 e (7.85b)
, 1 3 3\ .,
R (irr) = (; t et m)e v 7.850)

Energy levels

As in the analogous one-dimensional problem studied in Section 4.6, the energy levels
are obtained by requiring that the eigenfunction and its derivative be continuous
at the discontinuity (r = a) of the potential. Thus the logarithmic derivative
(1/Rg))(dRg; /dr) must be continuous at r = a. By applying this condition to
the interior solution (7.82) and the exterior solution (7.84), we have

[dj;(Kr)/dr] _[dh,“)(ikr)/dr]
FICEO TN o EPTLIVS T

This transcendental equation is complicated for arbitrary /, but for | = 0 we find with
the help of (7.64a) and (7.85a) that it reduces to the equation

(7.86)

KcotKa =—A (7.87)

which we have already analysed in Section 4.6 when we studied the odd parity
solutions of the one-dimensional square well. Thus, setting £ = Ka and n = Aa and
using (7.81) and (7.83), we have to solve the equation

Ecoté = —n (7.88)
with
2
249t = ,_l—’;Voa2 =y? (7.89)

where y = (2uVoa?/h?)'/? is the ‘strength parameter’ of the square well. From our
work of Section 4.6, we deduce that there is no (! = 0) bound state if y < /2, one
(I = 0) bound state if /2 < y < 3mw/2, and so on. The radial functions Rgq(r) are
illustrated in Fig. 7.6 for a spherical square well with y = 6 which can support two
| = 0 bound states.
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Figure 7.6 lllustration of the two | = 0 (s-wave) (unnormalised) radial eigenfunctions Rgo(r) for
a spherical square well potential such that y = 6, corresponding to the bound state energies
(@) E =E;=—0.80Vpand (b) £ = E; = —0.24V;.

For the case | = 1 one readily finds (Problem 7.9) by using (7.64b) and (7.85b)
that equation (7.86) reduces to

ctg 1 _1,1 (7.90)
& & n 7

where again £2 4+ 5> = y2. This equation must be solved numerically or graphically.
It is worth noting that one can easily predict the number of / = 1 bound states
as a function of the parameter y without actually solving equation (7.90). Indeed,
anew /| = 1 bound state will appear whenever n = 0 or cot& is infinite. This
will happen when & = m,2m, ..., so that there is no / = 1 bound state when
y < m,one !l = | bound state when m < y < 2m, etc. We also remark that the
smallest value of the ‘strength parameter’ y for which the spherical square well can
support an / = 1 bound state is larger than the corresponding value of y for the
| = 0 case. In fact, it can be shown (Problem 7.11) that the minimum value of y
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necessary to bind a particle of angular momentum / in the square well increases as
I increases. This is physically reasonable in view of the presence of the repulsive
centrifugal barrier term in the effective potential Veg(r) = V(r) + (I + A2 /2ur?
(see Fig. 7.5(b)).

Finally, we remark that in general there is no degeneracy between the energy levels
obtained from equation (7.86) for different / values. Of course, each energy level
of orbital angular momentum quantum number / is (2/ + 1)-fold degenerate with
respect to the magnetic quantum number m, a feature which is common to all central
potentials, as was shown in Section 7.2.

The hydrogenic atom
Let us now consider a hydrogenic atom containing an atomic nucleus of charge Ze
and an electron of charge —e interacting by means of the Coulomb potential

Zé?
(471'60)7'

V()= - (7.91)
where r is the distance between the two particles. We denote by m the mass of the
electron and by M the mass of the nucleus. Since the interaction potential (7.91)
depends only on the relative coordinate of the two particles, we may use the results
of Section 5.7 to separate the motion of the centre of mass. Thus, working in the
centre-of-mass system (where the total momentum P of the atom is equal to zero),
the Hamiltonian of the atom reduces to that describing the relative motion of the two
particles:

2 VA 2
_r e (1.92)
2u  (dmeg)r
where p is the relative momentum and
mM
= 7.93
K=y (7.93)

is the reduced mass of the two particles. The corresponding one-body Schrédinger
equation describing the relative motion is

[ h? v2 Zé?

) T 4m())r]'/f(l‘) = Ey(r). (7.94)

Since the Coulomb potential is central, this equation admits solutions of the form
YEIm(T) = Re(r)Y1,(6, ¢). Writing ug(r) = r Rg/(r) and using (7.52) and (7.53),
we see that the functions u g, (r) must satisfy the equation

¢ 2
Sl 4 2RE = V() =0 (7.952)
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Figure 7.7 The effective potential Vek(r) given by (7.95b) for the case Z = 1 and for the values
I =0,1,2. The unit of length is a, = (m/u)ap where ag is the Bohr radius (1.66). The unit of
energy is €2 /(4meoay).

where
Zé? I( + 1A?
(Ameg)r 2ur?

Vegr(r) = (7.95b)
is the effective potential. Fig. 7.7 shows this effective potential for the case Z = 1
and for the values I = 0, 1, 2 of the orbital angular momentum quantum number.
Because V.g(r) tends to zero for large r, the solution ug(r) for E > 0 will have
an oscillatory behaviour at infinity and will be an acceptable eigenfunction for any
positive value of E. We therefore have a continuous spectrum for E > 0. The
corresponding unbound (scattering) states play an important role in the analysis of
collision phenomena between electrons and ions. In what follows, however, we shall
focus our attention on the bound states, for which E < 0.

We now proceed to solve equation (7.95), subject to the condition ug;(0) = 0
(see (7.54)). It is convenient to introduce the dimensionless quantities

8 E 1/2
p=(—%> r (1.96)

and

Ze2 NG NG
s _ N 7.97
(meo)h ( 2E) “( 2E ) 797)
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where o = e?/(4meghic) ~ 1/137 is the fine-structure constant and we recall that
E < 0. In terms of the new quantities p and A, (7.95) becomes

& I+ a1
— -t - — - =0. 7.98
[dp2 0 P 4]MEI(P) ( )

Let us first examine the asymptotic behaviour of ug;(p). To this end, we remark
that when p — oo the terms in p~' and p~2 become negligible with respect to the
constant term (—1/4). Hence for large p equation (7.98) reduces to the ‘asymptotic’
equation

d? 1
[d_pz - Z]“EI(P) =0, (7.99)

the solutions of which are proportional to exp(£/2). Since the function ug;(p) must
be bounded everywhere, including at infinity, we must keep only the exponentially
decreasing function, so that

ug(p) o exp(—p/2), (7.100)

This result suggests that we look for a solution of the radial equation (7.98) having
the form

ugi(p) =e "2 f(p) (7.101)

where we have written f(p) = fg/(p) to simplify the notation. Substituting (7.101)
into (7.98), we obtain for f(p) the equation

2
[ ¢ _d _H+D, j—)]f(p) =0. (7.102)

dp?  dp p?

We now write a series expansion for f(p) in the form

f(p) =p"""g(p) (7.103)
where
gp)=Y apt,  c#0 (7.104)
k=0

and we have used the fact (see (7.58)) that ug;(p), and thus also f(p), behaves like
p'*! in the vicinity of the origin. Inserting (7.103) into (7.102), we find that the
function g(p) satisfies the differential equation

d? d

[P—2+(21+2—,0)—+(>~—1—1)]g(p)=0- (7.105)
dp dp

Using the expansion (7.104) to solve this equation, we have

Y h(k = Dexp ™ + @1 +2 = plkeep* ™ + A =1 = Dep*] =0 (7.106)
k=0
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or

S {lktk+ 1) + @+ 2k + Dl + 4 — 1 — 1= k)edpt =0 (7.107)
k=0

so that the coefficients ¢, must satisfy the recursion relation
k+1+1-2

k+Dk+2A+2"

If the series (7.104) does not terminate, we see from (7.108) that for large k

Chky1 =

(7.108)

a1 (7.109)
Ck k

aratio which is the same as that of the series for p? exp(p), where p has a finite value.
Thus in this case we deduce by using (7.101) and (7.103) that the function ug;(r) has
an asymptotic behaviour of the type

ugi(p) ~ p'tirres/? (7.110)
pP—>00

which is clearly unacceptable.

The series (7.104) must therefore terminate, which means that g(p) must be a
polynomial in p. Let the highest power of p appearing in g(p) be p™, where the
radial quantum number n, = 0, 1,2, ..., is a positive integer or zero. Then the
coefficient ¢, +; = 0, and from the recursion formula (7.108) we have

A=n,+1+1. (7.111)
Let us introduce the principal quantum number
n=n,+1+1 (7.112)

which is a positive integer (n = 1,2, ...) since both n, and / can take on positive
integer or zero values. From (7.111) and (7.112) we see that the eigenvalues of
equation (7.98) corresponding to the bound-state spectrum (E < 0) are given by

=n. (7.113)

Energy levels

Replacing in (7.97) the quantity A by its value (7.113), we obtain the bound-state
energy eigenvalues

2\ 2
E, =-F (2 )L
2h2\4mey ) n?
e? Z?
=_(4m30)auﬁ
1 ,(Za)?

=—§uc pra n=1,273 ... (7.114)
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where @ =~ 1/137 is the fine-structure constant and a,, denotes the modified Bohr
radius

4meg)h?
_ % - %ao (7.115)
e

with ay = (4mey)h? /(me?) being the Bohr radius (1.66).

The energy levels (7.114), which we have obtained here by solving the Schrodinger
equation for one-electron atoms, agree exactly with those found in Section 1.4 from
the Bohr model. The agreement of this energy spectrum with the main features of
the experimental spectrum was pointed out when we analysed the Bohr results. This
agreement, however, is not perfect and various corrections (such as the fine structure
arising from relativistic effects and the electron spin, the Lamb shift and the hyperfine
structure due to nuclear effects) must be taken into account in order to explain the
details of the experimental spectrum’.

We remark from (7.114) that since n may take on all integral values from 1
to +oo, the bound-state energy spectrum corresponding to the Coulomb
potential (7.91) contains an infinite number of discrete energy levels extending
from —(u/2h%)(Ze*/4mey)? to zero. This is due to the fact that the magnitude
of the Coulomb potential falls off slowly at larger r. On the contrary, short-range
potentials — such as the square well studied in the previous section — have a finite
(sometimes zero) number of bound states.

Another striking feature of the result (7.114) is that the energy eigenvalues E,
depend only on the principal quantum number r, and are therefore degenerate with
respect to the quantum numbers / and m. Indeed, for each value of n the orbital
angular momentum quantum number / may take on the values 0, 1,... ,n — 1, and
for each value of / the magnetic quantum number m may take the (2/ + 1) possible
values —I, —[ + 1, ... , +/. The total degeneracy of the bound-state energy level E,
is therefore given by

au

n—1
S+ n=2""=0_ e
1=0 2

(7.116)
As we have shown in Section 7.2, the degeneracy with respect to the quantum number
m is present for any central potential V (r). On the other hand, the degeneracy with
respect to [ is characteristic of the Coulomb potential; it is removed if the dependence
of the potential on r is modified. For example, we have seen in Section 7.4 that there
is no degeneracy with respect to / in the case of a square well. Another illustration
is provided by the spectrum of alkali atoms. Many properties of these atoms can
be understood in terms of the motion of a single ‘valence’ electron in a central
potential which is Coulombic (i.e. proportional to r~') at large distances, but which
deviates from the Coulomb behaviour as r decreases because of the presence of
the ‘inner’ electrons. As a result, the energy of the valence electron does depend
on /, and the degeneracy with respect to / is removed, leading to n distinct levels

5 See Bransden and Joachain ( 1983), Chapter 5.
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Figure 7.8 The energy-level diagram of atomic hydrogen.

En( = 0,1,...,n — 1) for a given principal quantum number n. Finally, if an
external magnetic field is applied to the atom, we shall see in Chapter 12 that the
(2 + 1) degeneracy with respect to the magnetic quantum number m is removed.

Figure 7.8 shows the energy-level diagram of the hydrogen atom; it is similar to that
displayed in Fig. 1.11, except that the degenerate levels with the same n but different
I are shown separately. Following the usual spectroscopic notation, these levels are
labelled by two symbols. The first one gives the value of the principal quantum
number n; the second one is a code letter which indicates the value of the orbital
angular momentum quantum number / according to the correspondence discussed in
Chapter 6, namely

Value of /

» > O

1 2 3 4 5
!¢+ ¢t e
p d f g h

Looking at the hydrogen atom spectrum illustrated in Fig. 7.8, we see that the ground
state (n = 1) is a Is state, the first excited state (n = 2) is four-fold degenerate and
contains one 2s state and three 2p states (with m = —1, 0, +1), the second excited
state (n = 3) is nine-fold degenerate and contains one 3s state, three 3p states (with
m = —1,0, +1) and five 3d states (with m = =2, —1, 0, +1, +2), etc.

Having obtained the energy levels of one-electron atoms within the framework
of the Schrodinger non-relativistic quantum theory, we may now inquire about the
spectral lines corresponding to transitions from one energy level to another. This
problem has already been discussed in Chapter 1, where the frequencies of the spectral

Code letter
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lines were obtained by using the Bohr model. We shall return to this question in
detail in Chapter 11, where the interaction of atomic systems with electromagnetic
radiation will be studied quantum mechanically. In particular, we shall re-derive in
that chapter the Bohr result (1.61) giving the frequencies of the spectral lines, and
we shall calculate the transition rates for the most common transitions, the so-called
electric dipole transitions.

The eigenfunctions of the bound states

Until now we have seen that the energy levels predicted by the Schrodinger theory
for hydrogenic atoms agree with those already obtained in Section 1.4 by using the
Bohr model. However, the Schrédinger theory has much more predictive power than
the old quantum theory since it also yields the eigenfunctions which enable one to
calculate probability densities, expectation values of operators, transition rates, etc.

The radial eigenfunctions of the bound states

In order to obtain these eigenfunctions explicitly, let us return to (7.105). This equation
can be identified with the Kummer—Laplace differential equation

d2w

d 4.2
withz = p, w =g,a =1+ 1 — X and ¢ = 2/ + 2. Within a multiplicative constant,
the solution of (7.117), regular at the origin, is the confluent hypergeometric function

+(c—z)—w —aw=0 1.117)

a(a + 1)z?

az
lFl(a,C,Z) = ]+m+m+
e
a ; (c)x k! (7.118a)
where
g =ala+1)...(a+k=1), (@) = 1. (7.118b)

In general, for large positive values of its argument the confluent hypergeometric
series (7.118) behaves asymptotically as

1Fi(a,c,z) — Q e (7.119)

I'(a)
where I' is Euler’s gamma function. Thus, in the present case the series (7.118) for
1Fi(l + 1 = x,20 +2,p) is in general proportional to p~'~'=* exp(p) for large
p, leading to a function ug;(p) having the unacceptable asymptotic behaviour
ug(p) ~ ptexp(p/2) (see (7.101) and (7.103)). The only way to
obtain physically acceptable solutions of (7.105) is to require that the
hypergeometric series for | Fi (I + 1 — A, 2/ + 2, p) terminates, which implies that
l4+1—-A=-n,(n,=0,1,2,...),and hence A = n, + 1+ 1 = n. The confluent
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hypergeometric function | Fi(I + 1 — A,2l + 2,p) = Fi(—n,,2l + 2, p) then
reduces to a polynomial of degree n,, namely
|F|(l+ 1 —n,2l+2,p)

_ni—:l Gk+l-nk—=1+1-n)...(01+1-n) P_k
T k+2A+ Dk —1+2+D. (I +2+ Dk

(7.120)

in accordance with our foregoing discussion. We may readily verify the correctness
of this result by using the recursion relation (7.108) which we derived above for the
coefficients ¢, of the function g(p). Thus, setting ¢ = 1 and using the fact that
A = n, we find from (7.108) that

k+l-nk—-14+1-n)...Ad+1-n) 1

= — (7.121)
Gk+2+Dk-1+20+1)...(1+20+ 1) k!
in agreement with (7.120). We also remark from (7.96) and (7.114) that
2Z 2Z
p=—r="2L, (7.122)
na, nag m

The physically admissible solutions g(p) of (7.105), corresponding to A = n, may
also be expressed in terms of associated Laguerre polynomials. To see how this
comes about, we first define the Laguerre polynomials L,(p) by the relation

&9
—eP—_(ple—P
Ly(p)=e dpt (p%e™") (7.123)
and we note that these Laguerre polynomials may also be obtained from the generating
function
exp[—ps/(l —s
Ulp. s) = pl—ps/ )]
1—s
o0
L
= Z q(‘p)s", |s] < 1. (7.124)
= 7

Differentiation of this generating function with respect to s yields the recurrence
formula (Problem 7.12)

Lyr1(p) + (p =1 =29)Ly(p) + q*Ly-1(p) = 0. (7.125)

Similarly, upon differentiation of U (p, s) with respect to p, we find that

d d
a5l a3 L) +alei(p) =0, (7.126)

Using (7.125) and (7.126), it is readily shown that the lowest order differential
equation involving only L, (p) is

[d—2 (1- 4 L =0 7.127
pdp2+ p)dp+q] ¢(p) =0. (7.127)
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Next, we define the associated Laguerre polynomials L} (p) by the relation
d
L) = —Ly(p). (7.128)

Differentiating (7.127) p times, we find that Lf,’ (p) satisfies the differential equation
(Problem 7.13)

2
[ dd s+ (p+1- ,0)— +(q — P)]L”(p) (7.129)
Setting A = n in (7.105) and comparing with (7.129), we see that the physically
acceptable solution g(p) of (7.105) is given (up to a multiplicative constant) by
the associated Laguerre polynomial L,Z,’I,' (p). Note that this polynomial is of order
(n+0)—Ql+1) = n—I—1 = n,, inaccordance with the discussion following (7.110).

The generating function for the associated Laguerre polynomials may be obtained

by differentiating (7.124) p times with respect to p. That is,

(—=s)? exp[—ps/(1 —s)]
(1 —s)rt!

Up(p’ S) =

o0 LP
-y "('p)sq, Is| < 1. (1.130)
=pr T

An explicit expression for Lf,’:}' (p) is given by

n—I-1 2 k
Al N K+ [(n+D!] P
L= O e T TR A 13D

and is readily verified by substitution into (7.130), withg =n +/and p =2/ + 1.

Since the physically admissible solutions g(p) of (7.105) are given within
a multiplicative constant either by the confluent hypergeometric function
1Fi(l +1 = n,2l + 2, p) or by the associated Laguerre polynomial Li’:,'(p), it
is clear that these two functions differ only by a constant factor. This factor is
readily found by comparing (7.120) and (7.131) at p = 0 and remembering that the
confluent hypergeometric function is equal to unity at the origin (see (7.118)). Thus
we have

112

L2 (p) = — — ;(f Jl“)fzzll T Al =n 2 42.0). (7.132)

Using (7.51), (7.101), (7.103) and the foregoing results, we may now write the full
hydrogenic radial functions as

Ru(r) = Ne™*?p'LY% (p) (7.133a)
= Ne ??p \Fid+1—n,20+2,p) (7.133b)

where N and N are constants which will be determined below (apart from an arbitrary
phase factor) by the normalisation condition. In (7.133) we have used the notation
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Ry (which displays explicitly the quantum numbers n and /) instead of the symbol
Ry, and we recall that p = (2Z/na,)r (see (7.122)).
The hydrogenic wave functions of the discrete spectrum

Using (7.45), we see that the full eigenfunctions of the discrete spectrum for hydro-
genic atoms may be written as

Vnim(r, 0, ¢) = Ru ()Y, (0, @) (7.134)

where the radial functions are given by (7.133) and the spherical harmonics provide
the angular part of the wave functions. We require that the eigenfunctions (7.134) be
normalised to unity, so that

o) n 2
/ drr? f df sin@ / dp|Ynim(r, 0, 9))* = 1. (7.135)
0 0 0

Because the spherical harmonics are normalised on the unit sphere (see (6.103)), the
normalisation condition (7.135) implies that

./ |Ruy(r)|*ridr = 1 (7.136)
0
or
na,\* [
INP =2 e P pY (LY (p)Ppdp = 1 (7.137)
27 0

where we have used (7.133a). The integral over p can be evaluated by using the gen-
erating function (7.130) for the associated Laguerre polynomials (see Problem 7.15).
The result is
* 2n[(n +D'P
p 20 L21+l 2 2d -/t 7.138

fo e *p7IL,y, (p)) pdp n—I—1)! (7.138)
so that the normalised radial functions for the bound states of hydrogenic atoms may
be written as

2Z\’ m =1 =11 )""?
w1 =~{(22) s om| <L 7139
; .

or
Ry 1 22\ m+1 '
n(r) = ———— _ )
! @+ 1)\ na, ) 2n(n—1=1)!
xe P2 pl Fi(l+1—n,21+2, p) (7.139b)
with
2Z (4meg)h?
p="—"=r, a,=-—" (7.139¢)

na, ue?
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where a constant multiplicative factor of modulus one is still arbitrary. In writ-

ing (7.139b) we have used equation (7.132) which relates the associated Laguerre

polynomial Lf,’:,' (p) to the confluent hypergeometric function | Fy(I+1—n, 21+2, p).
The first few radial eigenfunctions (7.139) are given by

Rio(r) = 2(Z/a,)** exp(~Zr/ay,)
Ry (r) = 2(Z/2a,)**(1 — Zr/2a,) exp(—Zr/2a,)

Ry (r) = i(Z/za,,)W(Zr/a,,)exp(—Zr/za#)

V&
Ry (r) = 2(Z/3a,)**(1 —2Zr/3a, + 22°r*/27a’) exp(—Zr/3a,)
Ry (r) = ﬂ(Z/3a#)3/2(1 — Zr/6a,)(Zr/a,)exp(—Zr/3a,)
Ry(r) = - \/_(Z/3au)3/2(Zr/aﬂ) exp(—Zr/3a,) (7.140)

and are illustrated in Fig. 7.9.

Using the radial wave functions (7.140), together with the explicit expressions
of the spherical harmonics given in Table 6.1, we display in Table 7.1 the full
normalised bound-state hydrogenic eigenfunctions Y, (r, 6, ¢) for the first three
shells (that is, the K, L and M shells corresponding, respectively, to the values
n = 1,2, 3 of the principal quantum number). We have also indicated in Table 7.1
the spectroscopic notation, introduced in the discussion of the energy levels, with the
subscripts corresponding to the values of the magnetic quantum number m (when
1 #0).

According to the interpretation of the wave function discussed in Chapter 2, the
quantity

[Wnim (r, 0, @) *dr = Vi (1, 0, @) Ynim (r, 0, @)ridr sin0dode (7.141)

represents the probability of finding the electron in the volume element dr (given
in spherical polar coordinates by dr = r2dr sin@dfd¢) when the system is in the
stationary state specified by the quantum numbers (n, [, m). In agreement with the
discussion following (7.46), the position probability density

[Ytm (r, 8, O = |Ru ()2 27) 1|04, (0) 2 (7.142)

does not depend on the coordinate ¢. It is the product of the angular factor
(27)71©,(6)|?, studied in Chapter 6 and of the quantity |R,,; (r)|?, which gives the
electron density as a function of r along a given direction. The radial distribution
Sfunction

Dy (r) = r*|Ru(r)|? (7.143)
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Figure 7.9 Radial functions Rp(r) and radial distribution functions r? R2(r) for atomic hydrogen.
The unit of length is a, = (m/u)dg, where ay is the first Bohr radius (1.66).



7.5 The hydrogenic atom B 363

(P1zF)dxa ¢ Juis (Tog /17 =)dxd (701 NN:;Qc\NT\, ol T¥pg F 4 13
(@1F)dxe 950 g uis ("og /17 —)dxa (30/ 71 NNVSQSNVI\, '8 \Fpg LF z €
(1 — 6 ,502€)("og /17 -)dx® (}D/ 1 Nwr\mzc\wvmm\:w Opg 0 z £
(¢1F)dxa gus ("og /17 -)dxa ("0/17) (09 /17 - :N\mé\wvl\( £ I¥dg LF L 13
9503 ("og/17-)dxa ("0/17)("09/17 — CN\MA&\NVII\\MNNN odg 0 L £

("og/17-)dxa (30£2/ 41,27 + "DE/1ZT - :N\mza\wv!\, : s¢ 0 0 € W
(¢ F)dxa guis (oz /17— Exo?c\kwvﬁm?c\ﬁl\,w 1¥dg \F L 4
9503 ("og/17~ Exﬁac\ﬁqmzc\wvl\, 4 odz 0 L z

("oz/1z-)dxa ("'0z/47 - :SZ&SK 4 Y4 0 0 z 1

("p/4z-)dxa S:&S% sL 0 0 L N

uoiolou w ! u 12ys

(¢ 9 ‘DWd uondUNy IADM Jrdodsouprads siaquinu wnuond

‘s|Iays 9a1y3 15114 3Y3 03 Huipuodsauiod suonduny arem diusboipAy pasijewsou 33aidwod ay) |7/ JqoL



364 B The Schrodinger equation in three dimensions

gives the probability per unit length that the electron is to be found at a distance r
from the nucleus. Indeed, by integrating (7.141) over the polar angles 6 and ¢ and
using (7.134) and (6.103), we see that

T 2r
/ d95in6 f A Vim0, ) 2r2dr
0 0

T 2
P2 Ru(r)Pdr f d6 sin 6 f 461 ¥im (0, )12
0

0
r?|Ru(r)|*dr

= Dy (r)dr (7.144)

represents the probability of finding the electron between the distances r and r + dr
from the nucleus, regardless of direction. The radial distribution functions Dy, (r)
corresponding to the first few radial functions are plotted in Fig. 7.9.

Several interesting features emerge from the examination of the radial eigenfunc-
tions R,;(r) and the radial distribution functions D, (r).

)]

(9]

3

Only for s states (I = 0) are the radial eigenfunctions different from zero at
r = 0. We also note that since Yoo = (47)~!/? is independent of # and ¢, one
has from (7.134) and (7.139)

3

1
[¥no0(0)|* = 4—|Rno(0)|2 = (7.145)
T

ma3n®’
Moreover, each of the s-state radial eigenfunctions R,o are such that
dR,o/dr # 0 at r = 0. This peculiar behaviour is due to the fact that the

potential energy (7.91) is infinite at the origin.

We also verify from (7.139) that the radial eigenfunctions R, (r) are proportional
to r! near the origin, in agreement with our general discussion of Section 7.2.
Thus, for I # 0 the radial wave functions are forced to remain small over
distances which increase with [. As we have seen in Section 7.2, this behaviour
is due to the centrifugal barrier term /(I 4+ 1)A2/2ur? contained in the effective
potential. Among the radial eigenfunctions R, (r) having the same principal
quantum number #n, the one with the lowest value of / has the largest amplitude
in the vicinity of the nucleus.

The associated Laguerre polynomial L,Z,’:,'(p) is a polynomial of degree

n, = n — 1| — 1 having n, radial nodes (zeros). Thus the radial distribution
function D,;(r) has n — | maxima. We remark that there is only one maximum
when, for a given n, the orbital angular momentum quantum number / has
its largest value / = n — 1. In that case n, = 0 and we see from (7.131)
and (7.139) that

Run_1(r) ~ r""'exp(=Zr/na,). (7.146)
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Hence D, ,_,(r) = r*R?

w.n_1(r) will exhibit a maximum at a value of r obtained
by solving the equation

dD, - _ <2nr2"_' _ ern) exp(—2Zr/na,) =0 (7.147)
dr au
ie. at
L (7.148)
VA

This is precisely the value (1.74) given by the Bohr model. However, in contrast
to the Bohr model, the diffuseness of the electron cloud implies that the concept
of size is less precise in the quantum mechanical theory, so that the value (7.148)
should be interpreted as a ‘most probable distance’. We see from (7.148) that
this most probable distance is proportional to n? and is inversely proportional
to Z. More generally, the maximum value of D,;(r) recedes from the nucleus
with increasing values of n (see Fig. 7.9) and becomes closer to the nucleus (by
a factor of Z~!) when Z increases.

To conclude our study of the hydrogenic bound state wave functions we recall that
all wave functions of the form (7.45) transform under the parity operation according
to (7.50). In particular, the action of the parity operator P on the hydrogenic wave
function (7.134) yields

’Pvfn[m (I‘, 9, ¢) = P[Rnl(r)ylm (9, d’)]
Ru(r)(=1)'Y1,, (8, $)
= (=D'Yum(r, 0, 9) (7.149)

so that the hydrogenic states v,,;,, have the parity of /, in agreement with the general
discussion of Section 7.2.

Hydrogen iso-electronic sequence; hydrogen isotopes; positronium;
muonium; antihydrogen

Let us recall some important results we have obtained for hydrogenic systems. The
energy eigenvalues are given by (7.114) and the eigenfunctions by (7.134). In
particular, the ionisation potential Ip = |E,_,]| is
_ e? z?
P (4meg)a, 2
and the ‘extension’ a of the wave function describing the relative motion of the system
is roughly given in the ground state (see (7.148)) by
_ay (4meo)h*
T Z 7 Zue?
The hydrogenic systems we have considered so far correspond to an atomic nucleus
of mass M and charge Ze and an electron of mass m and charge —e interacting by

(7.150)

(7.151)
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means of the Coulomb potential (7.91). The ‘normal’ hydrogen atom, containing a
proton and an electron is the prototype of these hydrogenic systems. The hydrogenic
ions He* (Z = 2), Li?* (Z = 3), Be** (Z = 4), etc., which belong to the hydrogen
iso-electronic sequence are also examples of such systems. Note that apart from small
reduced mass effects the ionisation potential /p of these hydrogenic ions is increased
by a factor of Z 2 while the value of a for these ions is decreased by a factor of Z
with respect to the hydrogen atom.

The (neutral) isotopes of atomic hydrogen, deuterium and tritium, also provide
examples of hydrogenic systems. Here the proton is replaced by a nucleus having
the same charge +e, namely a deuteron (containing a proton and a neutron) in the
case of deuterium and a triton (containing one proton and two neutrons) in the case
of tritium. Since My >~ 2M}, and M, >~ 3M,,, where M, is the mass of the proton, My
the mass of the deuteron and M, the mass of the triton, we see from (7.93) that the
reduced mass u is slightly different for (normal) hydrogen, deuterium and tritium; the
relative differences are of the order of 1073. Thus the quantities Ip and a are nearly
identical for these three atoms, the small differences in the value of p giving rise to
isotopic shifts of the spectral lines which we have already discussed in Section 1.4.

In addition to deuterium and tritium, there exist also other ‘isotopes’ of hydrogen, in
which the role of the nucleus is played by another particle. For example, positronium
(ete™) is a bound hydrogenic system made of a positron e* (the antiparticle of
the electron, having the same mass m as the electron, but the opposite charge) and
an electron e~. Muonium (u*e™) is another ‘isotope’ of hydrogen, in which the
proton has been replaced by a positive muon p*, a particle which is very similar
to the positron e*, except that it has a mass M, =~ 207m and that it is unstable,
with a lifetime of about 2.2 x 107® s. Positronium and muonium may thus be
considered as light ‘isotopes’ of hydrogen. Positronium was first observed in 1951
and muonium in 1960. Table 7.2 gives the values of the reduced mass u, the ‘radius’
a and the ionisation potential /p for positronium and muonium, compared with those
of the hydrogen atom. It should be noted that both positronium and muonium are
unstable. Indeed, muonium has a lifetime of 2.2 x 1079 s (which is the lifetime of the
muon ™ itself) while in positronium the electron and the positron may annihilate,
their total energy including their rest mass energy being completely converted into
electromagnetic radiation (photons).

Positronium and muonium have attracted a great deal of interest because they
contain only leptons (i.e. particles which are not affected by the strong interactions)
and hence are particularly suitable systems in which the predictions of quantum
electrodynamics can be accurately verified.

Finally, we mention that atoms of antihydrogen (pe™), a bound system made of
an antiproton p and a positron e*, have been observed in an experiment performed
at CERN in 1995 by G. Baur ez al.

Muonic atoms

In all the hydrogenic atoms we have considered until now the negative particle is an
electron. In 1947, J. A. Wheeler suggested that other negative particles could form
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Table 7.2 The reduced mass p, ‘radius’ a and ionisation potential /p of some special hydrogenic
systems, compared with the corresponding quantities for the hydrogen atom (pe~). The
following ‘atomic units’ are used: unit of mass = electron mass m; unit of length = Bohr radius
ap (see (1.66)); unit of energy = &2 /[(4meo)ap), i.e. twice the ionisation potential of atomic
hydrogen (with an infinite nuclear mass).

System Reduced mass ‘Radius’ lonisation potential
u a Ip

(pe™), (pet) %3—? ~1 ~agp=1 ~ ﬁﬁ =0.5

(ete) 0.5 2 0.25

(ute) %—8—% ~1 ~ay=1 ~0.5

(pu™) ~ 186 ~54x1073 ~93

a bound system with a nucleus. This, in particular, is the case for a lepton such as
the negative muon 1=, which is the antiparticle of the positive muon u*, having the
same mass M, >~ 207m and the same lifetime (2.2 x 107% s) but a negative charge
—e. The negative muon p~ is therefore a kind of ‘heavy electron’. As it is slowing
down in bulk matter, it can be captured by the Coulomb attraction of a nucleus of
charge Z, thus forming a muonic atom.

The simplest example of muonic atom is the bound system (pu~) consisting of
a proton p and a negative muon p~. Since the muon has a mass M,, >~ 207m, the
reduced mass of the muon with respect to the proton is approximately 186 times
the electron mass. As a result, we see from (7.151) that the ‘radius’ a of muonic
hydrogen (pu ™) is 186 times smaller than that of the ordinary hydrogen atom (pe™).
On the other hand, using (7.150) we see that the ionisation potential /p of the muonic
atom (pu~) is 186 times larger than the corresponding quantity for ordinary atomic
hydrogen (see Table 7.2). The frequencies of the spectral lines corresponding to
transitions between the energy levels of (pu ™) may thus be obtained from those of the
hydrogen atom by multiplying the latter by a factor of 186. For transitions between the
lowest energy levels of (pu ™) the spectral lines are therefore lying in the X-ray region.

The three-dimensional isotropic oscillator

As a last example of central field, we shall consider the motion of a particle of mass
u in the potential
V(r) = 3kr? = Juw?r? (7.152)

which corresponds to an isotropic three-dimensional oscillator of classical angular
frequency w = (k/w)!'/2. In Section 7.1 we solved the corresponding Schrodinger
equation in Cartesian coordinates. In particular, we found that the energy levels are
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given by E, = (n + 3/2)hw, where n = 0, 1,2, ..., each energy level E, being
(n 4+ 1)(n + 2)/2-fold degenerate.

In this section we want to analyse this problem using spherical polar coordinates,
so that we look for solutions of the Schrodinger equation having the form (7.45). The
radial equation (7.52) for the function ug;(r) = r Rg;(r) becomes in the present case

& id+1 + 2uE  plw’r?
dr2 r2 hZ hZ

]MEI(V) =0. (7.153)
It is convenient to introduce the dimensionless variable
p=ar (7.154)
where

k)4 NG
o= <F) = <T) (7.155)

and the dimensionless eigenvalue

a2k (7.156)
ho
so that (7.153) now reads
d? Id+1
4 W+ +r—pugi(p) = 0. (7.157)
dp? 02

Let us first study the asymptotic behaviour of ug;(p). When p — oo we may
neglect the terms /(I + 1)/p? and A compared to p?, so that (7.157) reduces to

2
[% - pz]um(p) =0 (7.158)
P

which is the same asymptotic equation as that studied in Section 4.7 in the
one-dimensional case (see (4.136)). For sufficiently large p the functions
ug(p) = pP exp(£p?/2) satisfy (7.158) as far as the leading terms, which are of
order p?ug(p), are concerned when p has any finite value. Since the function
ug;(r) must be bounded everywhere, we only keep the minus sign in the exponent.
This suggests looking for solutions of (7.157) in the form

ugi(p) = e " ?u(p) (7.159)

where we have written v(p) = vg/(p). Substituting (7.159) in (7.157) we obtain for
v(p) the equation

d? d I+
R _2 —_ — = 0. .
(dp2 pdp 2 + A l)v(P) 0 (7.160)
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From the general discussion of Section 7.2 we know that u g;(p) — and hence also
v(p) — behaves like p'*! near the origin. We therefore seek a solution of (7.160) of
the form

v(p) = p M w(p). (7.161)

Upon substitution of (7.161) in (7.160) we find that the function w(p) satisfies the
differential equation

& I+1 3
o oML N 2142w =o. (1.162)
dp? 0 dp 2

By introducing the new independent variable ¢ = p?, this equation goes over to the
differential equation

d*w 3 dw 1 3 A
o+ [(43) g - [30+3) -3 ]ro =0 (169

which is just the Kummer-Laplace differential equation (7.117), with z = ¢,
a= (+3/2)/2—X/4and ¢ = [+ 3/2. The solution of (7.163), regular at the
origin, is thus given by

2U7T2) T Ty

where C is a constant.

w(§)=C1F|[l(I+§)—é,l+3 C] (7.164)

Energy levels

Let us examine the solution (7.164) in the limit of large ¢{. From (7.119),
we remark that in this limit the confluent hypergeometric series (7.118) for
VFild +3/2)/2 — A/4,1 + 3/2, ¢] is proportional to ¢ ~(+3/2+%/2/2 exp(¢). Thus,
using (7.159) and (7.161), we see that if this series does not terminate, the function
ug;(p) will have an asymptotic behaviour of the type

ug(p) ~ p tHD/2er 2 (7.165)
p—0c

which is inadmissible. The only way to avoid this divergence is to transform the
confluent hypergeometric series into a polynomial of degree n,, by requiring that

1 3 A

—(l1+Z)===-n, .

> ( + 2) 2 n (7.166)
where the radial quantum numbern, =0, 1,2, ... is a positive integer or zero. This
condition may also be written in the form

3

= 2(,, + E) (7.167)

with

n=2n, +1, n=0,1,2,... (7.168)
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Problems

and from (7.156) we see that the energy levels are given by
3
E, = (n + E)hw, n=0,12,... (7.169)

in agreement with the result (7.37) of Section 7.1.

The eigenfunctions of the three-dimensional isotropic oscillator

Using (7.154), (7.159), (7.161), (7.164) and (7.166), we find that the radial eigen-
functions Rg;(r) = r~'ug(r) of the three-dimensional isotropic oscillator are given
by

Rei(r) = Ne™® "2 [ Fy(=n,, 1 + 3, ar?) (7.170)

where & = (uw/#)!/? and N is a normalisation constant. Hence, from (7.45) the
complete three-dimensional isotropic oscillator eigenfunctions are given in spherical
polar coordinates by

VEm(r, 0, ) = Ne " /2 | Fy(=n,,1 + 3, a*r}) Y, (6, ¢). (7.171)

Except for the ground state (n = 0), the energy levels (7.169) are degenerate.
Indeed, for even n there are n/2 + 1 partitions of n according to (7.168), and for odd
n there are (n + 1)/2 partitions. Moreover, for each value of /, there is a (2/ + 1)
degeneracy with respect to the magnetic quantum number m (which can take on the

values —/, —/ + 1, ... ,1). As aresult, there is only one eigenfunction for n = 0,
there are three linearly independent eigenfunctions for n = 1 (corresponding to/ = 1
and m = —1,0, +1), six for n = 2 (one corresponding to / = 0 and five to [ = 2),

etc. In general, there are (n + 1)(n + 2)/2 linearly independent eigenfunctions for
each value of n, in agreement with the conclusion reached in Section 7.1.

7.1 Consider a particle of mass u confined within a box with impenetrable walls
of sides Ly, L, and L3. If L, = L, obtain the allowed energies and discuss the
degeneracy of the first few energy levels.

7.2 Consider an anisotropic harmonic oscillator described by the Hamiltonian
H= 24 p 4 )+ ki ) + ohad
2u y 2 2

(a) Find the energy levels and the corresponding energy eigenfunctions using
Cartesian coordinates. What are the degeneracies of the levels, assuming that
w; = (k;/u)"/? and w; = (ky/p)'/? are incommensurable?

(b) Can the stationary states be eigenstates of L2? of L.?

73 Show that all solutions of the Schrédinger equation (7.41) can be obtained
as linear combinations of separable solutions of the form (7.43).
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(Hint: Use the orthonormality and closure relations satisfied by the spherical
harmonics.)

7.4 Show that when p = —2 and by < 0in(7.55), physically acceptable solutions
of (7.52) exist only if by > —h? /8.

7.5 Prove that the spherical Bessel and Neumann functions defined by (7.63a)
and (7.63b) satisfy the differential equation (7.61).

7.6 Using equations (7.63) obtain the leading term of j;(p) and n,(p) for small
and large values of p.

7.7 Consider a particle of mass p confined in a spherical box of radius a.

(a) Write down the equation which determines the allowed energy levels.
(b) Solve this equation explicitly for the case [ = 0.

7.8 Solve equation (7.87) numerically to obtain the / = 0 energy levels and
corresponding normalised radial functions for a three-dimensional square well such
that

v = QuVea’ /i)' = 5.
7.9 Prove equation (7.90).

7.10  Consider a particle of mass x4 moving in a very deep square well potential
for which Ka > [. Show that for the bound states with | E| < Vj, equation (7.86)
reduces to

Ka—In/2~(n+{Hm;  n=0,12,...
and that the energy levels are given approximately by
Ex~=2Vo{l =[n+({+1)/2]n/y}.

7.1 (a) Show that for a square well potential, bound states of zero energy for
! > 0 occur when

Ji-1(y) =0.

(b) Deduce from this condition that the value of y necessary to bind a particle of
angular momentum quantum number / increases with increasing /.

712  (a) Prove the relations (7.125) and (7.126) satisfied by the Laguerre poly-
nomials.

(b) Show that the lowest order differential equation involving only L, (p) is given
by (7.127).

7.13  Prove equation (7.129).

7.14  Anyregion of space in which the kinetic energy T of a particle would become
negative is forbidden for classical motion. For a hydrogen atom in the ground state:
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(a) find the classically forbidden region; and
(b) usingthe ground-state wave function y;00(r), calculate the probability of finding
the electron in this region.

7.15  Using the generating function (7.130) and proceeding as in the case of the
linear harmonic oscillator (see Section 4.7) evaluate the integral (7.138).

7.16  Using the generating function (7.130), show that the average values

(rYnim = / Y (O Yt (£)dE = f |Rut (r)17r* +2dr

0

are given respectively for k = 1, —1, —2 and —3 by

2 1 I+
(r)nlm =aun7{1+§[1- ) ]l (1)
Z
r Dam = — @
aun
22
r 2 aim = ——— 3)
a§n3(l + 5)
23
(r=um = @)

aml(l+3)+ 1)

7.17  Using the result (2) of the preceding problem, together with (7.114) show
that for a hydrogenic atom, the average values of the kinetic energy operator T and
of the potential energy V in a bound state (n/m) are such that

2<T)nlm = _(V)nlm-
Relate your result to the virial theorem of Section 5.7.

7.18  Consider a hydrogen atom whose wave function at ¢+ = 0 is the following
superposition of energy eigenfunctions ¥, (r):

1
V14

(a) Is this wave function an eigenfunction of the parity operator?
(b) What is the probability of finding the system in the ground state (100)? In the
state (200)? In the state (322)? In another energy eigenstate?

(c) What is the expectation value of the energy; of the operator L?; of the operator
L.?

Y(r,t=0)= [2¢100(r) — 3¥200(r) + Yr322(r)].

7.19  Find the energy levels and the corresponding eigenfunctions of a particle of
mass /. in the potential V (r) = (A/r*> + Br?), where A > 0 and B > 0. In the case
A = 0 compare your result with that obtained in Section 7.6 for the three-dimensional
isotropic oscillator.
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(Hint: SetI'(" + 1) = I(l + 1) + 21 A/A?* and compare the radial equation you
obtain with (7.153).)

7.20 A two-dimensional harmonic oscillator has the Hamiltonian

h* [ 82 92
H=-—|2 k k
2p.|:8x2+8y]+2 i +2 2y’

(a) Show that the energy levels are given by
1 1 n,=0,1,2,...
En,n. - <n,\' + E)hwl + (ny + E)th7 ny — 0, l, 2, .
where w; = (k;/1)'/? and w; = (ko/u)'/%. Obtain the corresponding energy
eigenfunctions in terms of the one-dimensional linear harmonic oscillator wave
functions of Section 4.7.
(b) Assuming that the harmonic oscillator is isotropic (k; = k, = k), what is the
degeneracy of each energy level?
(c) Solve the Schrodinger equation for the two-dimensional isotropic oscillator in

plane polar coordinates (r, ¢). Using the fact that the Laplacian operator is
given in these coordinates by

a2 +l a + 1 32
arz  rar  rog¢?
and introducing the dimensionless quantities

o =ar, A=2E/hw,

V2 =

where o = (uk/h?*)'/* = (uw/h)'/?, show first that the eigenfunctions are of
the form

v =e " pmg(p)em®  m=0,+1,42, ...
where the function g(p) must satisfy the differential equation

c12_g [2|m| +1

dp? p
Then, taking v = p? as a new variable, prove that equation (1) is transformed
into the Kummer-Laplace equation

d
—2,0]5—[2(Im|+1)—)»]g=0- 0

g A
Va2 +[(Im|+l)—v]———[(|ml+1)—E]g 0 ()
whose solution regular at v = 0 is the confluent hypergeometric function
g() = 1Fi(a,c,v) 3

with

I A
—§(|m|+l—§), c=Im|+1. @
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Using these results, show that the eigenfunctions are given by

Y, m(p, ®) = Ne=#/2p" | Fy(—n,, Im| + 1, p)e"* )
wheren, =0,1,2,... ,m =0,+£1,42,... and N is a normalisation constant.
Prove that the energy levels are given by

E,=hon+1) (6)
where

n=2n,+|m=0,1,2,... @

Discuss the degeneracy of the energy levels and compare your results with those
obtained by using Cartesian coordinates.

7.21  The parabolic coordinates (£, 1, ¢) of a point in three-dimensional space are
defined by the relations

x-—-\/%cosgb, E=r+z
y=\/E_nsin¢, n=r—z
z=3E-n. ¢=tan"'(y/x)
r=3E+n)

and the Laplacian operator is given in these coordinates by

) )
“Ernloe\Cae " En 0p?

(a) Prove that the Schrodinger equation (7.94) with a Coulomb potential is separable
in these coordinates.
(Hint: Write the eigenfunctions in the form

v = fiE) Lr(me™, m=0+1,£2,...

and show that the Schrédinger equation can be replaced by the two differential
equations

%(;%) ( A;~'+—€+v|)f1 =0
df; 1, B
3 (155) - (@ )0

where A2 = —2 E /h* and the constants of separation v, and v, are related by
Zer u
Vit v =— —.
v 4 ey b2

(b) Taking the energy to be negative (discrete spectrum), obtain the functions f; (&)
and f>(n), and hence the eigenfunctions and energy levels. Compare your
results with those derived in the text in spherical polar coordinates.
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As in the case of classical mechanics, there are relatively few physically interesting
problems in quantum mechanics which can be solved exactly. Approximation meth-
ods are therefore very important in nearly all the applications of the theory. In this
chapter and the next one we shall develop several approximation methods to study
mainly the bound states of physical systems; approximation methods for collision
problems, which deal with the continuous part of the spectrum, will be considered in
Chapter 13.

Approximation methods can be conveniently divided into two groups, according to
whether the Hamiltonian of the system is time-independent or time-dependent. The
latter case will be considered in Chapter 9. In the present chapter we are concerned
with the approximate determination of the discrete eigenenergies and corresponding
eigenfunctions for the stationary states of a time-independent Hamiltonian. We shall
begin by discussing perturbation theory, which studies the changes induced in a system
by a small disturbance. In Section 8.1 we shall develop a stationary perturbation
method for the case of anon-degenerate energy level. The generalisation to degenerate
energy levels will be considered in Section 8.2. The next section is devoted to
the variational method. Finally, in Section 8.4 we shall discuss the semi-classical
approximation method of Wentzel, Kramers and Brillouin, which is known as the
WKB approximation.

Time-independent perturbation theory for a non-degenerate
energy level

In this section and the following one we shall discuss the Rayleigh-Schridinger

perturbation theory, which analyses the modifications of discrete energy levels and
of the corresponding eigenfunctions of a system when a perturbation is applied.

375
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Let us suppose that the time-independent Hamiltonian H of a system can be
expressed as

H = Ho+ AH' 8.1)

where the ‘unperturbed’ Hamiltonian H is sufficiently simple so that the correspond-
ing time-independent Schrodinger equation

Hoy” = EQy” (82)

can be solved, and AH’ is a small perturbation. The quantity A is a real parameter,
which will be used below to distinguish between the various orders of the perturbation
calculation. We can let A tend to zero, in which case the Hamiltonian H reduces to
the unperturbed Hamiltonian Hy, or we may let A reach its full value, which we shall
choose to be A = 1.

We assume that the known eigenfunctions ¥{” corresponding to the known eigen-
values E? of H, form a complete orthonormal set (which may be partly continuous).
Thus, if 1//i(0) and 1[11(.0) are two members of that set, we have

WOl =8, 8.3)

where for notational simplicity the meaning of §;; is implicitly extended to cover
the possibility of Wiw) and wj(.o) being discrete or continuous states. The eigenvalue
problem which we want to solve is

Hy, = Eqyiy. 84

Let us consider a particular unperturbed, discrete energy level E{”, which we
assume to be non-degenerate (other unperturbed energy levels may be degenerate).
We suppose that the perturbation A H’ is small enough so that the perturbed energy
level E, is much closer to E{ than to any other unperturbed level. As A tends to
zero, we have

lim E, = EO. (8.5)

Similarly, since the state n is non-degenerate, the perturbed eigenfunction ¥, must
approach the unperturbed eigenfunction /(” as A approaches zero:

lim v, = y,%. (8.6)

The basic idea of perturbation theory is to assume that both the eigenvalues and
eigenfunctions of H can be expanded in powers of the perturbation parameter A. That
is

o . .
E,=) MEY 8.7)
j=0
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and
o0
Y=y My (8.8)
j=0
where j, the power of A, is the order of the perturbation. Substituting the expan-
sions (8.7) and (8.8) into the Schrodinger equation (8.4), we have

(Ho + AHYW® + a2y P + 2292 + ) = (E” +AEP + MEP + )

x(Y” + A + A2y 4.
8.9)

We now equate the coefficients of equal powers of A on both sides of this equa-
tion. Beginning with A°, we find, as expected, that Hoy (¥ = EQ . Next, the
coefficients of A give

HO'//(I) + H ]//(0) E(O)W(l) + E(I)VI(O) (8.10)
while those of A2 yield

H, w(Z) + H w(l) E(O)]//(Z) + E(l)lll(l) + E(Z)III(O) (8.11)
More generally, by equating the coefficients of A/ in (8.9) we have for j > 1

Hol//(j) 4+ H ]/,(J D _ E(O)Vf(’) E’('l)]//'gj—l) 4o+ EU)V’,SO)‘ 8.12)

In order to obtain the first-order energy correction E; (1) we premultiply (8.10) by
¥ 9% and integrate over all coordinates. This gives

(W1 Ho = EX1,") + (" 1H' = E1y,%) =0, (8.13)
Now, using (8.2) and the fact that the operator Hy is Hermitian, we have

(WO Holy") = (¥ P Holy )"
= E (v, ")

= EP W 1v,") (8.14)

so that the first term on the left of (8.13) vanishes. Moreover, since (2 |y(?) = 1,
we see that (8.13) reduces to

E(l) ('//(0)|H W’(O)) (8.15)

This is a very important result. It tells us that the first-order correction to the energy
for a non-degenerate level is just the perturbation H’ averaged over the corresponding
unperturbed state of the system.

Proceeding in a similar way with equation (8.11), we have

(W, 1Ho = EL19,2) + WP 1H' = EPly,") — E}Y = 0. (8.16)
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Again the first term vanishes, so that the second-order energy correction is given by
ED =y |H — E{"ly"). 8.17)

Expressions for higher-order energy corrections can be obtained in a similar way
from (8.12). In particular, one has (Problem 8.2)

EY = (W IH ~ E Wy = 2EP (0 1y,"). 8.18)

Itis interesting to note that the knowledge of the unperturbed wave function y{?’ yields
E® and E(V, while that of the first-order wave function correction ¥\ gives E?
and EQ®. More generally, if ¥, ¢V ... ¥, are known, the energy corrections
can be obtained up to and including E(**" (see Problem 8.3).

Let us now return to equation (8. 10). The Rayleigh-Schroédinger method attempts
to obtain the solution ¥ (" of this equation in the following way. First, the ‘un-
perturbed’ equation (8.2) is solved for all eigenvalues and eigenfunctions (including
those belonging to the continuous part of the spectrum, if one exists). The unknown
function y{! is then expanded in the basis set of the unperturbed eigenfunctions,
namely

W’SI) — Z (€] ;0) (8-19)
k

where the sum over k means a summation over the discrete part of the set and an
integration over its continuous part. Substituting the expansion (8.19) into (8.10), we
obtain

(Ho— EM)Y av” + (H' = EDyy® =0. (8-20)
k

Premultiplying by 1//,(0)*, integrating over all coordinates, and using equations (8.2)
and (8.3), we find that

aP(E® —E®)+ H) —E"8, =0 (8:21)

where we have written H;, = (" |H'|y©).
For | = n, equation (8.21) reduces to E{" = H,,
the other hand, for [ # n, we have
HI
() —5 . l#n (8.22)
E - E|
From this result and equation (8.19), we see that a sufficient condition for the
applicability of the Rayleigh-Schrddinger perturbation method is that

which is the result (8.15). On

nl =

H;

‘W <1, | # n. (8.23)

We also remark that the coefficient all) = (y@|y(1), which is the ‘component’ of
¥V along (%, cannot be obtained from equation (8.21). We shall return shortly to
the determination of a(}).
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The Rayleigh-Schrodinger method can also be applied to solve higher-order equa-
tions such as (8.11). In this case, expanding ¥? as

yo = Zam 0 8.24)

substituting in (8.11) and using (8.19), we have
(Ho— EMY aQu® + (H = EM)Y aly” —EPy® =0.  (8.25)
’ k k

Premultiplying by 1[1,(0)*, integrating over all coordinates and using (8.2) and (8.3),
we find that
(2)(E(0) E(O)) + Z H[ka(l) E,(,l)a,(,;) _ E'('2)8n[ =0. (8.26)

Let us first examine what happens for = n. The above equation then yields

2 _ (8] ah
E Z kank nn Apn

=Y Hya} (8:27)
k#n

where we have used the fact that E{" = H, . With the help of (8.22) we can therefore
write

H' H/
E,(,Z) — nk ~"kn (8.28a)
; Er(IO) _ E(O)
H/
= 2: N Hl” (8.28b)

(0) 0"
iz En — E;

The second-order energy correction E? can therefore be obtained by performing a
summation over all the states 1//(0) with k # n, as indicated in (8.28). The states w(o)
over which the summation is performed are often called ‘intermediate’ states. Indeed,
we see from (8.28a) that each term in the summation may be viewed as a succession of
two first-order transitions, weighted by the energy denominator E{” — E;/ © in which
the system leaves the state 1(?, ‘propagates’ in the intermediate state 1[1(0) and then
‘falls back’ to the state 1[1(0) We also remark from (8.28b) that if the level » which we
are studying corresponds to the ground state of the system, then E® — E\” < 0 for
k # n; hence in that case the second-order energy correction Ef,z) is always negative,
for any perturbation H'.

Summarising the results we have obtained thus far for the perturbed energy level
E,, we see from (8.15) and (8.28) that to second order in the perturbation, we have

2
_ 0 4 |Hkn|
E,=E"” +H,, ; DR (8.29)

where we have set A = 1.
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Let us now return to (8.26). Using (8.22) and the fact that E{) = H/ . we have
forl #n
Hl Hl HI H/ HI
a’(j) — Z 1k kn — nn In — (l) In (8-30)

a
0 (U 0 0 0 0) nn 0 ()
E,‘,) E” Z EX - E”  (ED-E™ "E-E"

and we note that no information can be obtained from (8.26) — and hence from (8.11) —
concerning the coefficient a®. Similarly, we recall that a{! could not be determined
from equation (8.10). More generally, if we denote by

al) = (WO,  j>1 (8.31)

the ‘component’ of ) along ¥(?), we see by pre-multiplying equation (8.12) with
W(O)* and integrating over all coordinates that this equation does not determine a(’ ).

Since our basic perturbation equations (8.10)-(8.12) leave the coefficients a(’ )
undetermined, it is clear that the choice of these quantities can have no physical
consequences. We may, for example, require that the as}) be chosen in such a way
that the perturbed wave function ¥, calculated through order A4, be normalised to

unity in the sense that

Wanlv) = WO+ 2D+ YD A+ My
=1+00/th 8.32)

I

where O(A/*1) denotes a correction of order A/*!. In particular, since (¢ |y ®) =
1, we find from (8.32), to first order in A

WOW) + () = 0 (8.332)
or, using (8.31),
aV 4a* =0 (8.33b)

so that the real part of a(') must vanish. Similarly, to second order in A, the
normalisation condition (8. 32) gives

W 1) + G219 + (9, 1w,) =0. (8.34a)
Using (8.31), (8.19) and (8.3), this equation yields

al +a2" + lay 1> =0 (8.34b)
k

which is an equation for the real part of a(2. This procedure can be continued to higher
orders in A. Note, however, that the imaginary parts of the coefficients a,(,{,) cannot
be determined from the normalisation condition (8.32). This remaining arbitrariness
corresponds to the fact that without changing its normalisation we can multiply the
perturbed wave function , by an arbitrary phase factor exp(i), where « is a real

quantity which may depend on A. We can therefore require without loss of generality
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that the imaginary parts of the coefficients a$}) vanish, in which case we have, through
second order in A,

I
aly =0,  a=->3"la}l. (8.35)
2 k#n

As a result of this discussion, the normalised perturbed wave function is given to
second order by

Vo=, + 0,0 + 9,7 (8.36a)
where
H
y =Yy sy, (8.36b)

0) ©0)
I#n Ey E

H’ H/ Hl H[ ©
]//(2) [ 1k "kn _ n ]Vf
n I#Z" ; (E(O) EI(O))(Er(|O) _ E]EO)) (E,(IO) (0))2

H’ 2
) Z ( E(ol) - IE<0))2 2 (8.360)
k;én

and we have set A = 1.

We have discussed above a possible choice of the coefficients atl) which ensures
that the perturbed wave function 1[1,, be normalised to a given order in A. Another
way of choosing the coefficients atl) which is often used in perturbation calculations
is to require that

a? =0, j>1 (8.37)

In this case it is clear that the first correction (" is identical to that found above,
equation (8.36b), so that the perturbed wave function y,, is still normalised to unity to
firstorder in A. However, we see from (8.35) that this is not the case beyond first order.
Nevertheless, if desired, we can always obtain a normalised perturbed eigenfunction
at the end of the calculation (performed to a given order in 1) by multiplying ¥, by
a constant N (1) such that (N(M)y,|N(A)y,) = 1.

Finally, we remark that if the expression (8.36b) for (") is substituted into (8.17)
we retrieve the second-order energy correction E? given by (8.28). The third-
order correction E{* can be obtained in a similar way by using (8.18) and (8.36b).
Remembering that (y?|y{") = a{}) = 0, one finds (Problem 8.5) that

3) _ Hr:kHI:m Hr/nn ’ |H1:,,|2
o ;; EPENED - ED) " ; (E2 — Ef

Perturbed harmonic oscillator

As a first example of the application of Rayleigh-Schrédinger perturbation theory
to non-degenerate energy levels, we shall consider a problem which can be solved
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exactly, so that we may check our perturbative results against exact expressions. The
unperturbed Hamiltonian is that of a linear harmonic oscillator

2
1
=P L 2 k=0 (8.39)

H,
°=om T2

and the perturbation, proportional to x2, is written as

1
H = Ek'xz, K>0 (8.40)
where we have set A = 1 (in fact the parameter A may be thought of as being absorbed

in the quantity k’). The unperturbed energy levels are
EQ =ho(n+3}), n=012,.. (8.41)

with @ = (k/m)'/2. The corresponding unperturbed eigenfunctions are the linear
harmonic oscillator wave functions ¥, (x) given by (4.168).
Since the full Hamiltonian

o=y Ly Lo (8.42)
“om 20 T2 '

is that of a linear harmonic oscillator with a force constant K = k + k’, the perturbed
eigenfunctions and eigenvalues can readily be obtained exactly by replacing k by
k + k" in the expressions of the unperturbed eigenfunctions and eigenenergies. In
particular, the perturbed energy levels are given by

1 k' 1/2
En=hw<n+§)(l+;) , n=0,1,2,.... (8.43)

Let us now calculate the perturbed energies through second order in perturbation
theory. According to (8.15), the first-order correction to the energy of the nth state is

EM =H,, = 1k'(x}un (8.44)

and from (8.28) we see that the second-order energy correction is

1 |(x2)kn|2
) _ N2
EP = () ; £ £O (8.45)
where
O = (W 1Y) (8.46)

denotes the matrix element of x? between a pair of unperturbed linear harmonic
oscillator wave functions 1//£0) (x) and YO (x).
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The matrix elements (8.46) can be evaluated in a variety of ways (see Problem 5.13).
The result is

1
(Dn = Szl + D0+ M2 k=n+2

1
= 2712[2" + 1], k=n
1
=272[n(n—1)]‘/2, k=n-2
=0 otherwise (8.47)

where o = (mk/#%)/* = (mw/h)"/%. Thus

1 1 1 1k
E\ = Ko—5@Qn+ D)= hw(n + 5) (5;) (8.48)
and
E(Z) _ lk,z [(-xz)n—Z,n]2 [(xz)n+2.n]2
L) 2hw —2hw

1 1k

in agreement with the expansion of the exact result (8.43) through second order in
k’'/ k. Note that this expansion converges only if k'/k < 1. As the ratio EYUTD / EY
is independent of n, the condition for convergence does not depend on the size of the
energy shift, which can be large for large n. This feature is peculiar to this example.

As a second example, let us consider the case of an anharmonic oscillator whose
Hamiltonian is

pi 1
= X 4 —kx? 4 ax® + bx*. (8.50)

H
2m 2

As seen from (4.128), the anharmonic terms ax?® and bx* arise in correcting the
approximation to a continuous potential well W(x) given by the linear harmonic
oscillator potential kx2/2. In particular, such anharmonic corrections occur in the
study of the vibrational spectra of molecules. We shall assume here that b > 0 since
otherwise the potential energy would tend to —oo forx — £00, with the consequence
that the energy spectrum would be continuous and unbounded towards negative as
well as positive energies.

The unperturbed Hamiltonian Hj is still that of the linear harmonic oscillator
(see (8.39)) and with A = 1 we have

H' = ax® + bx*. (8.51)
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The first-order correction to the energy of the nth state is therefore

EP = a4+ b(x*)

+00
f (ax® + bx*)|y\" (x)*dx. (8.52)
—00

Now in Section 4.7 we showed that the linear harmonic oscillator wave
functions (4.168) have a definite parity (even when n is even, odd when n is odd),
so that |{¥(x)|? is always an even function of x. On the other hand, x* is an
odd function of x. As a result, the diagonal matrix element (x3),, vanishes, and
the term ax® does not contribute to E{". The matrix element (x*),, is given by
(Problem 5.13)

3
n = 75 @n* +2n + 1) (8.53)
so that the first-order energy shift is
m 4 3 h\ 2
E,) =bx )y = -bl — ) 2n"+2n+1). (8.54)
4 \mow

Note that for a fixed value of b the quantity E{" grows rapidly with n. This is not
surprising, since the higher excited states of the linear harmonic oscillator extend to
larger and larger values of x (see Fig. 4.18), so that the perturbation bx* can have
an increasingly important effect. Because the validity of the perturbation method
requires that the magnitude of the correction term be small compared to the spacing
between the unperturbed levels (given in the present case by /iw), we see from (8.54)
that the higher the value of n the smaller are the values of the parameter b for which
reliable results may be obtained from the perturbative result (8.54).
The second-order correction to the energy of the state n is

E(z) _ Z Ia(x3)kn + b(x4)kn|2
n = 0) 0)
kn E," — E,

(8.55)

Using the results of Problem 5.13 for the required off-diagonal matrix elements of x3
and x* one finds (Problem 8.8) that

1542 ( h \° 11
E(Z) — 2 (= 2 -
" 4hw(mw) (n +n+30
162 ([ h

4
——| — ) B4n®+51n* 4+ 59n + 21) (8.56)
8w \ mw

and we see that |E®®| grows rapidly with n. Thus, as n increases, reliable results'
will only be obtained from (8.56) for smaller and smaller values of a2 and 2.

' In fact, the perturbation series for this problem does not converge, but is an asymptotic, or semi-
convergent, series. (See Matthews and Walker, 1973.)
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Finally, we remark that the second-order corrections (8.45) and (8.55) could be
calculated relatively easily because (a) the spectrum of the unperturbed Hamiltonian
(the linear harmonic oscillator) is entirely discrete, and (b) only a small number of the
required matrix elements of the perturbation are non-vanishing. When these condi-
tions are not satisfied, the calculation of the second- (and higher) order corrections to
the energy can become very difficult and must usually be performed approximately.

Gravitational energy shift in atomic hydrogen

As a final example of the application of perturbation theory for non-degenerate
energy levels, let us consider an ordinary hydrogen atom (proton + electron) whose
unperturbed Hamiltonian is

p2 €2

T 2u (meoyr
where u = mMp/(m + M,,) is the reduced mass, m being the mass of the electron and
M, that of the proton. Now the proton and the electron interact not only through the
electrostatic potential —e?/ (4w gor), but also by means of the gravitational interaction.
The perturbation H’ due to the gravitational force is (with A = 1)

mM,

r

Hp 8.57)

H -G (8.58)

where G = 6.672 x 107! N-m? kg=? is the gravitational constant. To first order
in perturbation theory, the energy shift of the ground (1s) state of atomic hydrogen
(which is non-degenerate) due to this perturbation is

(Wlslthyls)

(6
Els

1 M,
(—G"’ ") exp(—2r/a,)dr
;

3
ma,
GmM,

= (8.59)
ay

where a, = 4eogh?/ue?. Since the unperturbed ground state energy of atomic
hydrogen is given (see (7.114)) by

2

EO_ ___ € .
s (4me0)2a, (.50
the relative energy shift is
ED  8reeGmM,
ls _ STEOUMFp g8 x 1074 (8.61)

o) 2

E Is €

which is a truly small number! Needless to say, it is not necessary to calculate
higher-order corrections in the present case.



386 M Approximation methods for stationary problems

8.2

Time-independent perturbation theory for a degenerate energy
level

Until now we have assumed that the perturbed eigenfunction y, differs slightly from
a given function ¥, a solution of the ‘unperturbed’ equation (8.2). When the
unperturbed energy level E| O is a-fold degenerate, there are several ‘unperturbed’
wave functions ¢ 9 (r = l 2,...,a) corresponding to this level, and we do not
know a priori to which functlons the perturbed eigenfunctions tend when A — 0.
This implies that the treatment of Section 8.1 — in particular the basic expansion (8.8)
— must be modified to deal with the degenerate case.

The o unperturbed wave functions ¥ correspondmg to the level E are of
course orthogonal to the unperturbed wave functions 1//, correspondmg to other
energy levels E| © #*E ,(,0). Although they need not be orthogonal among themselves,
it is always possible to construct from linear combinations of them a new set of «
unperturbed wave functions which are mutually orthogonal and normalised to unity.
We may therefore assume without loss of generality that this has already been done,
so that

WD) =8 (rs=1,2,....,0). (8.62)

Let us now introduce the correct zero-order functions x % which yield the first
term in the expansion of the exact wave functions v,,, in powers of A. That is

Unr = Xo) + A0 2700 + - (8.63)
We shall also write the perturbed energy E,, as
E, =E” +AE{) + VEQ + - (8.64)

with EQ = E©® (r = 1,2,..., @) since the unperturbed level E is o-fold
degenerate. Substituting the expansions (8.63) and (8.64) in equation (8.4) and
equating the coefficients of A, we find that

HO'/f,(,l) 4+ H X(O) E(O)W(” + E(l)xrg(r))' (8.65)

Since the functions x.?’ are linear combinations of the unperturbed wave functions
(9 we may write

XY = Zcm/f:‘?, r=12,....0) (8.66)

where the coefficients ¢,; are to be determined. Similarly, expanding y{! in the basis
set of the unperturbed wave functions, we have

(l) _ Z Za'(llr)kY 0) (8-67)
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where the indices r and s refer explicitly to the degeneracy. Substituting the expres-
sions (8.66) and (8.67) in equation (8.65) and using the fact that How(o) E ,ﬁo)x//,f?),
we find that

Z aD(EQ — EOWO + Y (' — EDWP =0 (8.68)

Premultiplying by ¥9* and integrating over all coordinates, we obtain

Z Zar(rlr)kr (0) E(O)) ]//(0) (0)) + ZC’-‘[ nu.,ns Er(llr)au-‘] = 0

um=12,...,a) (8.69)
where we have used (8.62) and written
Hyyns = (UH 1Y) (8.70)

Since (Y Q1¥Y) = 0 when k # n and E(O) EO if k = n, we see that (8.69)
reduces to

4

D nlHyyp — ER81=0, (=12, a. (8.71)

s=1
This is a linear, homogeneous system of equations for the o unknown quantities
Cr1, Cr2, - .. , Crq. A non-trivial solution is obtained if the determinant of the quantity
in square brackets vanishes:

det |H/

nu.,ns

- EVs, =0, (s,u=12,...,0). 8.72)

This equation, which is of degree & in E{V, is often called a secular equation
by analogy with similar equations occurring in classical mechanics. It has o real
roots E,(,ll) E ,(,'2) ..., E)_If all these roots are distinct the degeneracy is completely
removed to first order i m the perturbation. On the other hand, if some (or all) roots
of (8.72) are identical the degeneracy is only partially (or not at all) removed. The
residual degeneracy may then either be removed in higher-order perturbation theory,
or it may persist to all orders. The latter case occurs when the operators Hy and H’
share symmetry properties.

For a given value of r, the coefficients ¢,s(s = 1, 2, ..., @) which determine the

‘correct’ unperturbed zero-order wave function x,fo) via (8.66) may be obtained by
substituting the value of E{! in the system (8.71) and solving for the coefficients
Cr1,Cr2, - - , Crq, IiN terms of one of them. The last coefficient is then obtained (up
toa phase) by requiring that the function x(% be normalised to unity. Clearly, this
procedure does not lead to a unique result when two or more roots E'! of the secular
equation (8.72) coincide, since in this case the degeneracy is not fully removed.

It is apparent from the foregoing discussion that the determination of the correct

zero-order wave functions x,f‘,))(r = 1,2,...,a) amounts to finding the proper
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orthonormal linear combinations of the original zero-order degenerate states
¥ @ such that the matrix

H, . =xQH XD, (ns=12..,0) 8.73)

be diagonal with respect to the indices r and s. The diagonal elements of this matrix
are equal to the corresponding first-order energy corrections

EV=H, . (=12.. 0. (8.74)

Once the correct zero-order wave functions x'2 have been determined, the first-order
correction (! to the wave function and the second-order energy correction E{? can
be obtained in a way similar to that followed in Section 8.1 for the non-degenerate
case.

It is also interesting to note that if all the original off-diagonal matrix

elements H,, .. = (VOIH'|YyQ),r # s, vanish (i.e. if the degenerate states
v = 1,2,..., ) belonging to the level E{ are not connected to first order),
then the secular equation (8.72) takes the simple diagonal form
H, ., —EY 0 0... 0
0 Ho,n,—ED 0 ... 0
0 0 : =0. (8.75)
: : 0
0 0 ... 0 H,, —ED

In this case, we see from (8.66) and (8.71) that our initial unperturbed wave func-
tions 9 are already the correct zero-order wave functions for the perturbation H'.
Moreover, the roots E{!) of equation (8.75) are given immediately by the formula
EVD=H . (=12..,0 (8.76)
and upon comparison with (8.15) we see that the degeneracy plays no role in the
analysis. This situation occurs whenever the unperturbed states can be uniquely
specified in terms of a set of operators which all commute with the perturbation H'.

Doubly degenerate energy level

As a simple illustration of our general discussion, let us consider the case of an
unperturbed energy level E® which is doubly degenerate. Dropping the index
n for notational simplicity, we denote by 1[11(0) and 1//§°) two linearly independent
orthonormal zero order wave functions corresponding to this level. The system of
linear homogeneous equation (8.71) reduces to a set of two equations which we write
in matrix form as

Hy, - Er(l) Hy, Criy _
(Hz', Hy — EV J\ea) =° 677
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with H; = (y”|H'|y\”) and i, j = 1, 2. The secular equation (8.72) reads

H|, - EY H),
H2| H,, — E® =0 ®.78)
and yields the two first-order energy corrections
B\ = L(H), + Hip + 51(H], ~ ) + 411 (8.792)
and
l ’ ’ l 12 ’ ’
Eé” = §(H|1 + Hy,) - E[(Hn — H})? + 4lH},"1'? (8.79b)

where we have used the fact that H;, = H5.
Given the above values of EV(r = 1, 2), we may now return to the system of two
homogeneous equations (8.77), which gives

cr H| H,, — E®
—l=— 12 a = - 22 n r N I’=l,2. (8-80)
Cr2 H, - E" H,

The normalised correct zero-order wave function for r = 1 is therefore given by
xi” = en¥” + ey (8.81a)

and that corresponding to r = 2 is given by
X0 = v + cnpy? (8.81b)

where the coefficients c¢,; (with r, s = 1, 2) are obtained from (8.80) and the normal-
isation condition

leril+lena* =1, r=1,2. (8.82)

Choosing the phase of ¢,; so that this coefficient be real and positive, one obtains
(Problem 8.9)

1 H|, - H, 2
cr1 = ﬁ[l — (=D K H2112‘)2 — ZTHl'zIZ]'/Z:I (8.83a)
and
re1 [Hp| 1 , Hj — Hy 2

cr2=(=1) Hfz ﬁ[] + (=1 [(H —H)? +4|H,’2|2]'/2] (8.83b)
An interesting special case is that for which

Hj, = Hy =0,

H{, = Hj; #0. (8.84)

We then obtain from (8.79) the simple results

E" = +|H},|, E{" = —|H],| (8.85)
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and we see from (8.80) and (8.85) that

c c H|

22 =z (8.86)

12 cn  |Hp,l
Note that the original degenerate states wl(o) and l//éo) are fully mixed, since |c,;| =
lcr2|-

Another particular case arises when the off-diagonal matrix elements vanish

Hj, = H; =0 (8.87)
so that the two degenerate states 1//,(0) and 1[150) are not connected to first order. We
then have

E"=H,, EP=H, (8.88)

which is of course a special case of (8.76).

Fine structure of hydrogenic atoms

As a second example of degenerate perturbation theory, we shall calculate the correc-
tions to the Schrodinger (Bohr) energy levels of one-electron atoms due to relativistic
effects. We assume that the nucleus is ‘infinitely heavy’ so that the reduced mass u
coincides with m, the mass of the electron. The unperturbed Hamiltonian is then

2

2m
where V (r) is the Coulomb potential
Zeé?
Vir)=— . 8.90
) (Amey)r ( )
The perturbation H' is given by?
H = H|+ H; + Hj (8.91)
where
p*
Hl = —W (8.92)
1 1dV
H = ——-—L. .
27 2m2r dr S 8.93)
and
Th? [ Zé*
H; = ——— }8(r). .
37 2m2e? (47'[80) () (8.94)

2 The Hamiltonian H’ can be obtained by starting from the Dirac relativistic wave equation for the
electron, and keeping terms up to order v?/c? (where v is the electron velocity and ¢ the velocity of light)
in the Dirac Hamiltonian. This will be shown in Chapter 15.
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The first term, H/, is readily seen to be a relativistic correction to the kinetic energy
(Problem 8.10). The second term, H;, involving the scalar product L.S of the orbital
angular momentum L and the spin operator S of the electron, is called the spin—orbit
term. Its physical origin is the interaction between the intrinsic magnetic dipole
moment of the electron, due to its spin, and the internal magnetic field of the atom,
related to the electron’s orbital angular momentum. The third term, H3, is arelativistic
correction to the potential energy, called the Darwin term which is proportional to
the delta function é(r) and hence acts only at the origin.

Before we proceed to the evaluation of the energy shifts due to these three terms
by using perturbation theory, we remark that the Schrodinger theory of one-electron
atoms discussed in Chapter 7 does not include the spin of the electron. In order to
calculate corrections involving the spin operator, such as those arising from H;, we
shall thus start from the ‘unperturbed’ equation

HO Vf ) — E’(IO) Vf ©0) (8.95)

nlmym nlmym

where E® are the Schrodinger energy eigenvalues (7.114) with 4 = m. The zero-

order wave functions w,‘,(,),)n’m‘ are the Pauli two-component hydrogenic spin-orbitals

Vntmm, = Vnton O XL m, (8.96)

where the functions 1//(0)

n[m,

(r) are the hydrogenic Schrodinger eigenfunctions such that

Hoy S (r) = EQy ) (v) 8.97)

nlm;

and Xim, are the two-component spin-1/2 eigenfunctions, with my; = +1/2. We

remark that the spin-orbitals er?;,,m‘ are simultaneous eigenfunctions of the opera-
tors Hp, L?, L., S? and S. with eigenvalues E?, I(I + 1)h2, m;h, (3/4)h* and m,h,
respectively. Toeach energy level E{® correspond 2n? spin-orbitals ;. ,, , the factor
of two being due to the two possible values m; = £1/2 of the quantum number m;.

We shall now calculate the first-order energy corrections to the energy levels E(®
due to the three terms (8.92)—(8.94), using the Pauli spin-orbitals 1//(0) as our

; nlmm,
zero-order wave functions.

Energy shift due to the term H] (relativistic correction to the kinetic energy)

Since the unperturbed energy level E( is 2n2-degenerate, we should use degenerate
perturbation theory. However, we first note that H| does not act on the spin variable.
Furthermore, it commutes with the components of the orbital angular momentum so
that the degenerate states belonging to the level E(? are not connected to first order
by H|. Hence, according to (8.76), the first-order energy correction AE; due to H|
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is given by
©) p* ()
AE, = <¢n1m,m1 —8m302 '//nlm,m1>
_ [, | P v ©
- nlmy 8m3c2 nilm
1
= — 5 (W | T ¥, (8.98)

2mc?

where T = p?/2m is the kinetic energy operator. From (8.89) and (8.90), we have

7 2
T = Hy— V(r) = Ho + —— (8.99)
@mey)r
so that
l (0) 262 Ze‘2 ) )
AE, = — H H
: 2mc2<¢"""’ ( o+ (Ameg)r o+ (Ameg)r Vinim
1 Zet \/1 Ze \?/ 1
- EO)2 4 2g© _ ) -
2mc? [( n )+ 2K, 4 eo J\T [ yim, + 4ey ) \r? nim;
(8.100)

where we have used (8.97). Now E,(,O) is given by (7.114) with 4 = m, and the required
average values of r~! and r~2 can be obtained from the results of Problem 7.16, in
which u is set equal to m (so that a, = ay, the first Bohr radius). Hence

2 22 2 2 2
AE, = 1 [[mc (Za)] _2( Ze )mc (Za)* Z

2mc? 2n? 4rreg 2n?2  agn?

Ze? \? z?
+<4rreo) ain3(l + 1/2)}

1 ,(Za)? (Za)? [3 n ]
= —mc _—
4 I+1)2

2 n? n?

(Za)*[3 n
=-—F0O2 7 - _ .
n T [4 i ]/2] (8.101)

where a = €?/(4meghic) ~ 1/137 is the fine-structure constant.

Energy shift due to the term H, (spin—orbit term)

Let us first rewrite this term as

H} = £(r)L.S (8.102)
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where the quantity £(r) is given from (8.90) and (8.93) by
1 1dVv
2m2c? r dr

1 Ze? 1
= T(m)_s (8.103)

Because the operator L? does not act on the spin variable, and commutes with the
components of L and with any function of the radial variable r, we see from (8.102)
that L? commutes with H;. Thus the perturbation H, does not connect states with
different values of the orbital angular momentum quantum number /. Since for a
fixed value of n and [ there are 2(2! + 1) degenerate eigenstates of Hy (2/ + 1 allowed
values of m; given by m; = —I, =l + 1, ... , +/, and a factor of two due to the two
spin states), we see that the calculation of the energy shift arising from H, requires
the diagonalisation of 2(2/ + 1) x 2(2/ + 1) sub-matrices.

This diagonalisation can be greatly simplified by making a judicious choice of
the set of zero-order wave functions, the best choice being obviously that for which
L.S is diagonal. Now, the zero-order wave functions vff,?,),,lm‘ given by (8.96) are
simultaneous eigenfunctions of Hy, L?, L., S and S. and hence are not convenient
since L.S does not commute with L. or S.. However, we shall now show that
adequate zero-order wave functions may be obtained by forming appropriate linear
combinations of the functions 1//,(,(,),)"""‘. To this end, we introduce the total angular
momentum of the electron

£(r)

J=L+S (8.104)
and since
P=L"+2LS+§° (8.105)

we may write

LS=1J-L*-8%. (8.106)

Consider now wave functions 1[1,(,(,)}",} which are eigenstates of the operators Hy,

L2, §?, J? and J., the corresponding eigenvalues being E?, I(I + 1)h%, (3/4)h?,
j(j + DA% and m jh. Using our study of the addition of angular momenta made
in Section 6.10, and remembering that s = 1/2 in the present case, we see that the
allowed values of the total angular momentum quantum number j are

j=1+1/2, 1#0
j=1/2, 1=0 (8.107)

and that the corresponding magnetic quantum number m ; can take on the (2j + 1)
allowed values

mi=—j—j+1,... . +j (8.108)
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Moreover, we can construct the functions 1//(0) from linear combinations of the

nljm,
functions Vf Using (6.295), we obtain

nlmim,*

Y = D lsmum | jmp i, . s=1/2 (8.109)

mpmg

where (Ism;mg|jm ) are Clebsch-Gordan coefficients.
Since L.S commutes with L2, §?, J? and J. it is clear that the new zero-order wave
functions W,(.?,)m form a satisfactory basis set in which the operator L.S (and hence

the perturbatlon H)) is diagonal. From (8.102) and (8.106) we see that for / # 0 the
energy shift due to the term H, is given by

AE; = (Yo |35 (P — L2 = S|y0) )
hZ
= SEG+D -1+ -] (8.110)

nljm
the average value of r = calculated in Problem 7.16 (with a, = ao), we have

1 Ze? 1
(E(r) = e (m)<r—3>

1 [z z
= ( ‘ ) . : @.111)
2m2c \axeg ) agn3l(1 + 1/2)( + 1)

where (£(r)) denotes the average value of £(r) in the state 1//(0? - Using (8.103) and

Hence, for ! # 0, we find from (8.110) and (8.111) that

mc*(Za)* l forj=1+1/2
AE2 = X .
amld +1/2A+1) " | -1-1 forj=1—1/2
Za)? j =
_ "E,(,O) (Za) y l for{ I1+1/2 8.112)
2nl(d +1/2)A+1) " |-1—1 forj=1-1/2

For [ = 0 the spin—orbit interaction (8.102) vanishes so that A E; = 0 in that case.

Energy shift due to the term Hj (Darwin term)

This term does not act on the spin variable and commutes with the operators L? and
L. Moreover, since Hj acts only at the origin and the hydrogenic wave functions
vanish at r = 0 when / # 0, we have only to consider the case / = 0. Calling AE3





