Rastgele Degiskenlerin Beklenen Degeri

Kesikli rastgele degisken | i¢in “beklent1” ya da rastgele degiskenin
“beklenen deger” 1 agirlikli ortalamadir.

o0

E[1]= i f,[i]

=—00

Surekli rastgele degisken X 1¢in “beklent1” ya da rastgele degiskenin
“beklenen deger” 1 siirekli agirlikli ortalamadir.

E[X]=[ xf, (x)dx



Ornek: 0,2,4,6 degerlerini alan | kesikli rastgele degiskenini ele
alalim.

a) | birbi¢cim dagilimli ise; beklentisi aritmetik ortalamasi olur:

E[1]= Z L1 [1]= Z' f[1] Al va va 1ya 1a
_O+2+4+6_3 T T T T .
= 2 = 0 2 4 6 |

b) Eger | nin kesikli oyf si sekildeki gibiyse, beklenen degeri

E[I]_Zlf[l] Z.f[.] Wil e
'Z_OO 316 2/16
=Oxi+2x£+4xi+6x£ T
16 16 16 16

6

_ 0+4+20+36 :15 _375
16 4




Beklenen Degerin Degismezligi

Y =g(X) olsun

Bu durumda gosterilebilir ki:

EY]=[ yf (y)dy=[ g(x)f(x) dx=E[g(X)]

Yani:

E[g(X)] = g(x) fy (%) dx




Beklenen Degerin Bazi Onemli Ozellikleri
Ortalama: m,
1. E[c] =c, c sabit
2. E[cX] = cE[X]
3. E[X+c]=E[X]+cC
4. Duble beklenen deger:
E[E[X]] = E[my] = my = E[X]

5. Iki rastgele degiskenin toplaminin beklenen degeri:

E[X + Y] = E[X] + E[Y]



Rastgele Degiskenlerin “Momentleri”

n.moment: E[X"] n=123,...

n.merkezi moment: E (X-m,)" n=123,...

m, =E[X] (“ortalama”)



n. moment

E[X”]:j_ix” f, (x)dx E[l“]:_zi“ f [i]

n=1 ic¢in (r.d. nin ortalamast)

m =E[X]=[ xf0odx  m =E[1]= i [

n = 2: i¢in ikinci moment (r.d. nin ortalama “giicii™)

E[x?]=[" % f, 00 E[17]= 30 f,[i



n. merkezi moment

e E[(X=m)" =] (x=my)" f, (x)dx E[(l—m.)“]=i_§;(i—m.>“ f,[i]
n =2 i¢in (r.d. nin varyansi)
of =E[(X=my)*]=] (x=my)? f, (x)dx

ot =E[(1-m)"]= Y (i-m)* 1,[i]

|=—00

Standart sapma

. 2
Oy =4/0x



fi [i]

. ) 3/5
Ornek: Bernoulli r.d. T%

Pr[l]:p:g, Pr[O]:l—pzé 0 !

m =E[0]=Y i fli1=2 Q)+ ==

o2 =E|(I —m,ﬂ:Z(i—m,)2 f [i]




Ornek: X [a, b] araliginda birbigim ise m, ve oy nedir?

2 a2
(a) mX:E[X]:L bxdx:b a :b+a
b—a-a (b—a)2 2

(b) a;:qxx—mdﬂzg%gﬁoem&fdx

" (b-m,)’-(a-m,)’
- 3(b—a)

1 (x=my)
b—a 3

a

b-a) (a-b) 1 3
_(zj _(zj 4P p-ay

3(b—a) 3b-a) 12

a=0,b=6,i¢cin

1/6

fx(X)

1/(b—a

fy(X)




Ornek:

Asagida verilen olasilik yogunluk fonksiyonuna sahip X
rastgele degiskeni i¢in ortalama ve varyansi bulun.

1 f(X)
— < x<
£ (x)= 18x, 0<x<6 ad
0, diger

6 X
x2dx

m =E[X]=—
1870 54

X

op = E[(X -m, )ZJ:%IOG(X—4)ZX dx




Biraz daha Varyans: (var[X] veya o2 )

1.| ox =E| X*]|-m;

var[X]= E_(X -m, )2}

2. var |

3. var

4. var

= _X2—2mxX+mf<]
=E| X? |-2m,E[X]+m}
=E| X? |-2m,-m, +m}

=E[x?]-m2 =E[x*]-{E[X]}"

(X +c] =var [X]

(cX] = c?var [X]
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Ornek:

Ranstgele degisken X in oyf si asagidaki gibidir

12

&

X
1-2, 0<X<2 0
fx(x){ 2

0, diger

5 X

(a) X in ortalamasini, 2. Momentini ve varyansini bulun.

o ) X NEIRINE 2 5
m, = E[X]z_[_ooxfx(x)dx:jO X (l_ZJdX:|:2_61) =
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(b) 2X + 3’{in ortalma ve varyansi nedir?

E[2X +3]=E[2X ]+ E[3]=2E[X]+3=2x2+3=2

E|(2X +3)" | =E[4X*+12X +9] =4E[ X ] +12E[ X ] +9
—4xfi1ox 9=
3 3 3
2
022X+3:E[(2X+3)} (E[2X +3])" = 539 (133) =g
veya

Oy .3 = Var[2X +3]:var[2X]:4var[X]=4x§:g.



Ornek:

Y = 2X + 3, ifadesinde X oyf si asagida verilen bir r.d. ise

X
1-—, 0<X<L2
fx(x){ 2

0, diger
(@) Y’nin oyf sini bulun.

1
dy/dx]

formulinden

fY (Y) —

fx (X)

x=g " (y)

ve |—=|=2 lle X:T3 Ifadelerinden

f(W—=—f£y23j %(r—w, 3<y<7

bulunur.

1

\\Ef?\\

1/2 -

2

X

fy(y)

=y



(b) Y’nin ortalamasini, ikinci momentini ve varyansini bulun.

7
o 1¢7 7y° y° 13
m =E[Y]=[" yf (ydy==[y (7-y)dy=| -1 -L | ==
=EY]=[ vy =2y (7-y)dy {16 241 :
e[V =Ly 7-yyay=| LY 5
8 s 24 32| 3
y' 47 , 715 1183
var —— | (/- — Yy ——
=501 - J(8 T

7

e

1 4, 47 5 715 2, 1183
32 72y 144y 72 727
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Ornek:

X = Acos(pt, +4¢) ¢ [ —=, ] arasinda birbigim dagilmis
X =g(¢) )
12 =
E[X]=E,[9(#)]=[a(Hf,(#dg | |
-TT 0 T

(a) Ortalama
m, = E[Acos(wt, +¢)]

= Aj” cos(at, +¢)id¢
-7 27

_A -sin(wt, + @)
27

-7

= A[sin(a)t0 +71r) —sin(ot, — )|
21 . 0

A : .
= 2—[sm Wty COS 77 + COS Wty SN 77 —Sin wt, COS 77 + oSl Sin 7| = 0
T
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(b) Varyans

o} =E| A’ cos’ (aty +4) |

2 2
_A cos?(at, + g)d g = A J- 1+ cos(2amt, + 29)
27 o7 2

T 2
A% ¢

7 A? ox
= E__ﬂd;ma j cos(2wt, + 2¢)d ¢

do

T

A® sin(2at, +24)
Ar 2

A2 |
A ¢_ﬂ

A? A’
= — 4 —
2 8rx
A? A
=— 4 —
2 8r

sin(2ot, + 277) —sin(2wt, — 27)]

AZ

sin 2wt —sin 2wt | =
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Ornek: Ustel r.d. f, (x)=1e " x>0
(a) Ortalama

m, = JOOO xAe *dx

. ﬂe—ix ® e le—ﬁx
|22
—ax |®
:Iim[—xe‘“}+e :O+£.
X—>00 _l . l
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(b) Varyans
[1k olarak ikinci momenti bulalim

E[XZ]:LTr%e*&m

o0

B X2 ﬁe—/lx
A

N J-OOO 2 Xﬂ/le_lx

0

o0

2x1e
—A

=0+

N joo 26/1/1)(

0

0

—AX

=0+0+2e/12 2

2’2

0

Buradan da varyans bulunur

dx

dx
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Ornek:

[0, o] araligindaki bir | geometrik rastgele degiskeni icin ortalam
ve varyansi bulun:

fl[il=p@-p), i=012---,0

Ortalama

E E[I]:ii f li]= pii (1- p)i = pi(]__ p){i (1— p)i—l}

Hatirlatma |
i(1-p)" :—d—p[a— p)' |

buradan
E[1]= p(L- p)i{—j—p[a— p)i]} =P p) 5> - )

= —p(L- p){—%}l_—p.
p’l b

El1]= p(i- p)(l_ i p)j
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[kinci Moment

E[1°1= Y07 £, [i]= pY it~ p) = pY it~ P i @~ P)")

- - PF i - - -p- )

E[|2]:i(1_p);p(1;2pj i p)[ ppj p’ —szp+2

Varyans

RO ﬁpj L



Donusum Yontemleri

Moment-Ureten Fonksiyon (MUF)

M, (s)=E[e* |=] ‘1 f, (x)e™dx

= oyf’nin Laplace transformu (istelin isareti degismis!)
Ornek:

Ustel r.d. n,n MUFiinii bulun

M, (s) = _[O e Pe¥dx =e ““Xdx

o0

— ﬂ e—(/i—s)x
—(4-5)

0
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n. moment (moment toremi)

7 d'™,
E[X"]= ds”(S)

s=0

Ornek: (iistel r.d.)

A
MX(S)ZA——S
@ n=1= E[x]:dexs(s) _Ozufs)z(—l) =%
©n=2=> glx)o P F
(A-s)|.., 4

(c) Varyans

o* =E[ x*]-(E[X]) =%—GJZ =%



Olasilik Ureten Fonksiyon (kesikli r.d.)

G,(2)=E[2']=Y [l

|=—00

= OKF’nin z-transformu (isaret degisik!)

Ornek: Poisson r.d.

6@ =3 % ez me 3 @D ey

i I io |-

| nin negatif olmayan tam say1 degerleri i¢in Olasiliklar: Uretir:

1 d"G, (2)
n! dz"

=f,[n]=Pr[l =n]

z=0
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Momentler

_ 4G, (2)
E[l]= o |
E[lz]:dzelz(z) . 46,(2)
dZ z=1 dZ z=1

Ornek: (Poissonr.d.) G, (z)=e*®?

E[I ] _ dGI (Z) — e—aaeaz —a
dz i z=1
M — e—aaZeaz _ az
dz _— z=1
E[12]=a’+a

ol = E[IZJ—(E[I])2 —a’+a—(a)’ =«
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Ornek: Geometrik r.d.

Olasilik Ureten Fonksiyon

X . © ] 1

G — 1— - 1— \_ n.
(2)=2,p(L-p)2 pi;(( p)z') i
Ortalama: ey 4&@F _ pd-p) : _1-p
dz |, (1-@-p)2) P
Varyans:
E[1°]= d°G,(z)] L dG ()| _d ] =P
dZ z=1 dz z=1 dz z=1 P
__2p-py _p_z(l—_pjz 1-p
(1-@-pz)’| P p p

z=1

— E[17]-(E[1]) =2(1‘ppj

1-p 1-p

(5] -5

2

P P
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Ozet ve Bagintilar

MUF
M (s)
M (jw) — Karakteristik Fonksiyon

G(2)

Kesikli rastgele degisken i¢in: M (s) =G(z)

7=e°

27



