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terlzngineere: Stafics

' Kiris ve kolon gibi bir ¢ok
yapi  elemani have cross
sectional shapes like I, H, C,
etc. Digerleri igi dolu kare
yada daire kesitlerden ¢ok
tib seklindedir.

™ Why do they usually not have
~ solid rectanqular, square, or
circular  cross  sectional
areas?

* Tasarimda bu elemanlarin hangi 6zellikleri daha etkendir ?

* How can we calculate this property?
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VeletorEemies fof Enelicc o Staties

Atalet Momenti, Statik hesaplarinda kullanilmaz ama
hesaplanmasi agirlik merkezi hesaplarina benzedigi igin statik
dersi iginde gosterilir. Atalet momenti daha gok mukavemet
(malzeme mekanigi), dinamik ve akiskanlar mekanigi
derslerinde ve hesaplamalarinda kullantlir.

* Bir cismin atalet momenti onun dénmeye karsi direncinin bir
olcimidir. Glnlik tecribelerimizden de biliriz ki donen
bliytik bir tekerlegi durdurmak veya dénmeye baglatmak
kiiclik tekerlekten daha zordur. Matematiksel olarak da bu
olayin biyik tekerlegin daha biyiik atalet momentine sahip
olmasi nedeniyle oldugu gésterilebilir.

‘Atalet momenti ¢esitli mihendislik hesaplamalarinda
kullanilir;

- Hidrostatik basing kuvvetlerinin bileskesinin yerini bulmak icin,
- Kirislerde gerilme ve sehim hesaplari igin,

- Donen cisimlerin kiitle atalet momentleri hesabi

— — z
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MOMENTS OF INERTIA FOR AREAS

X

Sivi igine daldirilmis bir plagi g6z
, Liquid surface gniine alalim. Yizeyden z kadar
asagidaki sivi basinci p=yz ile verilir,
where y is the specific weight of

the liquid.

Bu noktada dA alanina etki eden kuvvet dF = p dA = (y z) dA.

Bu kuvvet nedeniyle x-eksenine gore moment z(dF) dir.

The total momentis [, zdF = [,yz2dA = y

This integral term is referred to as the moment of inertia of the area
of the plate about an axis.

©) Alliriglits reserved 1o baria.
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MOMENTS OF INERTIA FOR AREAS

10cm |

AB kirigi igin 3 farkli kesit sekli ve alani g6z oniine alalim. Toplam alanlar esit
ve ayni malzemeden yapilmig, dolayisiyla birim uzunluk igin kiitleleri ayni.

- Verilen yiikleme hali igin hangisini tercih edersiniz ? Nigin ?

(daha az gerilme ve gokmeyi dikkate alin).

Yanit x-eksenine gore atalet momentine baglidir. x-ekseninden en uzak
alanlarin gogu (A) da oldugu igin en biiyiik atalet momentine sahip olan (A) dir.

Bu nedenle de en az gerilme ve ¢okmeyi () veren de A sikkidir.
Atalet momenti arttikga (3) ve gerilme diiser.

©) Alliviglits reserved o baiia.




Vecior Mechanics Tar Enginee
integrasyonla bir alanin atalet momentinin bulunmasi :

y
dA = dx dy

dl,=y2dA  dl, =x2dA

* dA alanimmin koordinat
eksenlerine parelel ince
serit halinde secilmesi
([, i¢in yatay, [, icin

diisey eleman) integral

hesabini basitlestirir.

Herhangi bir alanin x ve y eksenlerine gore
ikinci Momenti or atalet momenti,

I, =[y%*dd I,=[x"dA
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VVecior Mechenice ier [Zngineers
Moment of Inertia of an Area by Integration
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 For a rectangular area,

dl, = Sy3dx
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P
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I, =[y*dA=y*bdy=1bI’ .
0

Dikdortgen alan i¢in bulunan ifade eksenlere
parelel olarak secilecek ince seritlere de
uygulanabilir, 6rnegin bir tek diisey serit eleman
secilerek her iki eksene gore atalet momentleri

d[xz%y3dx dIy:xsz:xzydx




Polar Moment of Inertia

Y * Polar Atalet momenti, donen silindirik millerin
burulmasinda 6nemli bir parametredir.

Jo = [r?dA

 Polar atalet momenti ile dik atalet momentleri arasindaki iligki,

J, = jrsz = I(xz +y2)7’A = szdA+Jy2dA
%:Q+Q

* Atalet momentinin birimi uzunlugun 4. kuvvetidir (m*).

©) Alllmiglits reseived o bana,

Bir alanin atalet yaricapi
y

+ Atalet momeni / olan bir alan1 géz oniine alalm. Bu
alanin yerine x-eksenine parelel ve atalet momenti yine
I ‘e esdeger bir dikdortgen serit distintirsek,

1
[ =kZA| k==
A
Y k.= x eksenine gore atalet yarigap1

 Similarly,

1

_ 72 _
I, =kjA| k, =

JO :kéA kO

ty
A

Jo
4

kb =ki +k;

* Atalet yaricap1 0zellikle kolonlarin tasariminda 6nemlidir.

3-10
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Uggen alanin tabanina gore
atalet momentini hesaplayiniz.

Vecior Mechanics for Engincers: Slafice R
Sample Problem 9.1
y SOLUTION:
~— 1 « A differential strip parallel to the x axis is chosen for
0 dA.
dl =y*dd  dA=Ildy

 For similar triangles,

! dA = bhhydy

 y=0dany = h’a kadar dI_’ in integrasyonu ,

a) Dairesel bir alanin polar atalet
momentini bulunuz.

b) a sikkinda buldugunuz sonucu
kullanarak, dairesel alanin
capindan gecen x-eksenine gore
atalet momentini bulunuz.
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Vector Mechanics for Engincers: Slafics R
Sample Problem 9.2

SOLUTION:

An annular differential area element is chosen,

dJg = u’dA dA=2rudu
r r
Jo = _[d]o = qu(Zﬁudu)z 27zfu3du
0 0
T 4
Jy=—r
° 2
* From symmetry, , =1,
T 4
Jo=1,+1,=2I, Er =21,
T 4
Idiameter Ix Zr
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VVecior Mechzgnice i6r [Engineer:

Sample Problem 9.3

oy (@4
2 SHialleEs

Given: The shaded area shown in
the figure.

Find: The MoI of the area about
the x- and y-axes.

(x,y)

Solution
I, = [y*dA
dA = (4 -x)dy = (4 - y¥4) dy
L= Jy @y dy
— [(4/3)y® — (120) y5 ], = 34.1 cm?
Vector Mechanics for Engincers: Stafics R
y
I, = [x2 dA = [x? y.dx
= x> 2+Vx)dx
- 2, *x 25 dx
= [(2/3.5) x357,
= 73.1 cm*

In the above example, it will be difficult to determine I, using a horizontal
strip. However, I in this example can be determined using a vertical strip.

So,
I, = [(/3)y3dx = J(1/3)(2Vx)3dx.
©) Alllmiglits reserved o bana,




Vecier Mechanice 1erEngineers: Siatics

Sample Problem 9.4

Given: The shaded area shown. J
Find: I, and I, of the area.

(X,y)

Solution
L = J(/3)y? dx
8 8
= JaB)x dx = [x2/6 ],

= 10.7 in*

8 in.

(X,y)

VVectar Mecheanics o lzngincers: Stefics
y
I, = [x2dA = [ x2y dx

— j x 2 (x (13) dx
8
— oj x (73) dx
8
= [(3/10) x (103) 1o
= 307.18 in*
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ATTENTIO QUIZ

1. When determining the MoI of
the element in the figure, dI, (X,y)
equals /

A) x2 dy B) x2 dx - T
C)(1/3) y3dx mpD) x25 dx / | \

2. Similarly, dI, equals
mA) (1/3) x 15dx B) y2dA
C) (1/12) x3dy D) (1/3) x 3 dx

©) Alllmiglits reseived o bana,
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Parelel eksenler Teoremi & Bilesik alanlarl
bt o - P P »- by il 1 — w

Yapt elemanlarmin kesit alanlart  genellikle basit
sekillerden yada ilkel basit gsekillerin birlesmesinden
olusmustur.

Bu basit alanlarin atalet momentlerini bulmak icin
integrasyon yontemi ile karsilastirildiginda daha basit
yontemler var midir ? ?77?

EVET

: iolits reserved 1o bana,




PARALLEL-AXIS THEOREM FOR AN AREA

y Y Bu teorem bir alanin agirlik merkezinden
gecen eksenlere gore atalet momentinin
yine bu eksenlere parelel bagka
eksenlere gore atalet momentleri ile
ilgilidir.  Bilesik  alanlarin  atalet
momentlerinin bulunmasi igin pratik bir

x yontemdir.

X

Go6zonine alinan alanin agirhk merkezi € dir. x' and y'
axes ag. mer. C' den gegmektedir. x'-eksenine parelel ve
d, kadar mesafede bir x-eksenine gore atalet momenti

y ~
parelel eksen teoremi ile bulunur.

©) Alllmiglits reseived o bana, S

Veclar Mechanics Tar Engineers: Slafics R
Parelel Eksen Teoremi

B ¥

Ix = [yy2dA = [, (y +d)? dA
=l y?dA+2d,],y'dA+d? [, dA

Agirlik merkezinin tfanimini kullanarak:

y = (I,y'dA)/(, dA). Now

0 since C is at the origin of the x' - y' axes,
y' =0, andhence [,y'dA = 0.
Thus |Iy= I +Ad?

Similarly|I, =1, + A d,? |and

I, =J. +Ad>2

S AT i P _
©) Alllrights veseived to baiia. 3-20




VVectar Mechanics o lzngincers: Stefics L

Example 1 Determine the moment of inertia for the rectangular area with
respect to (a). the centroidal x" axis, (b). the axis x, passing
through the base of the rectangular, and (c). the pole or z’
axis perpendicular to the x -y’ plane and passing through the
centroid C. x

Solution:
Part (a)

» Differential element chosen, distance y’
from x’ axis

 SincedA =bay’ 1 v

S

p— "2 — -—,g.

N~
1
—
\<-
QL
N
1
<.

(\)
=

Xp

|

|
S
=%
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VVectar Mecheanics o lzngincers: Stefics L
Part (b): Moment of inertia about an axis passing through the base

of the rectangle can be obtained by applying parallel axis
theorem, Eq.(10-3)

I, =1, +Ad’ s
2
:ibhubh[ﬁj Lep -
12 2

2

Part (c)
o For polar moment of inertia about point C
_ ]
J 0= _hb3 -
"2 B
- -
Jo=1.+1, = Ebh(h2 +b?%)

R =]

—— ot —] he—

T p

P

Xy

= 77 16T i J I
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VectonMechanics for Engincers: elatics R
Parallel Axis Teoremi Grnek

* Use the value of / for a circle from the table on the
following page and the parallel-axis theorem to find 7,
the moment of inertia about an axis tangent to the circle.

T 2_1_.4 212
Ip =1+A4d” = 7r +(er )V
T _s

7Z'I"4

N

o * Use the value of /,,. along the base of a triangle
from the table on the following page and the
parallel-axis theorem to find /,;. , the moment of

h L. : :
inertia along a parallel axis through the centroid of
the triangle

A’ ]AA'ZIBB'-FAdz
_ 2 _ 1133 112017
Igg =1y —Ad®> = 1 bh> ~1bi(L )
— 13
T
©) Allielits ieserved to liaiia. -23

Rectangle

J =5 bh(b? + h2)

L = == bh3

I = 5 bh3

Triangle

Circle

©) Alllmiglits reserved o bana,




VectonMechanics for Engincers: elatics R

Y
= Llyped
ILi=I,=¢gnr
Semicircle _1_4
Jo=g%"

. y =
Quarter circle 1 16
- 4
]O = E?ﬁ"
o e
Ix = Ixab
Ellipse Ty = %n‘a%
Jo= %mb(a2 + b2)
©) Alllmiglits reseived o bana, 31225
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Example 3. Determine the moment of inertia of the shaded area about the x
axis. ¥

Solution:

¥’ Differential element parallel to x axis
chosen

v Intersects the curve at (x,,») and (x,, »)

v Area, d4 = (x—x,)dy

v All elements lie at the same distance y
from the x axis

1= y'da={ y*(x -x,)dv

= [y -yh ®
2

Fig.10-10

a1 4
e T . 4
I = = v 7 v ‘0 0.0357m
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Vecior Mechanice rerEngineers: Statics

1.

©) Alllriglhits

CONCEPT QUIZ

For the area A, we know the centroid's
(C) location, area, distances between the
four parallel axes, and the MoI about
axis 1. We can determine the Mol about
axis 2 by applying the parallel axis
theorem .

A) directly between the axes 1 and 2.

N

B) between axes 1and 3 and then \/‘(’@V
between the axes 3 and 2.

C) between axes 1 and 4 and then axes
4 and 2.

D) None of the above.

ieserved to Laiia.

VVectar Mecheanics o lzngincers: Stefics

2.

©) Alllviglits

CONCEPT QUIZ
Axis
4

2
1

For the same case, consider the MoI about each of the four axes.
About which axis will the MoI be the smallest number?

A) Axis 1

B) AXis 2 N

C) Axis 3G
55

D) Axis 4

E) Can not tell.

reservea o baiin,
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Vecior Mechanice rerEngineers: Statics
ATTENTION QUIZ

1. For the given area, the moment of
inertia about axis 1 is 200 cm* . What is
the MoI about axis 3 (the centroidal
axis)?

A) 90 cm 4 B) 110 cm*#
C) 60cm* @HD) 40cm*

I,= I+ Ad?
I,=I,- Ad2= 200 - 10(4)2 = 40 cm*

©) Alllmiglits reseived o bana,

VVectar Mecheanics o lzngincers: Stefics

ATTENTION QUIZ

2. The moment of inertia of the rectangle
about the x-axis equals

A) 8cm* *B) 56 cm 4

I,=I,+Ad?

©) Alllriglits reseroed 1o biaia.

C) 24 cm? D) 26 cm Zem

I, = (bh3)/12+ Ad?=(3.23)/12+6 .32 = Bbcm?

= &
3 - 30




EXAMPLE

Given: The beam's cross-sectional
area.

Find:  The moment of inertia of
the area about the y-axis
and the radius of gyration

K,

[1] [2] [3]

Solution

1. The cross-sectional area can be divided into three rectangles
([1], [2], [3]) as shown.

2. The centroids of these three rectangles are in their center.
The distances from these centers to the y-axis are O mm, 87.5
mm, and 87.5 mm, respectively.

©) Alllmiglits reseived o bana,

Veciar Mechanice rerEngineers: Slatics

EXAMPLE

3. From the inside back cover of the
book, the MoI of a rectangle about
its centroidal axis is (1/12) b h3.

L = (1/12) (25mm) (300mm)?
= 56.25 (10%) mm*

[1] [2] [3]

Using the parallel-axis theorem,

Ly = Ly = Ly + Ady)
= (1/12) (100) (25)3 + (25) (100) ( 87.5 )?
= 19.27 (10%) mm 4

© All riglits reserved fo bana,




Vecior Mechanice rerEngineers: Statics

EXAMPLE

4. L= T,+1,+1,

= 94.8 (10% mm *

k, = V(L/ A)
A = 300 (25)+25(100)+25(100) = 12,500 mm >

k, = V(94.79) (10°) / (12500) = 87.1 mm

©) Alllmiglits reseived o bana,
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VVecior Mechanics (G lznagineers: ¢

MOMENT OF INERTIA FOR A COMPOSITE AREA

y A composite area is made by adding

| e g or subtracting a series of "simple”
4 shaped areas like rectangles,

- triangles, and circles.

el For example, the area on the left
A can be made from a rectangle minus
i a triangle and circle.

x

The MoI of these "simpler” shaped areas about their
centroidal axes are found in most engineering handbooks as
well as the inside back cover of the textbook.

Using these data and the parallel-axis theorem, the MoI for
a composite area can easily be calculated.

©) Alllmiglits reserved o bana,
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VVectar Mechanics o lzngincers: Stefics

STEPS FOR ANALYSIS

100 e - 100 1. Divide the given area into its
| 1 e - simpler shaped parts.
=Y Jﬁ* = .
Y I, 2. Locate the centroid of each
L. l AN part and indicate the

\ perpendicular distance from
each centroid to the desired
reference axis.

3. Determine the MoI of each "simpler” shaped part about the
desired reference axis using the parallel-axis theorem
(Ix=Ix + A(d )?).

4. The MoI of the entire area about the reference axis is
determined by performing an algebraic summation of the
individual MoIs obtained in Step 3. (Please note that MoI of
a hole is subtracted).

©) Alllights reseived to baiia,
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READING QUIZ
1. The parallel-axis theorem for an area is applied between

*A) an axis passing through its centroid and any corresponding
parallel axis.

B) any two parallel axis.
C) two horizontal axes only.
D) two vertical axes only.

2. The moment of inertia of a composite area equals the of
the MoI of all of its parts.

A) vector sum

®B) algebraic sum (addition or subtraction)
C) addition
D) product

©) Alllrights reserved 1o bana.
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EXAMPLE

i din Given: The shaded area as
T shown in the  figure.

o i, Find: The moment of inertia
o g for the area about the x-axis

| 2\ - and the radius of gyration k.

|y C :

(a) (b) (C) Solution

1. The given area can be obtained by subtracting both the circle (b)
and triangle (c) from the rectangle (a).

2. Information about the centroids of the simple shapes can be
obtained from the inside back cover of the book. The perpendicular

distances of the centroids from the x-axis are: d,=5in,d, =4 in,
and d, = 8in.

©) Alliriglits reserved 1o baria.
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o r

EXAMPLE

; 3. I, = (1/12) 6 (108 + 6 (10)(5)?
= 2000 in*

L, = (/4)1Qy + 1 Q)@
— 213.6 in*
L - asee)Er -

(@ (b) (o) (%5) (3) (6) (82 = 594 in*

I, =TI, — Iy — I, =1190 in*
ky = V(Ix/A)

= 10(6)-m (2> — (%) (3)(6) = 38.43 in2
ky = V(1192/38.43)= 5.57 in.
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